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R.E.Borcherds [Bo1], [Bo2] ����� ��!#"%$'& , (*),+ J.H.Bruinier [Br1], [Br2] �����
�.-�/10324&�5 IV 68789�:8;�)4<=)?>*@�A=)4B86�C8D�)?E�F3G Hilbert modular forms )4H8I
�4J*K�L	M . Borcherds )?E�FON � , P�Q*<�RTS�U H <=)WV1X8B86*C�D � cusp �WY[Z]\3G_^�`a )�G4!�"15[NTbT� , c4&�G theta d�egf “exponentiate” L	M�c#N � Heegner divisor G,h1ij 5 � \gNkL�M���l,m.n1o�6pB861C8DqG,E1F�L	M r*s=) lifting

�#t M . Heegner divisor N � ,
Hirzebruch-Zagier divisor ) r1`#)4Y*u1v�0 �1t M . Bruinier

� c )4E*F[G non-holomorphic m
Poincare w*A	� j � x�y f , (�) theta d�e �1t MkB�6 Green z{A%Gk|�"#M1c1N � ��}~-8/�m4�� Gk��5 . f_�=f Hilbert modular forms )WH*I�� � non-holomorphic Poincare w�A3G�����L�M
)*� Hecke trick GW�p��M_����� t } , �%f �,B�6 Green z A�)4E*F[G,�T���?!#"�MW�p� ��� � ,
c�c � a (�)��plkm{���[G�N4M .j 5 , B�6 Green z?A�G Fourier ����f'�8(�) non-holomorphic part G'|p"�M#N , Hirzebruch-
Zagier divisor ) Chern class )W�*�#�1m4�8�%G��g$�&�M1c#N����8��M . ck& �4��� �[$ �¡$'&8�
�854� � )4¢�)*£8¤8¥T¦{§ ��t M .

j 5�c?)�cpN*N Borcherds lifting )W¨�A��8m?©�ª?«�"=Nk�[$ ,
elliptic cusp forms )?¬88�%$ Hilbert modular surface ) second cohomology ®#)_¯�°,6��?�±$
&�M . � j )_H�I , c]& � Doi-Naganuma map �_²�m=$'m�� . (�f�� Doi-Naganuma map ),³*´
�[$ , Hirzebruch-Zagier divisor )4µ�C8��I3G divisor � a `��#l]m B�6*C*D � Borcherds lifting
�#��� �?�¡$'&�M�N]�3l , ¶��8o��.·#��2_&�M .
m�¸ , Borcherds )4¹�º [Bo1] �{`���� � [Aoki], [Ikeda] »	)	¼ �8½�� )4J�K a t M . (�c �

)�£�¤�¥�¦�§ � Borcherds product GW�����W�*��L�M a ) � , lattice � unimodular )4H*I=�{¾
�32W&�M�5�¿ Hilbert modular form Gk|�"�M1c#N ��� b m��*� , ÀpÁ{Â��p£TÃ�Ä#£ ÅTÆ a >ÈÇ~Éj &�M�) � I���Êp�?© j &�M�NT�W� .�8Ë )_J�K �WÌ � [Br1] �1�W����¸Í} , ·1�8){mT�,ÎTe8Å	��}ÐÏqf���ÑWÒ �_Ó ¹*º�GÔ© j &�5{� .

2 Nearly holomorphic modular forms
j4Õ

, Borcherds )WE8F � input space N]m�MkB�68C�D3G��8�pL�M .�pË
p ≡ 1 mod 4 G�Q8A , K = Q(

√
p) N*f , O ⊂ K G]Ö*A*× , d = (

√
p) G different N'L�M .

K ),ØqÙ��*m�Ù,Ú�°,6%G x 7→ x′
�4Û f , Tr(x) = x+x′, N(x) = xx′ N�¸ÜÇ . χp(·) =

(p
·
) N�L�M .

� j , even integral lattice (L, q) G
L =

{(
a λ
λ′ b

) ∣∣∣∣ a, b ∈ Z, λ ∈ O

}
, q(A) = det(A) (A ∈ L)

�#��� �?��¿�M . L
�?Ý I (2, 2) G a.Þ , (�) dual lattice

�

L′ =

{(
a λ
λ′ b

) ∣∣∣∣ a, b ∈ Z, λ ∈ d
−1

}
,

discriminant group
�
L′/L ' Z/pZ N_mpM . c )�N{b SL2(O)

�
L � A 7→ αA tα′ (A ∈ L, α ∈

SL2(O))
� ��ß�@�àON�f_�?áp�Íf , c,&8�Í$ L′/L <��,â*ãÍ2,&�Mká1� � Ù]� ��t M .
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���
2.1. k ∈ 2Z �,7±f , V8X#z.A f : H → C �.B�68³

f(ατ) = χp(d) (cτ + d)kf(τ), ∀α =
(

a b
c d

)
∈ Γ0(p)

G a `ÍN]L�M . �%��c_&p�����1) cusp
� Y%Zk\3Gk^�`qN{b , weakly holomorphic modular form�pt M	N,�Íl .

j 5 f(τ) =
∑

n∈Z
n�−∞

c(n) qn N Fourier ���=2W&�M	NTb ∑
n<0 c(n) qn G f )

principal part (
j 5 � singular part) N]�3l .

Weakly holomorphic, holomorphic, cusp forms )*m*L��	��
��¬��G*(�&��T& Wk(p, χp),
Mk(p, χp), Sk(p, χp)

�?Û L . Wk(p, χp)
��� ¾ u8v �8t M .

j 5 ε ∈ {±1} �_7qf , sign condition
“χp(n) = −ε⇒ c(n) = 0” G?ª85{L.Î*e�¬��G�(.&�� & W ε

k (p, χp), M
ε
k(p, χp), S

ε
k(p, χp) N�L�M .

c )�N b New form theory ����} Wk(p, χp), Mk(p, χp), Sk(p, χp)
�

plus subspace N minus
subspace )_�����]e1�{&pM8c*NÔ���%2�&#M ([Za1] §5

j 5 � [Miyake] §4.6). ��� , eTJ Sk(p, χp) =
S+

k (p, χp) ⊕ S−
k (p, χp) �{¸���� dimS+

k (p, χp) = dimS−
k (p, χp)

��t M .
���

1. ck&q$ plus subspace
����� ¤	���! #"%$&�(' Mp2(Z) ))'�× C[L′/L] <�) Weil

Û�* �
z*L�M&�+�,
-�/.�)?B�68C*D=).¬1ÍN%0±l�cpNk� � b�M . (*)���lkm?�8Dp0 � [Bo2] ��¸��*���
�3$'& , full modular m elliptic modular forms, Kohnen plus space, holomorphic Jacobi forms,
skew holomorphic Jacobi forms m	1.G(2pr����_�8� � b�M �+3 $+
 a t } , ��}.Ù54 �1�*t M �
c�c ��� ��6pm�� . � j )4H�I�)W7�7���`8�*�?Ï¡f#Ç � [BB].

