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5.2 � K

42Ï���xJX
modular p�q

5.3 � K
%
p s������ w � ζ∗K

5.4
Ñ!  p s"����� w � ζ∗K(1 − k, 1 − u)

%V½A¾
5.5

Ñ!  ζ∗K %$#&% uª � %('*)]D�E
xJX]@,+.-&g

1 - 1.1-1.6
F

2 - 2.1

3 - 3.1-3.4

5 - 5.1-5.3Y=j&:/.&:
%2@!+.%,0$1�%*243�-h©�%JÍ�'�Y=[CX �65!7��!8�9
�;:!<
• p s modular p�q %]���  p s modular p�q f

|
Q
Ó � modular p�q %$=

{fi}
f

Qp[[q]]
0TYA??>4@&An�2;Jr&%*F7��S&�7�

• p s modular p^q % weight
%h���  Fourier

Ó � ÒP%h°*±7f weight
Ò
%h°

±^4CB4D
xJXP$PF
• p s Eisenstein ¶�� %2���
• p s Eisenstein ¶�� %2� ��¼ F7�ZS p s L-

w � f � :JXP$PF�65!7��!8�9
�;:!<
• Q

Ó � % Γ0(p) � % modular p�q - p s modular p7q F]×=XP$PF
• Q(µp−1)

Ó � % Γ0(p) � % Neben E % modular p�q - p s modular p7q FF ×?G�XP$PF
�65!7��!8�9
�;:!<

• ��� 0���� K
%
p sH�I�,� w � |�����xCXc\�j&%KJIL  K � % Hilbert modularM � % Eisenstein ¶T� Fk(u; z1, . . . , zr)

|ONJe�g�$�:J|
diagonal

4QP�R7x
X
F
SL2(Z) � % modular p7q 47×=XQS��}|(�
R=Xh\

1. p � modular ���
1.1. THU
a) V"W
p
|Z» � g vp

|
p s^� Qp

%2Ï!XJY
vp(p) = 1

FZY![4\98(:
;Jr&% FcxJXh\
Qp
%&Ë

x
-

Zp
4*] kV:�X�F�^�gCx=×?_")

vp(x) ≥ 0
%*F;^

p ` Y=[CXJF�Ra' \b �=Ë
q
% p�q
t,c"d]¶7�!e %&Ë f =

∑

an q
n ∈ Q[[q]]

4$f ��S
vp(f) = inf vp(an)Fhgji�\ �V;�f"kVS

vp(f) ≥ 0
%dF?^A-

f ∈ Zp[[q]]
F2×
X&\

vp(f) ≥ m
-
f ≡ 0

(mod pm)
|hl�m7xJXh\

{fi}
|

Q[[q]]
%VË
%C=�F�x
X]\

fi
%(Ó � f f

%(Ó � 4h?�>.4C@,A=x
XJF;^ZgTx^×�_�)
vp(f − fi) → +∞ %*F�^

fi
-
f
4;nIo.4*@!APxJX�F�Ra' \

b) Eisenstein p�Ý
k
| ≥ 2

×=XQq � FcxJX�F;^

Gk = −Bk

2k
+

∞
∑

n=1

σk−1(n)qn (q = e2πiz)

Ek = − 2k

Bk
Gk = 1 − 2k

Bk

∞
∑

n=1

σk−1(n)qn

Frgsi�\}$�$2Y
Bk
-
k t +h% Bernoulli � Y σk−1(n) =

∑

d|n d
k−1 Y=[CXh\ k ≥ 4× m]�

, Gk
F
Ek
- > M

SL2(Z)
4�w�xJX2B

weight
f
k
%

modular p�q F]×=Xh\
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c) p�Ý P , Q, R
Ramanujan

4.�2;�f"kVS
P =E2 = 1− 24

∑

σ1(n)qn

Q =E4 = 1 + 240
∑

σ3(n)qn

R =E6 = 1− 504
∑

σ5(n)qn

Fhgji�\ ¶C� Q
F
R
-

modular pCq %^×�x graded e %���
ËJY
[PX�\CxP×&_�)
weight k

%��!l.%
modular pTq - Q

F
R
%

weight k
%

isobaric ��¼�q F7��SA?Il
t 42698(:�Xh\ ´ eC�

E8 =Q2, E10 = QR, E12 =
441Q3 + 250R2

691
, E14 = Q2R,

∆ =2−63−3(Q3 −R2) = q
∞
∏

n=1

(1 − qn)24 =
∞
∑

n=1

τ(n)qn.

