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Doi—Naganuma lifting

m F = Q(v/D): real quadratic field (with narrow class number 1);
m xp: the Dirichlet character associated to F/Q;
m S; 1 (SL2(OF)) = {Hilbert modular cusp forms of level one}.

Theorem (Doi-Naganuma, 1969)

For any Hecke eigenform f € Sy (SL2(Z)),

A

there exists a Hecke eigenform f € Sj, 1 (SLa(OF)) such that

L(s, f) = L(s, /)L(s, f, xp)-

The proof used Weil's converse theorem for Hilbert modular forms.
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Automorphic forms

How do we understand the Doi—-Naganuma lifting? — Use rep. theory.
For f € Si(SL2(Z)), define an aut. form ¢¢: GLa(Ag) — C by
er(vgr) = (fleg)(V-1),

for v € GLa(Q), g € GLao(R)F, k € GLa(Z).
It generates an irr. cusp. unitary aut. rep. 75 of GLa(Ag).

If ' has narrow class number one, for f € Sk k(SL2(OF)),
we can define ¢;: GL2(Ap) — C and 7; of GL2(AF) similarly.
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Godement—Jacquet L-function

All representations are over C.
m F: number field.

Let 7 be an irr. adm. rep. of GL,,(Ar). ~ 7 =2 ®/ 7, s.t.
Ty irr. adm. rep. of GL(F},), 7, is unramified for almost all v < occ.
~+ Godement-Jacquet L-function L(s,7) = [[, L(s, 7).

If 7, unramified ~» {a1,..., 0} C C: Satake parameter
s L(s, 1) =TT (1 — gy ®) 7

Bound for Satake parameter

1

_1
If 7 is cuspidal unitary and 7, is unramified, then ¢, * < || < g7 -
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Langlands conjecture

The Langlands Problem would classify aut. rep's. of GL,,(Ar).
Langlands Problem (1967, 1970)

We wish the existence of a locally compact group Lp,
which is “close to” Gal(F'/F) or the Weil group W, such that

{irr. cusp. aut. rep's. 7 of GL,(Ar)} &L {n-dim. irr. rep’s. ¢ of Lr}

satisfying L(s,7) = L(s, ¢), and some additional properties.

The group L is called the hypothetical Langlands group.
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Base Change

As Galois groups, there should be L /5 < Lg. Hence
f’\m [T of GLQ(A@)] < > [(;5 ﬁ@ — GLQ(C)]

DN lift lRes
v v

f“"’" [7 of GLZ(AQ(\/E))] D [CZ) EQ(@) — GL2(C)]

Generalization: For an extension E/F, the Base change lifting
BC: {irr. aut. rep’s. of GL,,(Ap)} — {irr. aut. rep’s. of GL,(Ag)}

is expected, and proven for E//F cyclic (Langlands, Arthur—Clozel).
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Compatibility with the Local Langlands Correspondence

The local Langlands group Lr, is the Weil-Delige group

o WEg, if I is archimedean,
o Wg, x SU(2) if F}, is non-archimedean.

The LLC for GL,, is established by Langlands, Harris—Taylor, Henniart.

Local-Global compatibility

There should be an embedding Lr, < LF such that

[T = ®uTy of GLy(AF)] <> [¢: LF — GL,(C)]

| s

[Tv of GL’n(Fv)] e [st: Lp, — GLn((C)]'
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Generalized Ramanujan conjecture

When f =3 _,ap(n)q" € Sk<SL2( )) is a normalized Hecke eigenform,

Deligne (1974) proved |as(p)| < 2p E (Ramanujan conjecture).
~~ The Satake parameter {a, 1} of 74, satisfies |a,| = 1 since

1 —ag(p )X—i—pk 1x?2 = (1—app 2 X)(l—a P = X)

~» The irr. rep. 75, of GL2(Q)) is tempered.

Generalized Ramanujan conjecture

It 7 = ®,7y is an irr. cusp. unitary aut. rep. of GL, (Ap),
then 7, is tempered for any v.
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Generalized Ramanujan v.s. Langlands conjecture

It is hoped that 7 of GL, (AF) is unitary <= ¢(Lp) is bounded.
By LLC, 7, of GL,(F),) is tempered <= ¢,(LF,) is bounded.