2 � , k ≥ 2 �W7±f,� M ε
k(p, χp) ) Eisenstein w*A3G,|�"�M . Mk(p, χp) � � Γ0(p) ) cusp

∞ N 0 �,7�7Üf_� Eisenstein w�A
E∞

k (τ) = 1 +
2

L(1 − k, χp)

∑

n≥1

∑

d|n
dk−1χp(d) q

n

E0
k(τ) =

∑

n≥1

∑

d|n
dk−1χp(n/d) q

n

�?�8�32W&�M . c )	N�b*c,&Í$,)?r�u��8I
Eε

k(τ) = 1 +
∑

n≥1

B(n) qn = 1 +
2

L(1 − k, χp)

∑

n≥1

∑

d|n
dk−1(χp(d) + εχp(n/d))q

n

�
M ε

k(p, χp) �]É j &#M8c8NÔ�?Ò98#�?���1M . c�&1�1�4��� �/�Te�J M ε
k(p, χp) = CEε

k⊕Sε
k(p, χp)G��[M .

3 Hirzebruch-Zagier divisor : ;=< Green >@?
��Ë

, XK = SL2(O)\H2 N'¸¡Ç .
���

3.1. m ∈ Z>0 �47Üf , H2 <�) SL2(O)-invariant divisor

T (m) =
⋃

“
a λ
λ′ b

”
∈L′

ab−N(λ)= m
p

{
(z1, z2) ∈ H

2 | az1z2 + λz1 + λ′z2 + b = 0
}

)_��¿pM XK <�) algebraic divisor G Hirzebruch-Zagier divisor N{�!A , °+B T (m)
� Û L . 5C f , T (m) )�D�E8F�e	)�F�PHG � ��� 1 N'L�M .

LJI �8�#M1�pl,� , T (m) = φ⇔ χp(m) = −1
��t M .

j 5 m � square-free )�N.b � p �?Q
A��p�#} T (m)

� DKE �*t } , T (m)
�
m � O ) ideal )HLM��N�m=$(O modular curve X0(m) N ,
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m � O ) ideal )HLM��N � m3Ç χp(m) = 1 m=$(O indefinite quaternion algebra Qm =
(

p,−m/p
Q

)

) t M order �����[fW5 Shimura curve N birational
�1t M .

2?� , T (m) < � logarithmic singularity G a ` H2 <�) SL2(O)-invariant mTz{A%GkE*F#L�M
c�N G�|�"1M . c�c � z A f � T (m) <�� logarithmic singularity G a `[N � , H2 )��*i � f �
$ T (m) )W�*�1����D�) log G��±Ç{N
	����p��*J��#z{A�)��#¾ÍN]m��4���pM#c1N?G{�%l .
({&#� � j?Õ ∑

A∈L′

q(A)=m/p
g(z1, Az2) ),C�)Ww*A � , g(z1, z2) = log(|z1z2 + 1|/|z1z2 + 1|) N��

� c#N��{|�"3$�&�M � , c,& � w�A�)�����³�������� t M . (�c � u	)���l_�WV*X�0�G_|�"�M .

g(z1, z2) G 1+ |z1z2+1|2
2y1y2

){z4A N��T��L�M ( c]& � z1 N −1/z2 ) hyperbolic distance ) cosh��t M ). H <�) Laplacian G ∆ = y2( ∂2

∂x2 + ∂2

∂y2 ) N]¸ Ç . c_&�G H2 )	1 Þ $]�1)4F�e=�_áp�%2
Ê�M . < � N.��5 g

�
∆g = 0 )WJ�m�) � , ε G �"!���#32�Ç{N.�?� ∆g = εg )4J%Gk|�"pM#cpN

� L�M . c )�$*ep���8D%G&%3b�à�"�M�N , Legendre )�$8e1����D
{

(1 − t2)
d2

dt2
− 2t

d

dt
+ ε

}
g(t) = 0

NÔm�M . ε = s(s−1), Re (s) > 1 N�'¡Ç?N?b , cW)W�(��D�) t→ ∞
��)+* L#M'J �&,"- s Legendre

z A Qs−1(t) �#���4� . ��A"/%G(�8�*��08!p"3$�&�M . t > 1, Re (s) > 0
�1� d*e Û �

Qs−1(t) =

∫ ∞

0
(t+

√
t2 − 1 cosh u)−sdu

� F�1 f , Q0(t) = 1
2 log

(
t+1
t−1

) ��t M . (�c � u�)��#l,�,�*�#L�M .
���

3.2. (z1, z2) ∈ H2 r T (m), Re (s) > 1 �,7±f]�
Φm(z1, z2; s) =

∑
“

a λ
λ′ b

”
∈L′

ab−N(λ)= m
p

Qs−1

(
1 +

| az1z2 + λz1 + λ′z2 + b |2
2my1y2/p

)

N ��¿pM . 5 C f , T (m) = φ )�N{b � Φm = 0 N ��¿�M .

L�M�N�c?),w*A � ���	),:�;��.¸�����2���r�3	��4*7����1L�M1cpN����32_&�M . c,&���} � Þ
� ∆Φm(z1, z2; s) = s(s− 1)Φm(z1, z2; s) Gk�=M .���

2. K = Q )	N{bTG]|�"T�*ª#M�N , Φm

�
SL2(Z) � z�L�M resolvent kernel function (�) a

) �pt M . c_&��{`8�*� � [Hej] �WÏ f,� .