¶T� P
-�¬��
%Ql�m�Y�%

modular pTq Y^-A×ARTf&g weight 2
% K

p s modular p7q OYC[CXP$PFZf��98(:�X >
2.1
§^¨^B \

d) V/W ���
Kummer

4JÍ�:
�&g
k
f
p− 1

Y&Õ ��Ö :C×CÐ&:P�&g Bk

k

-
p � Y=[ � g vp(Gk) = 0f�� Â :�Xh\ 8Jm]4Cj7% � k′ ≡ k (mod p− 1)

×*m2� Bk

k ≡ Bk′

k′
(mod p)

f&� ���QA\
σk−1(n)

4$f���S.r2±*>*%2°�± q f&� ��� Q Â m�gAz��7©Pf&� ��� Q 
k′ ≡ k 6≡ 0 (mod p− 1)

× m]�
Gk′ ≡ Gk (mod p).

(
$]:
-&g

Bernoulli � %2°�±^% Gk � ¿
%! #"CY=[CXh\ )$(:�4;f �(S7g
k
f
p − 1

YTÕ � Ö :�XhØC° - Clausen-von Staudt
%V�%$ 4�Í � g

vp(
Bk

k ) = −1− vp(k)
f&l m�:�Xh\

vp(
k

Bk
) ≥ 1

Y=[CX Â m�© |Zl X 
k ≡ 0 (mod p− 1)

×}m]�
Ek ≡ 1 (mod p).Í ��&(' 4�-h©
f&� ��� Q 

Ek ≡ 1 (mod pm) ⇐⇒ k ≡ 0 (mod (p− 1)pm−1) (p 6= 2
%*F�^

)

Ek ≡ 1 (mod 2m) ⇐⇒ k ≡ 0 (mod 2m−2).

1.2. mod p
�

modular ��� � algebra
k ∈ Z

4$f���SAg
weight k

%
modular p7q

f =
∞
∑

n=0

an q
n

Y�)JSC%]Ó � an
f
p � YC[�X=rV%!) � %T×�x&¤7°*| Mk

Yh6
xV\
f ∈ Mk

%�F;^]g
f%

reduction mod p
�2;Jrh%

f̃
-

Fp = Z/pZ � % p7q
t,c/d]¶7�!e Fp[[q]]
4*]*kV:

X2\}$&%JÍ�']42l m�:JX]¤�°}|
M̃k
Y&6
xV\�j
$2Y
M̃ =

∑

k∈Z

M̃k

FOgsi \}$(:
-
Fp[[q]]

%
subalgebra

Y*$(:.|
mod p modular �^� � algebra

F
��*.$PF24�xJX&\

M̃
%2�,+ -

Swinnerton-Dyer
4JÍ&kVS�-�� 8(:=S^RPX

[22].
j7%
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z7{}|����.4(U
WCS��=X >��	� -&g

[15]
kT;�-

[22]
|�§�¨�%J$PF�B

:
(i) p ≥ 5

��
 V
1.1
Y F ;JÍ�'�4&g

Ep−1 ≡ 1 (mod p)
Y=[^X Â m Ẽp−1 = 1

Y=[CX2\
Ep−1

|
Mk
%

Ë
4�*Ð&:
�
M̃k+p−1

4��*X Â m�gT©�%$=Pf&l m�:�X 
M̃k ⊂ M̃k+p−1 ⊂ · · · ⊂ M̃k+n(p−1) ⊂ · · · .

