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Hirzebruch-Zagier �! #" [HZ] “Intersection numbers of curves on Hilbert

modular surfaces and modular forms of Nebentypus” $&%('*),+ . -.� ("0/21 , Hilbert modular 35476*� Hirzebruch-Zagier 859;:=<0>@?A+&BCED 8F9G�.HJI(KG1 weight 2 �FL(M0NPOG� Fourier QPK*/SRT+U:WVYXZ-:![]\_^5?(`(VS+ .

1 a bc0d DFeSf $Wg(h*)U+ . p 1 p ≡ 1 (mod 4) $jiTk7)]l(Km:#n , K =

Q(
√

p) 1.o 2 p0q , σ : K → K, x = a + b
√

p 7→ x′ = a − b
√

p 1 K� Q 6E�UrWsP/ D VGrFt#uvM�:=),+ . OK 1 K �5wPK(x�:Jn , H = {z ∈
C | Im(z) > 0} 15y(lP6TzJ{(4|:!)*+ . SL2(OK) 1 H2 } 1 pP~PKP�(�}��E���2� )U+7�j/ , � X := SL2(OK) \ H2 []�#��),+ . -W?S1F�_�T��G��� y#lU3v4�/]���Z�U�vBJ�2��$T��� .

SL2(OK) \ H2 = X ∪ {cusps}1 SL2(OK) \ H2 �S�T� �G�|��� / , X̃ 1 SL2(OK) \ H2 � cusp B#�0�$��P��n@k,�@��:!)*+ . SL2(OK) \ H2, X̃ $ Hilbert modular 3.4�:�VX . χp $ mod p � Legendre
eTf :Jn ,

Γ0(p) =
{( a b

c d

)
∈ SL2(Z | c ≡ 0 (mod p)

}

: ��¡ . f [ weight k (k ∈ 2N), Nebentypus ��L]M#NJO�:&1 , f 1 H 6A�¢0£A¤ K,/ ∀
( a b

c d

)
∈ Γ0(p) } �0V#` , f

(
az+b
cz+d

)
= χp(a)(cz + d)kf(z)

[j¥P¦�n , Γ0(p) � cusp / ¢P£ : D +S-�:&/TRS+ . -.� � X D f §(qG�
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D )��PM����A$ Mk(Γ0(p), χp) :���¡ . f ∈ Mk(Γ0(p), χp) 1 ,

f =
∞∑

n=0

a(n)qn (q = exp(2πiz))

:��
	,+ .

M+
k (Γ0(p), χp) =

{
∞∑

n=0

a(n)qn ∈ Mk(Γ0(p), χp) | χp(n) = −1 �G:�� a(n) = 0

}

: �_¡ . -��
���J�&p��(1 Hecke }T�T����� ^&?j`]� � , dim M+
2 (Γ0(p), χp) =[

p−5
24

]
+ 1 /TRT+ � [ · ] 1 Gauss

eSf��
.^5` , Hilbert modular 3v4 X̃ � ����� K χ(X̃) 1 Hirzebruch �� P"A�� / ��� ^5?0`0VS+.[ , Serre 1��]?U$��(` 1971 � 12  8 !#"U��$�%A/

Hirzebruch } pU�'&)( $+*(\;nvk .,�-
χ(X̃) [ dim M+

2 (Γ0(p), χp) :�.;nA¡ D +J�P1 D�/10 ?

-@��&�( $���2�)*+T-S:![ , Hirzebruch-Zagier [HZ] �4315�6�7�: D�8 `VS+ .

2 Hirzebruch-Zagier 9 : ; < = >
2.1 Hirzebruch-Zagier ?A@

N ∈ N $*: 8 `1BDC�)*+ .

⋃

(a,b,λ)∈Z2×OK
abp+N(λ)=N

{
(z1, z2) ∈ H2

∣∣ a
√

pz1z2 + λz1 − λ′z2 + b
√

p = 0}

� SL2(OK) \ H2 } �FE2+HG , � �)I �(� X̃ } �
ET+�J�K $ TN :��,V` , discriminant N � Hirzebruch-Zagier divisor :=<�L .
e0f $NM � n!` ,

TN � H2(X̃, Q) } �
E0+�OQPFR�S�T
U�� TN :V� ¡ .