Fourier ����G�5�M1cpN,���T�4� , Φm(z1, z2; s)
�
s �{`���� Re (s) > 3

4 )W:*;p®{n*o*6	�,J���"632,& , s = 1
� ) simple pole )W² � V8X ��t M1c#N�� ·#��2,&�M . (#c � , T (m) ���7�%f

5WB*6 Green z{A%G_u � ��¿�M .���
3.3. Φm(z1, z2) = “Φm(z1, z2; s) ) s = 1

� ) Laurent �#�p)W�*A�8 ”

m�¸ , Φm(z1, z2; s) ) s = 1
� )�9�A � (z1, z2) ���p$km�� �*A −1

2B0(m)
�1t MpcpN G;:�!

f]�*¸ Ç . <3�?� ∆Φm(z1, z2) = −B0(m)
2

�1t M .
cW&1���>=�)?³1´�G&?�"*���#M#cpN.G�5����ÜÇ . SL2(O)-invariant m�) � �Í$]� . singularity� u	)���l_� !p"3$�&�M .
U ⊂ H2 G relatively compact open subset N�L�M�N.b

MU,m =

{ (
a λ
λ′ b

)
∈ L′

∣∣∣∣ ab− N(λ) =
m

p
, ∃(z1, z2) ∈ U s.t. az1z2 + λz1 + λ′z2 + b = 0

}

� n�¾(@8I �pt M . c,&#� positivity condition G;A�"��
M

+
U,m =

{ (
a λ
λ′ b

)
∈ MU,m

∣∣∣∣ a > 0
j 5 � (a = 0 ��` λ > 0)

}

N'¸¡Ç . u��&�Í2,&�M .
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���
3.1. U r T (m) <	)�z.A

Φm(z1, z2) + 2
∑

“
a λ
λ′ b

”
∈M

+

U,m

log | az1z2 + λz1 + λ′z2 + b |

�
U <�)�8J>��z.A������32,&�M .

2 � , Φm � logarithmic m singularity G a `%c#N_�3$ , cW&�G “exponentiate” L�M#c�N �
T (m) <	�kh8i j 5 � \%G a ` BT6*C�D%G'�%M�c�N G�|�"*5�� . f��%f *J��#z?A �8t M Φm G���	�*A�)�
���){Êp� a V8X�m�z.AONkm�M �� �1� m8� . (�c � Φm G Fourier ���[f_�.V8X�m?Î
e C ��G�� }��{L%c1N.G]|�"pM .j Õ

S(m) =

{
(z1, z2) ∈ H

2

∣∣∣∣ ∃λ ∈ d
−1, N(λ) = −m

p
, λy1 + λ′y2 = 0

}

N ¸qÇ . S(m)
� ��Tu�v 1 m�) � H2rS(m)

� Ø��T� �*t M . c�&*) ���T��F{e�G Weyl chamber
N � � . W G Weyl chamber NÔL#M�N?b , λ ∈ L′, (λ, W ) > 0 G t M ( <��k����!�) ) (z1, z2) ∈W
�,7±f λy1 + λ′y2 > 0 � F } 1�`	c#N�N�L�M .���

3.2. (z1, z2) ∈W, y1y2 >
m
p )	N�b , Φm

� 4*7���`+2��pr+3>���1L�M Fourier w8A
Φm(z1, z2) = L+ 4π(ρW y1 + ρ′W y2) + 2

∑

λ∈d
−1

(λ,W )>0

qpλλ′(m) log
∣∣1 − e(λz1 + λ′z2)

∣∣

+
B(m)

2
log(y1y2) + 2

∑

λ∈d
−1

λ>0, λ′<0

p|pλλ′|(m) log
∣∣1 − e(λz1 + λ′z2)

∣∣

�4����24&�M . c8c�� L
� �*A , B(m)

�
E+

2 ) Fourier �8A � , qn(m) N pn(m)
� ({& �.&

W2(p, χp) �_É j &�M t M Poincare w8A ) m ���?) Fourier ��A �1t M . ρW

�	��� m K )
v �pt } , Weyl vector N���O�&�M .���

3. qn(m), pn(m)
�
I, J -Bessel z.A[G]É�� � ¾.w*A � !#"[$Ô&�M&*A �1t M [Br1].

j 5
L = −B(m)

(
−L

′(−1, χp)

L(−1, χp)
+
σ′m(−1)

σm(−1)
− 1

2
log(p) − log(4π)

)
,

σm(s) = m(1−s)/2
∑

d|m ds(χp(d) + χp(m/d))
�pt M�cpN_� �q2W&�M [BBK]. �%� , Weyl vector

ρW

a n�¾1)4C �� �!�� b�M�" ��t M [BB] [BBK].

4 Some infinite products

c�c �8� Φm ) Fourier �p�*�%$ holomorphic part G��g}���f , holomorphic infinite product G
���¡f]�#(�)?³8´=G ª�M .���

4.1.

ξm(z1, z2) =
B(m)

2
log(y1y2) + 2

∑

λ∈d
−1

λ>0, λ′<0

p|pλλ′|(m) log
∣∣1 − e(λz1 + λ′z2)

∣∣

N'¸�b , ψm(z1, z2) = Φm(z1, z2) − ξm(z1, z2) − L N'¸¡Ç$#
c.)	N�b ξm

�
H2 < � 487>�"�Üf , ψm

�
H2 r T (m) <�)�*J>��z.A[G]��¿#M . c,&Í$ � Na ���A�.#z{A �pt M . holomorphic part ψm �3$ � ¾.d[Gku�)��plW�.¸¡Ç .
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���
4.2. (z1, z2) ∈W, y1y2 >

m
p )	N�b ,

Ψm(z1, z2) = e(ρW z1 + ρ′W z2)
∏

λ>d
−1

(λ,W )>0

(
1 − e(λz1 + λ′z2)

)−qpλλ′(m)

N �8�pL�M .

Ψm

� �8� 4.2 )W:*; � V8X#z A3G���¿ , (�c �1� ψm N
log |Ψm(z1, z2)| = −1

2
ψm(z1, z2)

){z��=G{ª85�L . ck&��.`1��� , u��&�Í2,&�M .
���

4.1. Ψm

�
H2 �*�=�WV*X��WJ��*�"6q2,& , ��!	) relatively compact open subset U ⊂ H2

�,7±f]�
Ψm(z1, z2)

∏
“

a λ
λ′ b

”
∈M

+

U,m

(az1z2 + λz1 + λ′z2 + b )−1

�
U <�V8X � h�i=G]^	5�m*� .