α ∈ Z/(p− 1)Z
%*F6^]g

mod p− 1
Y
α
F]×=X

k
4*fPxPX

M̃k
%�7¤�° |

M̃α Y&6x�$PF]4&x
Xh\
Swinnerton-Dyer

%(zT{�4JÍ � g M̃ -
α ∈ Z/(p− 1)Z

4*f=xJX
M̃α%����GF]×=Xh\��	�
x7:
�

M̃
-
α ∈ Z/(p− 1)Z

4h© � |��
Q graded algebra
Y=[

X2\
α
f�� � ×}m�gCx=×?_") α ∈ Z/(p− 1)Z

%T× Â Y 2
Y&Õ ��Ö :P×7R�Ë=Y=[�:P�

M̃α = 0
Y
[=Xh\ 8�m(4^j�% � M̃

-���� ��� Fp[Q,R] � Ã − 1  �!�"$#�%'&�( �)�*,+�-  �.0/21�3�4�� F�±&?65d8�:JX(\�$7$(Y Ã(Q,R)
-

weight p− 1
%

isobaric× �7¼Tq Y�g Ep−1 = A(Q,R)
Y�-*k7X �7¼7q A

|
reduction mod p

�ZSVlGm!:JX=r
%�Y=[CXh\
$h%

M̃
%]6,�dÍ � g M̃ -

(resp.
jT%

subalgebra M̃0)
-Vg

Fp � smooth
× 07�879

Y (resp. Ỹ 0)
%

affine algebra
Y=[^Xh\

Y
F
Y 0 % KM���=� t O�:	;.- [15], p.416-0547[CXh\

Y
F
Y 0 - smooth <AÂ m M̃ F

M̃0 - Dedekind � F]×=Xh\�
p = 11

%*F�^]\
Ep−1 = QR

Y=[CX Â m
M̃ = F11[Q,R]/(QR− 1), M̃0 = F11[Q

5, R5]/(Q5R5 − 1)F�× � g&f��PxJX 7�9 %= � -*F�r&4 0
Y=[CXh\

p = 13
%*F�^]\

Ep−1 = 441Q3+250R2

691

Y=[ �
M̃ = F13[Q,R]/(Q3 + 10R2 − 11), M̃0 = F13[Q

3]F�× � g&f��PxJX 7�9 %= � -^j&:/.&: 1, 0
Y=[CXh\

(ii) p = 2, 3
��
 V$&%&Ø^°

Q̃ = R̃ = 1
YP[PXV\

M̃
f
∆
%

reduction mod p
Y,T� 82:*X �^¼=q4e

Fp[∆̃]
F2±�?�5 8(:�X
$PFh-$1?>�4�_ Â Xh\ M̃k−2 ⊂ M̃k

YP[ � g k f 12
Y�Õ � Ö:=×7R}F�^�-

M̃k−2 = M̃k
F]×=X

.
$&%(Ø�°

M̃0 = M̃
Y=[CXh\

1.3. modular ��� � mod pm
� V/W

À�@ 1: m
| ≥ 1

×=X �^� Fcx
Xh\ f F f ′ |�F�r&4A($ � Ó � |��
Q modular p�qY�g�j&:Jj&:
%
weight

|
k, k′

FcxJXh\
f 6= 0 Â Q

vp(f − f ′) ≥ vp(f) +mF�xJX�F!©
f&� ��� Q 
k′ ≡ k (mod (p− 1)pm−1) (p ≥ 3

%*F�^
)

k′ ≡ k (mod 2m−2) (p = 2
%*F;^

).
B?C

. DFE ×h� � |��*Ð�XP$PF(4JÍ � g vp(f) = 0
FHG7�n��S.ÍhR�\}$&%*F�^IG7�.-

f ′ ≡ f (mod pm)F�±$XJYC[CXh\&�.4
f ′
F
f
%2Ó � - p � Y f̃ = f̃ ′ 6= 0

Y=[CXh\
p ≥ 5

×}m�g
f̃
F
f̃ ′-

M̃
%A±KJ!�4+

M̃α 4*]}kV:�XV\���R���ePX�FA$]:�- k′ ≡ k (mod p− 1)
|hl�m

x
XV\
k′
F
k
-*q �F<AÂ m p = 2

kT;^-
3
%*F�^CrV±LJ!°.± q f�� ��� Q7\}$]:CY
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m = 1