2.2 T c
N

X̃ 1T�T� �G�;� ��WFOQPXR�S�TDY�Z#qA/TRT+ 0\[ , HJIPN(O
〈 , 〉 : H2(X̃, Q) × H2(X̃, Q) → Q

[DC']T/^�.+ . -!?S$`_ 8 ` , Hirzebruch-Zagier 8�9A��HjIjKE$ �)� )S+ .
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{Sk} $ SL2(OK) \ H2 � cusp B#�T��$W�(�A)U+U:�� } / �J+73��(§q�:!)A+ . Sk � H2(X̃, Q) } �XE(+�O�PXR�S�T4U � Sk :V��¡ . H2(X̃, Q)} �2VJ` ,

T c
N = TN +

∑

k

α(N, k)Sk

$ ∀k, T c
N ·Sk = 0 : D + � X } C�]T)A+ . -F�E:�� α(N, K) ∈ Q 1 , T c

N} � n�`������ } 2	�P+ . 
�� }�
 0 +S-T:��j[
T c

M · T c
N = T c

M · TN = TM · T c
N

[Z¥P¦�)*+ .

T c
M · TN = (TM · TN)SL2(OK)\H2 + (TM · TN)∞

: � ¡ . -P-5/�� 1 ��1 SL2(OK) \ H2 6G�ZHJIPK , � 2 ��1 ⋃
Sk 6E�HJIPK $H�S) .

2.3 T c
0

6A/�CQ]�nFk T c
N � N ∈ N

� ��� 0 } T c
0 ∈ H2(X̃, Q) �#C�]�n � X .

ωj = − 1

2π
y−2

j dxj ∧ dyj (j = 1, 2),

ω = ω1 ∧ ω2

:!�|¡]:
∫

SL2(OK)\H2

(ω1 + ω2) ∧ (ω1 + ω2) = 2

∫

SL2(OK)\H2

ω

= 4ζK(−1)

: D + . k��Un , ζK(s) 1 Dedekind �
T�� ¤ KA/SR0+ .�
1
4
(ω1 + ω2)

} ��� )A+ Im(H2(SL2(OK) \H2, Q) → H2(X̃, Q)) ���$ T c
0 :�CQ]�)*+ . T c

0
} �(VJ`ZpU�,-T:![(V��S+��

T c
0 · T c

0 =
1

4
ζK(−1), (1)

T c
0 · TN =

1

2
vol(TN ) (N ∈ N) (2)

= − 1

24

∑

d|N

(χp(d) + χp(N/d))d. (3)
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2.4 �����
V := {v ∈ M2(K) | tv = −σ(v)}, VR := V ⊗ R :���¡j: , VR 1 R 6��� ����� �1�#/0R � , VR 6�/
	��JO,1 , 
 f (2, 2) � 2 p#N#O ∆ $NC��+ . v ∈ VR

} � n , Cv := {(z1, z2) ∈ H2 | (z1, 1)vt(z2, 1) = 0} :!��¡j:
Cv 6= φ ⇔ ∆(v) > 0.

^v` VR,z := {v ∈ VR | z ∈ Cv}, VZ := M2(OK) ∩ VR :!�
E#> , {Cv | v ∈
VZ, ∆(v) = N} [ TN $����T+ . Vz := VZ ∩ VR,z :!�
E#> ,

TN [ z $���+ ⇔ ∃v ∈ Vz s.t. ∆(v) = N .

�#k , ∆|Vz 1 ¢ C��*/ , rankVz 5 2 : D + . rankVz = 2 ��:�� , z ∈ H2

1 special /�R2+U:�V X . z [ special ��:�� , ∆(v1) = M, ∆(v2) = N :D + 1 p��#¦ D v1, v2 ∈ Vz [j�P��)U+,:�� , TM : TN 1 z /7H 
 + . -� � X D z : ∆|Vz �vN , (v1, v2) �5K $N2�C�n D V�:WV1E D V .� C O δ �vwSQ0K ¢ C������ � 2 � 2 p2N0O��0u���U��FK $ h(δ) :��¡ .

h′(δ) =





1/3 (δ = −3)

1/2 (δ = −4)

h(δ) ( �#��� )

, H(n) =
∑

d=1

d2|n

h′(−n/d2)

:!�|¡]: H(n) 1 � C O −n � ¢ C�� 2 p#NPOU�#u �QUE�5�#KA/SR2+ .