���
.
j4Õ

Φm Ù�� � >�F����#z A ��� m���� , ��o 3.2 ) Fourier �p�1)_D��[$ ψm

� >�F����
z4A �*t M8c8Nk�&:�!�L#M . c�c � f : Cn → R �W>9F��K�1z4AÜN � , C2 w �*t } �T` ∂2

∂zi∂zj
f = 0

���"!�) 1 ≤ i, j ≤ n
� Fg} 1#`ÍN.b����3l .

2.� , :�; {(z1, z2) ∈ W | y1y2 >
m
p } NÔßp�	M���lkm simply connected relatively compact

domain U G�N4M . � j ,

ψm(z1, z2) + 2
∑

“
a λ
λ′ b

”
∈M

+

U,m

log |az1z2 + λz1 + λ′z2 + b |

�
U <�),>�F�����m��J���z A �1t M . [GR] Chapter IX �%$ simply connected domain <�) -� $�e
	��#mW>KF��K�#z4A � V�X�z4A�) TÎ �WÛ 2]&#M8c�NÔ�{���1M . <��k� , V�X�z A f : U → C

��
� f_�
ψm(z1, z2) + 2

∑
“

a λ
λ′ b

”
∈M

+

U,m

log |az1z2 + λz1 + λ′z2 + b | = Re (f(z1, z2))

G ª15.L . Log � Ì .%G�N.� �*�#M a )�N'L�M�N , Ψm N_)Tz �*D��Í$

Re


Log (Ψm(z1, z2)) −

∑
“

a λ
λ′ b

”
∈M

+

U,m

Log (az1z2 + λz1 + λ′z2 + b )


 = −1

2
Re (f(z1, z2))

� F�1pL�M . �*��m%$�O f �W��A3G A�"pM#c1N �

Ψm(z1, z2)
∏

“
a λ
λ′ b

”
∈M

+

U,m

(az1z2 + λz1 + λ′z2 + b )−1 = e−
1

2
f(z1,z2)

�?�g$�& , ��� � U <�),V�Xpz{A �pt M . <3� �?�*o��&�Í2,&#5 .
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5 Borcherds products

Section 4
� E�Fqf_5 holomorphic infinite product

� B�6�³�G�^��_����m��*) � , B�6�C�D=G'��M
� � (?&3$]) � � mWd=G]|�"1M����#� t M . d#�?BT68³�G a `p� � Φm ) Fourier �1�#� * ��&�M
non-holomorphic part )��1!1�������	�/�=2_&�&�O��,� . c�c ��� weakly holomorphic modular
forms ) !#"#Mkµ*C*�*I��p(�)��]��G � 5.L%c1N.G ª*� , Borcherds product G]E8FpL�M .j Õ

, power series
∑

n∈Z c(n) qn �W7 fk�

c̃(n) =

{
c(n) if p - n

2 c(n) if p | n

N'¸¡Ç . ck& � :>! 1
��
 &#5 weakly holomorphic modular form �W7�71L�M)���,
 � .�B�6�C

D�) Fourier �*A �pt M .
f(τ) =

∑
n∈Z c(n) qn ∈ W+

k (p, χp), g(τ) =
∑

n∈Z b(n) qn ∈ M+
2−k(p, χp) G�N M . c{)%N�b

�+� 
-�9.8B868C�D��4�8�Í24&�M�Ù%4	m pairing G� B_� SL2(Z) �Tz�L	M weight 2 ) weakly
holomorphic modular form < f, g > G,7�7q2,Ê	M#c�N]� � b�M . c{)�98A3G,|�"�M#c#N4����}∑

n≤0 c̃(n) b(−n) = 0 ��<gl . [Bo3] �{¸1�*� Borcherds
�

Serre duality argument ����} u%G
� f45 .

���
5.1. !p"%$ &15 principal part

∑
n<0

χp(n)6=−1
c(n) qn G a ` weakly holomorphic modular form

f(τ) =
∑

n∈Z c(n) qn ∈W+
k (p, χp) � ��*L1M?5 ¿T)��{���4e���� � , ��!#) g(τ) =

∑
n∈Z b(n) qn ∈

S+
2−k(p, χp) �,7 fk� ∑

n<0 c̃(n) b(−n) = 0 �.F>1#L�M#c1N ��t M .

j 5_��o�)��1l�m f ∈W+
k (p, χp) �� �1L�M�N.b , (�)_��A>8 � E+

k ) Fourier ��A B(n) G
�p�*� c(0) = − 1

2

∑
n<0 c̃(n)B(−n) N Û Ê�M#c1N4� :"!pL�M .

2?� , Borcherds �&�±fW5W�*o � u ��t M [Bo2] [Br2].

���
5.2. f(τ) =

∑
n∈Z c(n) qn ∈ W+

0 (p, χp) �?7±f , n < 0 mÍ$�O c̃(n) ∈ Z N]L�M . c )=N{b
H2 <�),n8o�6�z A

Ψf (z1, z2) =
∏

m>0

Ψm(z1, z2)
ec(−m)

� u[G ª15.L .

(i) Ψf

�
SL2(O) �{`���� weight c(0) ) � � m4n�¾��*A�)��������=�.z*L�M,B�68C�D �1t M .

(ii) Ψf ) divisor
� ∑

m>0 c̃(−m)T (m)
� !#"[$Ô&�M .

(iii) N = max{n > 0 | c(−n) 6= 0} N�¸	b , W G H2 r
⋃

n>0
c(−n)6=0

S(n) )��*��F�e�).r1`3N'L�M .

(*)	N�b t M ρf ∈ K ����±f , (z1, z2) ∈W, y1y2 >
N
p ��` Ψf ),\�)�� �p�

Ψf (z1, z2) = C e(ρfz1 + ρ′fz2)
∏

λ∈d
−1

(λ,W )>0

(
1 − e(λz1 + λ′z2)

)ec(pλλ′)

m�M 487��8`�2*�pr�3"���pL	M � ¾{d (Borcherds product) �W����2,&�M . c8c�� C
���

� m�4�79. 1 )4P�Q8A �pt M .