%*F�^����.8(:P;&\
m ≥ 2

FHGT�
xJXh\
h = k′ − k

FOg i�\
f ′
|

f ′E(p−1)pnY��(^H�
ehg
n
|���+	�P4�F]X�$CFc4=Í � h ≥ 4

F G�� ��S
Í(Rh\]x=XPF
Eh
-

weight
h
%

modular p^q YTg h - p − 1
Y�Õ � Ö :�X Â m�g Eh ≡ 1 (mod p)

f�� � � Q7\
p ≥ 3

%�
P-
r = vp(h) + 1, p = 2

%�
P-
r = vp(h) + 2

FOg i�\9+!,*-
r ≥ m

| �
x.$
FZY=[CXh\

r < m
FHG7�
xJXh\

f · Eh − f ′ = f − f ′ + f(Eh − 1)
Y=[CXh\}$�$

Y
f − f ′ ≡ 0 (mod pm) Â Q Eh − 1 ≡ 0 (mod pr) (1.1

§C¨
)
Y
[=Xh\ �h;Af"kVS

f ·Eh − f ′ ≡ 0 (mod pr)
Y=[ �

p−r(f ·Eh − f ′) ≡ p−rf(Eh − 1) (mod p)fV� ��� QT\}$�$2Y�	�*%&?A@!+.-

p−r(Eh − 1) = λφ, φ =
∞
∑

n=1

σh−1(n)qn

F��.Ð�g
Clausen-von Staudt

%(� $9Í � vp(λ) = 0
FcY/^�X(\�x
XJF�g �T® %]°�± q-2©nF]±$XJY=[CX 

f φ ≡ g (mod p).$7$2Y
g
-

weight k′
%

modular p�q λ−1p−r(f ·Eh − f ′))
\

f̃ 6= 0 <AÂ m!g φ̃ = g̃/f̃
F�6�G7g

φ̃
-
M̃
%�� � %VË F]×CXh\*8Jm]4Vg g̃ F f̃ - mod

p− 1
YC±LJ

weight
|��
Q Â m�g φ̃ - M̃0 %�� � %&Ë=Y=[CXh\ 8
m]4
φ̃− φ̃p = ψ̃,

$7$2Y
ψ =

∑

(p,n)=1

σh−1(n)qn

F��*Ð�g
ψ ≡ θh−1

(

∞
∑

n=1

σ1(n)qn

)

(mod p),
$�$2Y

θ = q
d

dqF�×=XP$PFZf�1,>J4�_ Â X ([22]).
2
QP%2Ø�°.4*+.Ð�S�NJe�g���� | � i�\

(i) p ≥ 5
%2Ø�°

$V%2Ø�°
ψ̃ = − 1

24
θh−1(P̃ ) = − 1

24
θp−2(Ẽp+1)fV� ��� )hg theta- º ��»*% u=v

f ∈ M̃k =⇒ 12θ f = k Pf + ∂ f ∈ M̃k+p+1>
[15], [22]

§^¨^BdÍ � g ψ̃ ∈ M̃0 f&_ Â Xh\���� q φ̃ − φ̃p = ψ̃
-
φ̃
f
M̃0 �!` YC[X=$PFV| �n��S!g � g M̃0 - ���,<AÂ m�g M̃0 4*] kV:�Xh\}$�:
-&g [15]
g

p.11
%(Ñ

N.4(U
W m�:^S^RPXOS�� K
k
f
p− 1

Y�Õ ��Ö :�X�F;^�� φ̃ - M̃k
%&Ë=YC-�[ � e^×R�O F����PxJXh\

(ii) p = 2
kT;�-

3
%2Ø�°

w � τ(n)
%

modulo 6
YJ%h°*±�Í � ψ̃ = ∆̃

f�l mZ:�X&\
M̃ = Fp[∆̃]

Y7g���� q
X −Xp = ∆̃

-
Fp(∆̃) � � m Â 42_��
YAg� "!#��� |�l X2\ B C�$ \
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1.4. p � modular ���
a) � X

m
| ≥ 1

×=X �^� FcxJX >
p = 2

%*F�^�- ≥ 2
B�\

Xm : = Z/(p− 1)pm−1Z = Z/pm−1Z × Z/(p− 1)Z (p 6= 2
%*F�^

)