Hp(N) :=
∑

t∈Z

t254N

t2≡4N (mod p)

H

(
4N − t2

p

)

$H_�X#: , (TM · TN)SL2(OK)\H2 $H�#\S)A+T-S:=[P/ �5` , νp(N) 5 νp(M)�G:�� ,

(TM · TN)SL2(OK)\H2 = ( !#� D +#"�$U3D�U�@HJIPK )

+(self-intersection number
0A[ �&%�� )

=
1

2

∑

d|(M,N)

d (χp(d) + χp(N/p)) Hp(MN/d2).

: D + . k��Un , νp(∗) 1 p � exponent.

�7k
Ip(N) =

1√
p

∑

λ∈OK,λ: ')(
λλ′=N

min(λ, λ′)
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$H_ XJ: , (TM · TN )∞ $H�P\�)A+S-T:![P/ �v` ,

(TM · TN)∞ =
∑

d|(M,N)

d · χp(d)Ip(MN/d2)

: D + . � 8 `ZpE�4C�WA[ 
 0 + �
���

1 (Hirzebruch-Zagier) νp(N) 5 νp(M) �G:�� ,

T c
M · TN =

1

2

∑

d|(M,N)

d (χp(d) + χp(N/d)) ×
(
Hp(MN/d2) + Ip(MN/d2)

)
.

B }
T c

N · T1 = Hp(N) + Ip(N).

���
2 -@�4C�WG1 , ���U� � C O $2���Zo 2 pJqE�	��
 }	��
 ^5?(`(V+ ([Hausmann]) .

3 < = > � ��� � ��� � � � � �

3.1 M2(Γ0(p), χp) �����
Γ0(p) 1 2 �2� cusp ∞, 0 $2�! , �.?#".? } Eisenstein $#K E1, E2 ["&% n�`0VS+ . -�? [ 1

E1(z) =
∞∑

N=1


∑

d|N

χp(N/d)d


 qN , (4)

E2(z) = −p3/2

4π2
L(2, χp) +

∞∑

N=1


∑

d|N

χp(d)d


 qN (5)

: ��	T+ . M2(Γ0(p), χp) � � / , cusp form §jqS� D )('j~����0$ S2(Γ0(p), χp):V� ¡]:
M2(Γ0(p), χp) = S2(Γ0(p), χp) ⊕ E1 ⊕ E2:*)�+(~P�_^�?*+ .

T (M) � M ∈ N
� $ M2(Γ0(p), χp) 6 }��(� )�+ Hecke �2� l;: )�+A: ,

f(z) =
∑∞

N=0 a(N)qN ∈ M2(Γ0(p), χp)
} � n�` ,

f |T (M) =
∞∑

N=0


 ∑

d|(M,N)

χp(d)d · a(MN/d2)


 qN
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: D + . Eisenstein $#K E1, E2 1ju���Bv� ¤ K�/2R � , T (M) ��Bv� �,1
M ���F� Fourier Q(KA/SRS+ . f(z) =

∑∞
N=1 a(N)qN ∈ S2(Γ0(p), χp) $¢�� � ^5?Sk�BF�(NPO|:=)*+*: , f(−z) =
∑∞

N=1 a(N)qN ����X /TR2+ .

f+(z) :=
1

2

(
f(z) + f(−z)

)
=

∞∑

N=1

Re(a(N))qN ,

f−(z) :=
1

2

(
f(z) − f(−z)

)
= i

∞∑

N=1

Im(a(N))qN

:!�|¡ . M±
2 (Γ0(p), χp) $

{
∞∑

N=0

a(N)qN ∈ M2(Γ0(p), χp) | χp(N) = ∓1 �G:)� a(N) = 0

}

� y f u�� � :7n&`�C�];n&` , ^ [ } S±
2 (Γ0(p), χp) $ M±

2 (Γ0(p), χp) � �� cusp form §PqE� D ) '(~���� :=),+,: , f 7→ f+, f 7→ f− $ linear }��
 )*+S-T: }��E� , 	�

π± : S2(Γ0(p), χp) → S±

2 (Γ0(p), χp)[
� [ ?*+ . -W?U$H_�XJ:*) +0~P�
S2(Γ0(p), χp) = S+

2 (Γ0(p), χp) ⊕ S−
2 (Γ0(p), χp)[��*sP/ �7+ . ^v` E1, E2

} �0VJ`�1 E1 ± E2 ∈ M±
2 (Γ0(p), χp) [Z¥ �¦  ,

π±(E1) = ±π±(E2) = (E1 ± E2)/2:*)�+(~P�
M+

2 (Γ0(p), χp) = S+
2 (Γ0(p), χp) ⊕ (E1 + E2)/2[ 
 0 + .

3.2 Hirzebruch-Zagier �����
�

M ≥ 0 } � n�` ,

Φ(T c
M ) :=

∞∑

N=0

(T c
M · T c

N)qN

:VC�]�)*+,: , Φ(T c
M ) ∈ M+

2 (Γ0(p), χp) : D +S-S:@$��(`0i � X .

M = 0 �(��
 : (1) : (3) �,�
Φ(T c

0 ) =
1

2
ζK(−1) − 1

24

∞∑

N=1

∑

d|N

(χp(d) + χp(N/d)) dqN .
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ζK(s) � ¤ K�.#O�: ζK(s) = ζ(s)L(s, χp) $H_�X#:
1

2
ζK(−1) =

p3/2

16π4
ζK(2) =

p3/2

96π2
L(2, χp)

: D + 0\[ , (4) : (5) �U� Φ(T c
0 ) = −(E1 + E2)/24 ∈ M+

2 (Γ0(p), χp) [� �2k .

M = 1 �(��
 : Hp(0) = −1/12, Ip(0) = 0 :=�2VJ`
ϕp(z) =

∞∑

N=0

(Hp(N) + Ip(N)) qN

$`C�]T)S+ . -5�U:�� Φ(T c
1 ) = ϕp(z) : D + . -J-�/@pA�����G$ %J'T)�+ .

���
3 (Holomorphic projection priciple, cf. [Geer], [GZ], [Sturm])

g∗(z) =
∑∞

N=−∞ aN (y)qN $ weight 2, level D, character χ � non-

holomorphic modular form /
g∗(z) = a + O(y−λ) (∃a ∈ C, ∃λ > 0)

[Z¥P¦�)*+S�F�G:!)*+ . N ∈ N } � n�`
aN = 4nN

∫ ∞

0

aN(y)e−4πNydy

:!�|¡]:
g(z) = a +

∞∑

N=1

aNqN ∈ M2(Γ0(D), χ).

^v`
β(y) =

1

16π

∫ ∞

1

u−3/2e−4πyudu,

H(z) =

∞∑

n=0

H(n)qn +
1√
y

∞∑

t=−∞

β(t2y)e−2πit2z,

θ(z) =
∞∑

s=−∞

qs2

,

ϕ∗
p(z) = H(pz)θ(z)|U4

: �_¡ . k��Sn , f |U4 = 1
4

∑4
m=1 f

(
z+m

4

) : )2+ . -��A:D� , a = Hp(0), λ =

1/2 } �JV@` Holomorphic projection formula $#_ �J> Φ(T c
1 ) ∈ M+

2 (Γ0(p), χp)[ � �,+ . ^ [ } ϕp(z) � � Fourier Q2K�1.o2KE/ARA+ 0 [ , Φ(T c
1 ) ∈

M+
2 (Γ0(p), χp) [��AsP/ �.k .

7



����� M > 0 } �SVP`A1 , Φ(T c
M) = π+(ϕp|T (M)) [j¥0¦*)E+P�J/

Φ(T c
M ) ∈ M+

2 (Γ0(p), χp).

T $ H2(X̃, C) �	'(~����P/ , O�PFR�S�T4U T c
N §(qA/��7¥_^v?Sk*�@�:=),+ .

���
4 (Hirzebruch-Zagier) �'G

Φ : T → M+
2 (Γ0(p), χp), C 7→

∞∑

N=0

(C · T c
N)qN

1�� 	 .