���
4. (1) <=)4�*o=�{¸1�*� Ψf ) weight c(0)

�
, �8o 5.1 )W+�)�:"!ON B(n) ∈ Q �Í$ n8o

A �pt M#c1Nk�T�1�#M .
(2) ��o 5.2 �1��} , ��o 5.1

� |p"=$ &����1Mk¬* S+
2 (p, χp)

�
Borcherds products �#�4�k�

Hirzebruch-Zagier divisor )Wµ�C8�*IÍG divisor G a `{B868C*DÍGW!#"�M���) obstruction space
N]m�� �*�pM#c1Nk�T�1�#M .

6



���
. (i) Φf (z1, z2) =

∑
m>0 c̃(−m)Φm(z1, z2) Nk¸OÇ . ��� 4.1 N ��o 5.1 �+A1(8) Ë )�:"!

�[$ ∑

m>0

c̃(−m) ξ(z1, z2) = −c(0) log(y1y2)

N]m�M . <3�?�
Φf (z1, z2) = −2 log |Ψf (z1, z2)| − c(0) log(y1y2)

= −2 log
∣∣∣Ψf (z1, z2) (y1y2)

c(0)/2
∣∣∣

){z��=Gk�=M . c*c � Φf

�
SL2(O)-invariant

�1t M.�3$ , u�)��>�=�#��} B*6*³��T�1�#M .
���

5.1. Ψ G H2 <	)4n*o�z A � |Ψ(z1, z2)| (y1y2)
k/2, k ∈ R � SL2(O)-invariant NÔL�M . c

)	N�b Ψ
�

SL2(O) �{`���� weight k ) � � m ��� � ���{z�L�M_B�6*C*D �1t M .
���

. ��!	) A =
(

a b
c d

)
∈ SL2(O) �47Üf_�

|Ψ(Az1, A
′z2)| (Im (Az1)Im (A′z2))

k/2 = |Ψ(z1, z2)| (y1y2)
k/2

m8) � ∣∣∣∣
Ψ(Az1, A

′z2)
Ψ(z1, z2)

(cz1 + d)−k(c′z2 + d′)−k

∣∣∣∣ = 1

� F } 1�` . c*c,�[$ Ò�8�� ( Æ�"HO��	�/. Ó o	����} ) 4�79.	)�
 � � 4879. 1 )4P�Q��*A����
�#M .

(ii) ��o 4.1 ����} �Í$�� .
(iii) c ) � ¾.d*�1� � Borcherds )���� theta d�e#�3$ � �{���O$�&�M.� , c4)8£*¤*¥�¦{§ ��
weakly holomorphic modular forms � `8����)����),� � G'�*�±N'L�M . (T),>ÈÇ ����� m8)� ·�� � ����m{����)�ª���N�1_¿pM . Ï¡fk��Ñ?Ò � [Br2] Chapter 1 G�����)�c#N .
�*o�)W�#��G'ãÈÇ'� � weight 0 N weight 2 ),B�6�C�D	) Fourier �TA�)4797=Gk|�"1Mk�����t M .
j?Õ

Hecke trick ����} weight 0 ) non-holomorphic Poincare w�A3G]|�"��#(�) Fourier
�*A3G_�*�����  �! f , weight 2 ) Poincare w8A	) Fourier �8A qn(m) N���61������)�z��%G
ã Ç . (�fk� weight 0 ) weakly holomorphic modular form G non-holomorphic Poincare w�A
N Eisenstein w*A	)Wµ8C��=�#��} Û L�c#N � c̃(pλλ′) N qpλλ′(m) ){���z ����`¡Ç . (.&������
� � ¾ d3G %qb]��Ê�O��W� .

6 Example

c�c ��� Borcherds ) construction
� �¡$'&�M,B�68C�D3G]�*�#����ª�M .

p = 5 N'L�M . input data N*f]� weight 0 ) weakly holomorphic modular form G,!#"T&�O
�W� .

G2(τ) = 1 + 6
∑

n≥1

(σ1(n) − 5σ1(n/5)) q
n ∈M2(Γ0(5))

G weight 2 ) Γ0(5) �{zTL�M Eisenstein w*A NÔL�M . r�� � E0
2(τ) = η(5τ)5

η(τ) ∈M2(5, χ5) �4�¡$
&8���pM . (�c �

f1(τ) =
G2(τ)

E0
2(τ)

=
∑

n≥1

c(n) qn =
1

q
+ 5 + 11q − 54q4 + 55q5 + 44q6 + · · ·

N'¸��O f1(τ) ∈ W+
0 (5, χ5)

��t M . c_&��W��o 5.2 G � �qf_� Weyl chamber, Weyl vector G
�����p�W����L�&#O , ε0 = 1+

√
5

2 G Q(
√

5) ) fundamental unit N�fk� � ¾.d
Ψ1(z1, z2) = e

(
ε0√
5
z1 −

ε′0√
5
z2

) ∏

λ∈d
−1

ε0λ′−ε′
0
λ>0

(
1 − e(λz1 + λ′z2)

)ec(5λλ′)
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�
y1y2 >

1
5

� 487��>� f SL2(O) �.z�L�M weight 5 ),B�6*C�D=G]��¿pMpc1N'���8��M . ��� , Ψ1) divisor
�
T (1)

� !�"%$'&�M .
r�� , Gundlach [Gund]

�
Hilbert modular forms )�mTL{B�6�C�D*×���A4B�6#z A*��)WE��%G

��6�M���� , 10 �	) theta constant )Wd¡N*f]� T (1) G divisor N'L�M SL2(O) �.z*L�M weight
5 )4B�6*C*D Θ(z1, z2) G�E�FÜf45 . �����#� � j?Õ , µ, ν ∈ {0, 1, ε0, ε′0} �,7±f]�

θ(z1, z2;µ, ν) =
∑

λ∈O

(−1)
Tr

“
ν√
5
λ

”

e

(
Tr

(
ε0

2
√

5
(λ+

µ

2
)2 z

))

= e

(
1

8
Tr

(
ε0µ

2

√
5
z

)) ∑

λ∈O

e

(
1

2
Tr

(
ν√
5
λ

))
e

(
1

2
Tr

(
ε0(λ

2 + µλ)√
5

z

))