Xm : = Z/2m−2Z (p = 2
%*F�^

)
Frg i�\ {Xm} -������ |�×Ax&\
j7%���R�| X

Y&6
x 
X := lim

←
Xm =

{

Zp × Z/(p− 1)Z p 6= 2
%*F�^

,

Z2 p = 2
%*F�^

.
$T$(Y

Zp
-
p s ���,e YC[^X2\	��
�×��± E���� Z → X

-
injective

Y=jT% � F Z|�±�?�5
xJXh\
M

X
-�g �2�*�2�

p s���� M Z∗p
% >

p s B���, M F7�]SdFCmZe m�:�XV\ � �/i UW�XV\
Vp
|

Z∗p
%������.± E ) � % M F��Zg�?I>H@4A*%����d|2�P:PS4gsi�\ Z Â m

Vp
%�i�¿J%���
�× ��� -&g����.×��.± E ε : X → Vp

4� " 82:�X&\*$�%��.± E -
p = 2

% F�^
injective, p 6= 2

×}m
bijective

F2×PXh\
k ∈ X

F
v ∈ Zp

46fn�]SAg
v|

Zp
%	�����*± E ε(k)

Y�ÃG�h;�r�%
|
vk Y�6
xV\ k ∈ X

|
k = (s, u)

g
s ∈ Zp,

u ∈ Z/(p−1)Z
F 6CxV\

v
|
v1v2

F +�:=x=X(\^$T$�Y
vp−1
1 = 1 Â Q v2 ≡ 1 (mod p)

\
x
X�F

vk = vk
1v

k
2 = vu

1 v
s
2

F]×=Xh\
k ∈ X

f�� Ý YC[^XJF(-Vg&@&+ M 2X
4C]*kh:
XP$=Fh|&Ra' \TxC×�_/)2g

(−1)k = 1YC[=XP$PFV|�Ra' \}$]:
-&g
p 6= 2

%2Ø�°.-
k
%

2 t +h%2�!+Jf Z/(p− 1)Z
%*q �YC[CXP$PFV|hl�md��g

p = 2
%*F�^�-

k
f

2Z2
4���XP$PFV|hl�m�xJXh\

b) p � modular ��� � À�Á
p � modular �7� F(- p�q
t,c"d]¶T�

f =
∞
∑

n=0

anq
n

YVÓ � f an ∈ Qp
Y&©�% u=v |��
Q*r&%�Y=[CX 

(*)
A($7Ó � |��=Q weight ki

%
modular p�q %$= {fi}

f! � ��S�g
lim fi = f

F
×CXh\
(1.1

Y�"4lG�2;�Í�']4�g
lim fi = f

-
vp(fi − f)

f
+∞ 4#%$ ih$PF]Y=[CXV\Cx=×

_/)hg
fi
%(Ó � f f

%]Ó � 4&??>*4*@!A
x
XP$PFV|hl�m�xJXh\ B

c) p � modular ��� � weight

À�@ 2: f
| 6= 0

FZ×^X
p s modular pTq F���g {fi}

|
weight{ki}

%�A $�Ó � | �=Q
modular p�q %*=
Y=j7%��R�f f

F]×CXPrV%*F�xJX(\�xJX�F {ki}
- M

X = lim
←

Xm4��R�|=r?)hg�j&:
-
f
4*@!A
xJXQ= {fi}

%.F � �J4JÍ
m�×7R�\
B?C

.
G7�9Í � vp(fi − fj) → +∞ Y=[CX2\A?���g	�I+ �
×=X

i
4$f ��S=-

vp(fi)
-

vp(f)
4&?'&CxJXh\��($

1
| D �=x7:
�Vg )JSC% m ≥ 1

4*f���SAg
ki
%

Xm
0^% �-h?���F�×CX=$=F�fI_ Â X(\�$c:P- ki

f
X
4(��R

k
| �PQ.$=F2|Ol�m7x
X]\���R�f

F � �J4JÍ
m�×7R�$PF]-!) )T4�_ Â Xh\ B?C�$
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ki
%���R

k
|
f
%

weight
FAÍ�*�\}$2:
-

X
%$q � Ë=Y
[CXV\ k ∈ 2X

46f��]SAg
0
r

weight k
%
p s modular p�q Y=[^X�F NJePX�F�g��
edm�:
; weight k

|=r(Q
p

s modular p�q ) � - Qp- c������	� ÒdF]×=X >�
 �� vp
|=r(Q

p s Banach � ÒF�×=X2B \
weight ki

%
p s modular pTq fi

f pAq=t?c�dZ¶A� f
4h@&A=x�:=�

f
r
p s modular

p7q F]×=Xh\ 8Jm]4 f 6= 0
×}m

ki
-

X
4���R

k
|=r?)hg

f
-

weight k
Y=[CXh\

�
. p = 2, 3, 5

×}m]�
Q ≡ 1 (mod p)