���
Hodge index theorem �U� , �#K � cycle � D )����Z6A/ intersec-

tion form ��
 f 1 (1, ρ − 1). T c
0 · T c

0 > 0 � 0 [ , T c
0 �!)PH
	
���.6*/� � . C ∈ T [ 0 } X �*+*:�� , ∀N = 0 } � n�` , C · T c

N = 0. C ·C = 0: D � , C = 0. �

3.3 Φ �
�������
H2 � involution (z1, z2) 7→ (z2, z1)

0 [�� �.��-(^v?U+ X̃ � involu-

tion $ τ :Pn , X̃τ $ X̃/τ �FBP�T�U� minimal resolution :&),+ . H :=

H2(X̃τ , C) $ Hodge ~#��n5kE:)�F� (1, 1) MU�('#~1�1�A$ H1,1(X̃τ ) : �¡ . S2(SL2(OK)) $ , SL2(OK) } � )A+ weight 2 � cusp forms �)��� :)*+ .

j : C ⊕ S2(SL2(OK)) → H1,1(X̃τ )

$�pE� � X } CQ]A)*+ . f ∈ S2(SL2(OK)) } � n ,

i

2
(f(ε0z1, ε

′
0z2)dz1 ∧ dz2 + f(ε0z2, ε

′
0z1)dz2 ∧ dz1)

�4C �T+(��OQPXRQS�T4U $ � � ^4	 � ε0 1 K �������PK � , � 1 ¥#~U�
1 } � nW`

1

16πi

(
1

(Im z1)2
dz1 ∧ dz1 +

1

(Im z2)2
dz2 ∧ dz2

)

� C��0+J�DO�P�R�S'T U�$ ��� ^H	S+ . -v�,:�� j 1�� 	 } D +F[ , Im(j)$ U : ��¡v-0: } )A+ . T c
N � Poincaré-dual 1 H1,1(X̃τ ) �T��O�P
R�S�TU $HC �T+.[ , o�� } 1 U }�� �@?*+ . T c

N

0\[ 2 �P+0��OQPFR�S�T4UP§qA/
�7¥_^5?A+ U �	'(~����A$ F :=)*+U: , CQW 4 �U�
Φ′ : F → M := M+

2 (Γ0(p), χp), K 7→
∞∑

N=0

(T c
N · K)qN

8



1�� 	A/TR2+ . CQW 4 ���As 0 [ 
 0 +.[ , )��0`T� T c
N :*)JHT)*+ � XD

K ∈ F 1 0 : D + . � 8 ` F⊥ $ F � )7H 	1��� : )A+A: , H = F⊕F⊥

[0V��S+ . nvk][ 8 `Z6E� Φ′ �4C�] � [ � 
 / �v` Φ′ : H → M $ ��+ .� 6 0\[ 
 0 +S-T:@$#����)*+ .

F ⊂ U ⊂ H,

dim Im(Φ′) = dim F,

dim U = 1+dim S2(SL2(OK)) = [(p − 5)/24]+1 � Hirzebruch ��� � � ,

dim M = [(p − 5)/24] + 1 � Hecke � � � � .

Hirzebruch 1,-W? [ $���� } n�`Zp
	���
��&¦��Tk .

���
5 F = U ����� , Φ′ : U → M ����� .

CQW 4 ��� Φ : T → M 	 ��	"!���#%$'&��)(�* , +-,.��/��"0"1
	 �"2
� � ()3.4%5�+�67*��
895 .

���
6 π+(ϕp|T (M)) ��:�� M+

2 (Γ0(p), χp) ���9;�<.5 .

+=	��"

� Oda 6 Zagier >'�9?@�@A�BC> DFE.GH,%I .

J�K
7 (Oda, Zagier) π+(ϕp|T (M)) (p - M) �L:C� M+

2 (Γ0(p), χp) ��M
;%<.5 .

+=	�N�OP�
�RQ
	�S"T'*�ULV'5 .

J�K
8 Φ : T → M, Φ′ : U → M ����� .

W
9 dim T =

[
p − 5

24

]
+ 1.