N ¸qÇ . c�c ��� λ ∈ K �]7ÍfÔ� Tr(λz) = λz1+λ′z2 N{f'�T��M . c�&%$�)�l Þ �=$ Tr(µν) ∈ 2Z
G�ª#5TL 10 � }k)���ª I��8Ê (µ, ν) = (0, 0), (1, 0), (0, 1), (1, 1), (ε0, 0), (0, ε0), (ε

′
0, 0), (0, ε′0),

(ε0, ε
′
0), (ε′0, ε0) G�N � �

Θ(z1, z2) =
∏

θ(z1, z2;µ, ν)

N ��¿pM . Köecher principle ���T�?��ck&q$ � ��A>/�) Õ &3fk�*m8���3$ , Fourier ���1)�����)
��A3G ���pL�M1c#N,����} Ψ1 = 1

64Θ �T�1�#M .

7 Converse theorem

�8o 5.2
� E�FÍ2,&�5 Borcherds products

�
Hirzebruch-Zagier divisor )�p) relation GW!#"

�*��M�N |�"[$Ô&�M . (�) ��) obstruction space S+(p, χp) )4u�v � Hecke �����4�  �! 2_&8�
¸±} , [p−5

24 ]
�1t M . <[� � p = 5, 13, 17 )=NTb�� � ��!=) T (m) �?7 f,� divisor � T (m) N

m1M_B�6�C*D=G Borcherds product �p���,�4E8F1L�Mpc�N�� � b�M � , (?& � ��)_H*I	� � 1	�*m
relation

� a !�"3$'&�M.� � �#� m8� . f_�3f , Hirzebruch-Zagier divisor )Wµ�C8�8I3G divisor
� a `.B*6�C8D � � Õ Borcherds product �#���4�T!p"3$�&�M�N]�3l , ¶��8o��{F�1�L�M .
c,&�G{ªpM�5T¿1� , Borcherds lift G cohomological �WJ�
#L�M .j{Õ

, cusp forms S2(p, χp) <�) functional ar G f(τ) =
∑

n>0 c(n) qn �47OfW� r � �.)
Fourier �*A c(r) G,7�7Í2WÊ�M a )=N*f , ��7�¬# S2(p, χp)

∗ �T¸��8� ar 5 Þ �� FÍ2W&	MkÎe Z- A�'3G A(p, χp) N]¸¡Ç . °(3=� , �K��e1J S2(p, χp) = S+
2 (p, χp) ⊕ S−

2 (p, χp) �47H7¡f_�
ar, χp(r) = +1 (resp. χp(r) = −1)

��� F32_&�MkÎ�e Z- A9'%G A+(p, χp) (resp. A−(p, χp)) NÔLM . L�M�N A(p, χp) = A+(p, χp) ⊕A−(p, χp) N e*JÍ2_&�M .

u=� , XK <�) modified divisor class group C̃l(XK) G,u�)���l,�4��¿#M . XK <�) divisor
group G D(XK) NÔL�M . (*),Î8e�' H̃(XK) G , H2 <�) SL2(O) �{z*L�M_n�¾ �*A�)������ �
G a ` ��� m weight ) B�68C�D��#(8)Wh1i N \=�����4�{�8�#L�M XK <=) divisor

��� FÍ2,&
M a )=N]L�M . (�f_� C̃l(XK) = D(XK)/H̃(XK) N]¸±Ç . c,&Ü$,))'=)WV��	m?�8�%�{`1�8� �
[Br1] Section 5

a f�Ç � [Br2] Chapter 5 G����%2W&p5�� .
j 5 [Bo3] Section 4 ),���ON a ��

2_&�M�NT�W� .
c.)	N�b'u��!�Í2,&�M .

���
7.1. functional ar � Hirzebruch-Zagier divisor T (r) Gk7�732_Ê�M#c1N4�#��}~¯	°W6����

η : A(p, χp) −→ C̃l(XK)

�?�8�32W&�M .

���
. a =

∑
r∈Z

χp(r)6=0
cr ar, cr ∈ Z N�¸�b , c]&�� A(p, χp)

�
0 �.mpM#N L�M . L#M�N , ��!�) cusp

form g(τ) =
∑

n∈Z
χp(n)6=−1

b(n) qn ∈ S+
2 (p, χp) �47¡f,� a(g) =

∑
r∈Z

χp(r)=1
cr b(r) = 0 ��F"1�L�M .

c.)=N�b]�*o 5.1 �q$ principal part
∑

n<0
χp(n)=1

c(n) qn, c̃(n) = c−n G a ` weakly holomorphic
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modular form f ∈ W+
0 (p, χp) � ���L�M . <Í� �?�8o 5.2 �3$ divisor

∑
r∈Z

χp(r)=1
crT (r)

�
f )

Borcherds lift �����?��!#"[$Ô& H̃(XK) �_É j &�M . r�� � χp(r) = −1 ) a )8�{`��*� � a Na N T (r) = ∅ m1) C �[$ , η
�

well-defined.

u�� C̃l(XK) G Chern class map ���T� � XK ) cohomology N ��AT` ��M .
(*) � � Chern class )��p¿T����`8�*� ���	�����=GWL�M .
SL2(O) )���ATn1¾�m,V��TÎTeK' Γ � H2 	 fixed point free 	�
 Ç��������� . ������� Γ\H2������� � �"3 !�"��#� , �%$ 	�&('�) ��* �,+�- 	 Chern class ���/./�0�0��1��2�#� . divisor

D 	�34' , 3�56'�7 line bundle L(D) ����� . π : H2 → Γ\H2 �8�9:�<;2� . H2 = ��>�?�@ &A
f �0B�� divisor (f) 1 π∗(D) 	�C6'D ���E1F�G$�� . ���H��� J(γ, z) = f(γz)/f(z), γ ∈ Γ	 +�I ) Γ � 1-cocycle 1#JLK0� . C∞ M0N0O & A h : H2 → R>0 �#P/QR� γ ∈ Γ 	S3T'

h(γz) = |J(γ, z)|h(z) �SU 7 ;V�S�0�W���W� , ��� h
�

L(D) =V	 Hermitian metric �<J�X '�)D � . ���Y����ZS[ \�] ^ ω = ∂∂ log(h)
�
H2(Γ\H2,C) ��_V��JW. , D � Chern class c(D) �`�a � .