. . Langlands .
7 of GL,(AF) is unitary < = = ¢(Lr) is bounded
1} o 1}
Generalized Ramanujan/! 7?7 Local-Grobal

e
Ty of GL,(Fy) is tempered <= ¢, (L, ) is bounded

Observation

The existence of the hypothetical Langlands group Lr implies
the generalized Ramanujan conjecture.

What a big problem the existence of the hypothetical Langlands group is!
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Discrete spectrum

Theorem (Moeglin-Waldspurger, 1989)

Let 7 be in L3, .(GL,,(F)\GL,(Ar)') C L*(GL,(F)\GL(Ar)!).
Then 7 is the unique irr. quotient of the parabolically induced rep.

a1 43 a1
|.’27-><|.|27-><...><|.| 2 T

for some d | n and an irr. cusp. unitary aut. rep. 7 of GL,,/4(AF).

It is hoped that 7 of GL,, /q(Ar) is unitary iff (L) is bounded. Hence

{irr. aut. rep's. m in L2, .(GL,(F)\GL,(Ap)*)}
A

11

v
{n-dim. irr. rep's. p = p W 54 of L x SL2(C) s.t. Y(Lp) bdd.}.

Hiraku Atobe (Hokkaido) Introduction to Arthur’s multiplicity formula October 30th 2019 12/28



Siegel modular forms
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Symplectic group

A symplectic group is given by

Span(B) = {g € GLou(R)

Define the Siegel upper half space by

Hn={Z € Mat,(C) | 'Z = Z, Im(Z) > 0} .

The Lie group Sp,,,(R) acts on $,, by

g{Z)=(AZ+B)(CZ+ D)}, g= <é~ g), Z € Hip.
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Siegel modular form

A hol. function F': §,, — C is a holomorphic Siegel cusp form of weight k
if (F|xy)(Z) = F(Z) for v € Spy,,(Z) and Z € 9, where

(Flho)(2) = aet(©2 + DY FFO ). 9= (fo ) € Soaa(@)

and a cusp condition.
Write

Si(Spay,(Z)) = {holomorphic Siegel cusp form of weight k}.

As well as the case of n =1, there is a Hecke theory.
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From modular forms to automorphic forms

A Hecke eigenform F' € Sy (Sp,y,,(Z)) gives
a cusp form ¢p: Spy, (Ag) — C by

er(vgr) = (Flrg)(vV-1-1,)
for 7 € Spy,(Q), g € Spa,(R), # € Spy,(Z).

It generates an irr. cusp. aut. rep. mp = @), T, of Spa,(Ag).

To classify F' € Si(Spy,(Z)), or g of Spy, (Ag).
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Local classification

Before global, recall the local classification.
m Lg,: local Langlands group of Q, (Weil or Weil-Deligne group).

Local Langlands correspondence (Langlands 1989, Arthur 2013)

There is a canonical surjection

Irr(Spy, (Qv)) = {dv: Lo, = SO211(C)}/ =

such that
the fiber Il of ¢, is finite, and called an L-packet;
Ty € Iy, is tempered <= ¢,(Lg,) is bounded.
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Global classification?

As GL-case, one might naively hope that
there exists a surjection with commutative diagram

{irr. cusp. aut. rep’s. of Spy,(Ag)} (S {¢: Lo — SOgnH((C)}

LocalizationL ‘Res

\
10 (Spy (Q1) {#0: La, = S02,41(C)}

But, if it were true,

any irr. cusp. unitary aut. rep's. m = ®/ m, of Spy,,(Ar) would satisfy
the Ramanujan conjecture, i.e., m, would be tempered.
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Saito—Kurokawa lifting

However, the Ramanujan conjecture does not hold in general. For example:

Saito—Kurokawa lifting (1977-1981)

For a Hecke eigenform f € Sy;(SL2(Z)) with odd k,
there exists a Hecke eigenform Fsk € Sk11(Sp4(Z)) such that

L(SvFSK’Std) = C(S)L(S +k— 17f)L(S + kaf)

For the irr. cusp. aut. rep. msg = ®;;7TSK,v generated by ¢r,,
its local factor mgk ,, is non-tempered for any p < oco.

How should we understand? (Why is k odd?)
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Arthur's SLy(C)

Describe not the cuspidal spectrum but the discrete spectrum.
Hinted by the result on the discrete spectrum for GLy (Ar):

Arthur conjecture (1989)

{irr. aut. rep’s. 7 in Lfﬁsc(Spgn(@)\szn(AQ))}

£
v
{1 Lo x SLy(C) = SO2,41(C) s.t. “elliptic” and 1(Lg) bdd.}.