W
10 Q
���)X Y

(1) ∀
∑

a(n)qn ∈ M+
2 (Γ0(p), χp) >HZ\[�� ,

∑
λia(ni) = 0.

(2) T >^]L(�� ,

∑
λiT

c
ni

= 0.

3.4 _a`cbcd
Serre 	)e�#a[)I9fhgC� Φ′ *��=���%�%5'+�6�VPikj�l�<.5 . +h	.+�6

>nmo(��@p�Eq[�I�( .

X̂ � X 	 smooth r%sut�vxwzya6{<.5 . Ωp � X̂ |C}�~L� p- 0"1�})�
6�[ , hp,q �7���%�o� Hq(X̂, Ωp) }�QL�x6u<�5.6 , X̂ }H���"��� χ(X̂) �
χ(X̂) = h0,0 − h0,1 + h0,2 6�[ �nNL�PG=,'I . h0,0 = 1 � h0,2 = h2,0 =

9



dim S2(SL2(OK)) �o�L5�+o6u*��ci ,��"(�5 . X̂ ������S��nV i , h0,1 =

0. ��?)�
χ(X̃) = χ(X̂)

= 1 + dim S2(SL2(OK))

= dim M+
2 (Γ0(p), χp) (dim U = dim M)

*h;�B'<F5 .

3.5 �
	
1. �
� j 6 Φ′ }���;.� S2(SL2(OK)) V i S2(Γ0(p), χp) �%}��
���{N�� ,

Petersson ���
>��C[�� � N^��� ��!�("�$# Doi-Naganuma lift � [ %'& ] () # ι : S2(Γ0(p), χp) → S2(SL2(OK)) } adjoint >+*�5 . +=}HS"T-, Oda

6 Zagier >%��?��hA�Bq> D'E
GH,%I .

2. T c
N �L:
Vxi generating series

∑∞
N=0 T c

NqN ∈ H2(X̃, Q) ⊗ Q[[q]] �
m/.-5 . 0�}C6h8 H2(X̃, Q) |�}H�"�L0�1 λ >hm�(�� ,

∑∞
N=0 λ(T c

N)qN ∈
M+

2 (Γ0(p), χp) 6�*o5%+�6{*"("4%5 . Borcherds }HS"T%V�i",�+=}F+�6u*1 i ,�5�+o6��32���>-p'E�<'5 . 465L<�53798 , S�T
>hm"(+�o� [ :�� ] �
( ) GH,%I�( .

0�1<; Laurent =�� ∑
n∈Z

c(n)qn >�Z\[ ,

c̃(n) =

{
c(n) (p 6 |n)

2c(n) (p|n)

6 ]>. . +�}
6)8 � [ :+� ] N�O 5.1 �F�?# 0�1@;"A.8B=�� ∑
m≥0 b(m)qm *

M+
2 (Γ0(p), χp) }@�o���o5�I��L>�� , weakly holomorphic modular forms

}@��� W+
0 (Γ0(p), χp) }DCFE�}=� f =

∑
n c(n)qn >)Z\[3�

∑

n≤0

c̃(n)b(−n) = 0

6�*%5�+�6{*�G6H'V"m"I+J'�o�o5 . + , 6 Borcherds }HN�O ([ :F� ] N�O
5.2(i), (ii)) �K4
L�6 |67�}F+�6{*hS�M'N<OCi ,.5 .

4 P Q RTS
U �V; cycle }
W6Xo�.*9/o�o0�1q} Fourier Yo� 6L[��+Z.,
5q6H(>L
Z9[�� , Riemann \@]<^ , reductive dual pair, _<`'a-Z@b�*dcH}�O@Me�
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� LD*q+F6
����� [��%(F5���^����
Hirzebruch, Zagier, Oda }
	�> ,����']x� , R. Borcherds, J. Bruinier, J.

Cogdell, J. Getz, B. Gordon, C. Hermann, S. Kudla, J. Millson, S. Rallis,

G. Schiffmann, Y. Tong, M. Tsuzuki, S. Wang 6D0�}�
��������������
5 . Hirzebruch-Zagier })SLTC>������<,�� , �$�F<.5-SoTd��� �{I�(��
�F+@}��.I��^}DM�� ����� �CG@( .
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