SL2(O) ��b�c 	 � cohomology ��d�@ H2(XK ,C) ∼= H2(Γ\H2,C)SL2(O)/Γ ��e6f ) divisor
� Chern class �g,.��/�0�%1 �V�#� .= ��h�i 	 +%I )�j @#]�^,� divisor � Chern class ��g�. ) U�� . F � H2 = � SL2(O) 	�& ;
� weight r ��k0l�">�m�n A �<opi0q%rV����I 7 >p?�@ j @�]#^L�s;�� . ���/��� |F (z1, z2)|(y1y2)

r
2�

SL2(O)-invariant ��t�� . uHI ) (y1y2)
− r

2 � line bundle L((F )) = � Hermitian metric �wv
-��/�<1���� ) , Kähler form ��J A�x ω = − r

2∂∂ log(y1y2) 1 c((F )) � `�a �0�/�<1 y�zW� .

��$6{��V�W��z|{ H̃2(XK ,C) = H2(XK ,C)/C∂∂ log(y1y2) ��}�~E�E� , Chern class map
c : Cl(XK) → H2(XK ,C) 	 +EI )S� d�@

c̃ : C̃l(XK) −→ H̃2(XK ,C)

1����(��$W� .� = ��� 'S�����W� "����/��t���1 , ��� c̃ � Hizebruch-Zagier divisors � =Y��� m ;2��� ,
BE���E! � "S� ��� XK � cohomology �����:��z({p+������W"�],�����2�0�/�<1����E� .
K�� Hirzebruch-Zagier divisor T (m) � Chern class �%g�.�� . "�} , ������ � Hirzebruch,

Zagier, �2�S�� 4{ � +EI )S¡ "���h�i2�2�G¢:{G$ )�D � ([HZ], [Oda1]).

£E¤
7.2. Hirzebruch-Zagier divisor T (m) � Chern class

�

c(T (m)) =
B(m)

4
∂∂ log(y1y2)

+4π2
∑

λ∈d
−1

λ>0, λ′<0

∑

n≥1

nλλ′ p|pλλ′|(m)
(
e(nλz1 + nλ′z2) dz1 ∧ dz2 + e(−nλz1 − nλ′z2) dz2 ∧ dz1

)

� `,a {G$W� .

¥0¦
. Section 4 � t��J X�zF{

|Ψm(z1, z2)| e−ξ(z1,z2)/2 = e−Φm(z1,z2)/2

� &S§ 1#y�z�� . ¨E© � SL2(O)-invariant " & A ��tR� , H2 = ��>E?E@ & A Ψm(z1, z2) � divisor
1 T (m) "���� , eξ(z1,z2)/2 � L(T (m)) = � Hermitian metric �ªv6-p����1���� ) ,

c(T (m)) =
1

2
∂∂ξm(z1, z2)

��",� . J�X 4.1 � +�� ξm ��«,¬�zL{J�?R�%¢H� .
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* �%= ��«�¬W� Hilbert modular form � &S§���� � . BE� 7 . � � H2(XK ,C) ����H�<���� ���	��1�t�� . Hilbert modular variety � cohomology ��
 '�D ��� ��0D�) � [Oda2] ���
K�$ 7�D . H2(XK ,C)

��* ��\ � ��� � .

H2(XK ,C) = H2
Eis(XK ,C) ⊕H2,0

squ(XK ,C) ⊕H1,1
squ(XK ,C) ⊕H0,2

squ(XK ,C) .

7���' , H2
Eis(XK ,C)

�
Eisenstein M A zF{�~<���E\/� , Hp,q

squ(XK ,C)
�

(p, q) @����So���E\,"
[#\�]#^������H�<$0���#\0��t � . � �G1���� �w;/��� � H1,1

squ(XK ,C) ���#\�!#" H1,1
univ(XK ,C)⊕

H1,1
sym(XK ,C) ��t�� . ��� �

H1,1
univ(XK ,C) = C

dz1 ∧ dz1

y2
1

⊕ C
dz2 ∧ dz2

y2
2

��tL� , H1,1
sym(XK ,C)

��* �W+/- �2'%) Hilbert modular forms � `�a { $2� .
SL2(O) �#& ;2� weight 2 � Hilbert modular cusp forms � S2(SL2(O)) �$�/; . K �&% A

ε0 � ε0 > 0, ε′0 < 0 �SU 7 ;R���/�,�S� . �S�Y�p�('�) α : S2(SL2(O)) → H1,1
squ(XK ,C) 1

f(z1, z2) 7→ f(ε0z1, ε
′
0z2) dz1 ∧ dz2 + f(ε0z2, ε

′
0z1) dz2 ∧ dz1

� +2� JFK � . H1,1
sym(XK ,C)

� �S� α ��)�� ') J�X�;2� .
� ) , Zagier ([Za1] Appendix 1)

��* �,+,-<" M A

ωm(z1, z2; s) =
∑

“
a λ
λ′ b

”
∈L′

ab−N(λ)=−m
p

1

(az1z2 + λz1 + λ′z2 + b )2
1

| az1z2 + λz1 + λ′z2 + b |2s
.

�+* a 7 . �%$ � Re (s) > 0 �-,�. ' , /�0 { s ∈ C |Re (s) > − 1
4 } 1 N#2 �

�#3#4#5 �$��0�0�
1-6 �$87 . B:9��

ωm(z1, z2) = ωm(z1, z2; 0)
; }:~ ; , 9�$�< SL2(O) �#& ;87 weight 2 = cusp form

; ">7 .
ωm(z1, z2) = Fourier § A@? � ! �,�&A�B�'�) U�7 ; , J�? 7.2 < * =W+/- ��CED�F a { $G7

9 ; 1�y0z>7 :

c(T (m)) =
B(m)

4
∂∂ log(y1y2) +

m

4p
α(ωm(z1, z2)) .

9$,KS�	=��E� ? �H�0� K ; . 7 . C̃lHZ(XK)
?
C̃l(XK) =���\�I,� T (m), m ≥ 1 =�),�� J ��$K7>L-= ; ;87 .