If fe SQk-(SLQ(Z)) ~ Ty of GLQ(AQ) ~ ¢f: ﬁ@ — SLQ(C),
then mgk should correspond to

(qbf X Sg) ®1: ﬁ@ X SLQ((C) — 805(((:)
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Local A-packets

As the local analogue, associated to a local A-parameter
Py Lg, X SL2(C) = SO2,41(C)  s.t. ¥, (Lg,) bdd.,

Arthur himself construct a multi-set 1L, over Irrypit(Spo, (Qv)),
which is called the local A-packet (c.f., the talks of Oshima and Oi).

Theorem (Moeglin (2006), Arancibia—Mceglin—Renard (2018),

Moeglin—Renard (to appear), Arancibia—Mezo (in progress))

The local A-packet II,, is multiplicity-free,
i.e., it is in fact a subset of Irrypuit(Spy, (Qy)).
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Arthur’s multiplicity formula

Associated to a “global A-parameter” 1: Lg x SLa(C) = SO2;,41(C),
we define the global A-packet by the restricted tensor product

Hw = ®;H¢U .

“Theorem” (Arthur's multiplicity formula, 2013)
For each 1), there exists a subset 1L (ey) C I, such that

L3ise(SPon (@\SP2, (M) =P P

P FEH¢(6¢)
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Interpretation of the definition of

Recall that ¢: Lg x SLa(C) = SO2,41(C).

Problem

How should we define ¢ without using Lg?

—

Use an expectation

{n-dim. irr. rep’s. ¢ of Lo} LN {irr. cusp. aut. rep's. 7 of GL,,(Aqg)}

as a building block of global A-parameters.

c.f., Morimoto's talk.
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Holomorphic cusp forms

Define Si(Sps,(Ag)) as the image of

Sk(SPQn(Z)) > F— pp € L?lisc(SpZn(Q)\Sp%z(AQ))'

Then

Sk(Spa,(Ag)) @ @ (m N Sk(Span(Aq))) -
¥ welly(ey)

Problem
When is there 7 € IL,(ey) such that 7 N S(Spy, (Ag)) # 07

We consider 3 Steps.
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Archimedean condition

By the holomorphy condition and weight condition of Si(Sp,,(Z)),
if T =®m, €Il satisfies ™ N S(Spy,,(Ag)) # 0,

then 7 is the lowest weight module D,(cn) of Spy, (R) of weight £,
which imposes strong conditions on .

m If £ > n, then D,E:n) is discrete series.
In this case, 1« is so-called Adams—Johnson, which is easier
(c.f., Oshima’s talk).

m If kK =n, then D,(C") is a limit of discrete series.

If k < n, then D,(Cn) is not tempered.
These cases are very difficult.
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Non-archimedean condition

By the level one condition of Si(Sp,,(Z)),

if T =®m, €Il satisfies ™ N S(Sp,y,,(Ag)) # 0,

then 7, is an unramified rep. of Sp,, (Q,) for any p,

which implies v,: Lg, X SLa(C) — SO2y,11(C) is unramified.

Theorem (Moeglin, 2009)

If 4, is unramified, then II,, contains a unique unramified rep. ’/Tg.
Moreover, if 1, = ®;(¢; X Sy,) with dim(Sy) = d, then

L(s, 7, std) = Hli[ ( 1 ¢>)

c.f., Oi's talk.
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Sign condition

If D" € T, and if ¥, is unramified with m) € Iy, for all p,

then m = D,gn) ® (®)m)) € Ily.
Next problem is whether w € 11, (ey,) or not (i.e., w is automorphic or not).

Example: lkeda lifting

Let f € Soi(SL2(Z)) be associated with ¢: Lg — SL2(C). Consider

%(02”) = (¢5 X S2,) ®1: Lg x SLa(C) = SO4pn+1(C).

0 (2n) .
Then m, € Hw;?:) and D, € H¢5§2 if kK > n. Moreover,

= D,(jzz ® (®,m) € My(ey) < k=nmod 2.
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A list of applications

There are several applications of Arthur’s multiplicity formula:
m Classification of modular forms (in particular, existence of liftings).
m The (strong) multiplicity one theorem for Si(Sps,,(Z)).
m The dimension of S;(Spy,(Z)).

The rigidity property.

Towards the Harder conjecture.

Thank you very much.
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