K� , J#? 7.1 < η : A(p, χp) → C̃lHZ(XK)
? `�a )pD 7 . 9G$ ? c̃ ��MG7 ; ):< H1,1

univ(XK ,C)⊕
H1,1

sym(XK ,C) ��N K�$G7 . 9#9�zF{ H1,1
sym(XK ,C) 1�=�8�9 ? ; I )�OV� α−1 : H1,1

sym(XK ,C)
∼→

S2(SL2(O))
? c J ;87 .

� =Y� +�� , Z- P#IQ= � d�@

A(p, χp) −→ S2(SL2(O)) , ar 7−→ r

4p
ωr(z1, z2)

? ¢R7 .
9�$ ? C- S ] ��T�U ;87 . cusp forms S2(p, χp) < cusp ∞ ��= Fourier § A 1�V ) Z ��N

K�$870+/-�"-W	X ? LEI )�D 7 . uFI ) A(p, χp) ⊗ C = S2(p, χp)
∗ ; "�7 . Petersson ��� < , >� + I ) S2(p, χp)

;
S2(p, χp)

∗ ? d ��Y6' +/- . 9�= ; D ar 1 4πr < ·, Gr >
��3 5 ;K7/+�-

" r Z\[�= Poincare M AR? Hecke trick � +���J�X/;G7�9 ; 1�� D 7 ([Za1] Appendix 1).
� ] , �R��< * = C- S�]H'�) � �,z $ 7 :

 : S2(p, χp) −→ S2(SL2(O)) , Gr 7−→ 1

16πp
ωr .
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� h , Zagier [Za1] < M A

Ω(z1, z2; τ) =
∑

n≥1

nωn(z1, z2) q
n

?�� & A ; ;87 9 ; � Doi-Naganuma map

ı : S2(p, χp) −→ S2(SL2(O)) , f 7−→ − 1

2π
< f(τ), Ω(−z1,−z2; τ) >τ

?`,a 7 . 9�- '�7 Doi-Naganuma map =���� ���D ) < [Katsurada] L����8=:9 ; . ı =�J�X
zF{ ı(Gr) = − 1

8π2 ωr "H=�� ,  = − π
2p ı 1Ey�z:7 .

9�=,+,- �V'�) Borcherds lift z({��	�,;87 9 ; � Doi-Naganuma map 1�
�L��$ 7 . K 7� � , Doi-Naganuma map =���� ?���� ;K7>9 ; � Hilbert modular =�b�c = Borcherds lift ���D�) * = � J ?�1�¢�{ $87 .

£�¤
7.3. F

?
H2 = =�>�?E@ & A � SL2(O) �S& ;G7�k�l "�o�i2q�r ? L �pj @E]�^ ; ' , B�=

divisor 1 Hirzeruch-Zagier divisor =�SE]��/� `0a { $:7 ; ;:7 . 9$= ; D , tH7 f ∈W+
0 (p, χp)

1��� ') F < f � +7 Borcherds product
; "�7 .

¥0¦
. ��� ; ;G7��� < , Doi-Naganuma map ı 1 S+

2 (p, χp)
= �$%�8 ; D -9 ; �0t 7 .

F = divisor 1 ∑
n>0 c̃(−n)T (n), c̃(−n) ∈ Z

; ;:7 . 9�= ; D JEX � +SI ) C̃lHZ(XK) � }D#) η(
∑

n>0 c̃(−n) an) = 0. η < A−(p, χp)
= 0 ��t I 7 1 , ı =�%�8��/zH{ η < A+(p, χp)

= %
8���t�7H9 ; 1�y z 7 . u�I ) ∑

n>0 c̃(−n) an ∈ A−(p, χp). ;K7 ; PEQK= g(τ) =
∑

n>0 b(n) qn ∈
S+

2 (p, χp)
��3(' ) ∑

n>0 c̃(−n) b(n) = 0
; "	7$=�� , J�? 5.1

; J#? 5.2 � +�� ∑
n>0 c̃(−n)T (n)

<�t 7 Borcherds product Ψf = divisor ��t 7 . F/Ψf < H2 = ����� L�� L�L 7 " D�j @�]�^
"	=E� , J A ��t�7 . 9$ � +���J�?W1��! V��$ 7 .

8 "$#&% '
Borcherds products = 5 �Q? D ~ � z�(*) )�D ~ .

1. [Hamahata] � } D�) �0�L{ª$ )�D 7 Hirzebruch-Zagier divisor = generating series 1 j @
]�^ � "�7 ; D -��� [HZ] =+�! .

2. j @ ]�^�,Q=�  J _G=�� ! � � J .

3. Singular moduli = trace
; = &.- .

4. etc · · ·

1. < Borcherds 1 [Bo3] � } D�) `�a 7 L�= � 1 , Bruinier, Burgos, Kühn { � + I )
Arithmetic "�/��,zF{�=�J�^�0,1 `,a {G$ )�D 7 [BBK].

2. ���D�) < , j @�]�^�, =�  J _G= � � ? Borcherds product � +EI ) � J � D 7 ; D -
���V1 * A 2 = Siegel modular forms =Sb�c � < H.Aoki

;
T.Ibukiyama � +V� ,

* A
2 =

Hermitian modular forms =�b�c � < T.Dern
;

A.Krieg � +2� ¢�{ $ )�D 7 .
3. < Zagier [Za2] 1 �21 A =�b�c8= Borcherds product

;
Singular moduli = trace

; =�"
= (full modular =�b�c = ) d O � ?�3 � '�7 9 ; �+4 K	7 L�=E� , Bruinier

? <Yf.�5 ~�=�6 �� + I )�7 �98 T�U$: �#� 0�1;({=< )�D 7 .
4. BH=�> z , Borcherds product � < generalized Kac-Moody algebra

; =�? § , Enriques
surface, K3 surface 8A@�= moduli ! "�1�= 5 � ; D I 7 9 ; 1$* a {B< )�D 7 . K 7 Borcherds
product = 7 �	8�� J i ��5 f ) , Borcherds product = 1�C L D ~ � z.�2�ED , Bruinier

;
Yang

=:L�= , Aoki
;

Ibukiyama � +7>L-= , F�G � +7>L-=�8H@%1�t�7 .
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