Y=[^X Â m
1

Q
= lim

m→∞
Qpm−1

f^× � ;H)hg 1/Q
-
p s modular p�q F]×=XP$
FZf&_ Â Xh\
±*>*4.��S ¶�� 1/j =

∆/Q3 f weight 0
% p7q F�×CX=$=F�fI_ Â X2\ (p = 2, 3, 5

4Cf �ZS
)f
f

weight 0
%

p s modular p7q Y=[CXP$PF�F�g

f =

∞
∑

n=0

bn
jn

=

∞
∑

n=0

bn∆
nQ−3n

(bn ∈ Qp Â Q vp(bn) → +∞)
F��*Ð^XP$PF�F(-7±$XPY=[CXh\

1.5. p � modular ��� �����CÇ���
f
|
p s modular p7q F�xPX�F�g vp(f) 6= −∞ YC[^X2\AxC×;_/)2gC[^X

p c/d pN f
 � ��S

pNf ∈ Zp[[q]]
F]×=Xh\}$]:
-(��� Â m � Â :�X(\ 8Jm]4h©
f&� ��� Q 

À�@ 1’: m
| ≥ 1

×=X �^� F�xJX2\ f F f ′ |Aj&:/.h:
% weight
f
k, k′

%��JY^×7R
p s modular p7q FcxJXh\

vp(f − f ′) ≥ vp(f) +m× m]�&g
k
F
k′
-

Xm
YC±LJ

image
|=r]QT\

B C
. f (resp. f ′)

4$@4AJx�X
modular p^q | fi (resp. f ′i)

F��cg�j�: m(%
weight|

ki(resp. k′i)
FcxPXh\��I+ �J×=X

i
4$f���S�©
fV� ��� Q 

vp(fi) = vp(f) = vp(f
′) = vp(f

′
i ), vp(fi − f ′i) ≥ vp(f) +m.� $

1 Â m!g ki
F
k′i
-

Xm
Y^±FJ

image
|Cr�)2gJ$Z:^fV�,$�%]z7{PYC[�X2\ B?C$

�
1: f = a0 + a1q+ · · ·+ anq

n + · · · | weight k ∈ X
%
p s modular p7q F�x
X2\

m
| ≥ 0

×=X �^� Y k
%

Xm+1
Y=%

image
f 6= 0

F]×=XPr&%*FcxPXh\CxJX�F
vp(a0) +m ≥ inf

n≥1
vp(an)

F�×=Xh\ > �	�
xJX�F�g
an
f�)JSC%

n ≥ 1
4�QCR7S

p � × m�g pma0
r�j�'cY=[CX2\ B

B?C
. a0 = 0

×}m _.4��98(:CS^RPX(\�j�'cYC×7R}F�^�-(� � f ′ = a0
-

weight 0
Y

vp(f − f ′) = inf
n≥1

vp(an)

fV� ��� Q7\ f F f ′ % weight
-

Xm
Y��.×=X Â m�gA�($ 1’

Í � vp(f) +m+ 1 ≥
vp(f − f ′)

f&� ��� QT\ vp(a0) ≥ vp(f)
Y=[CX Â m��
~=X]z�{Jf&lGm�:�Xh\ B C�$

�	�
: k

f
p− 1

Y&Õ � Ö :=×TR*F;^�gAxC×�_/)(g X
0�%(@,+ M

Zp
4C]*kh:=×AR�
Ag

�J4Ig�R7S
m = 0

Frg=Ð^X2\}�(;�f"k(S�g
an
f�)
S=%

n ≥ 1
4�Q^R7S

p � × m!g a0rh±*>�Y=[CXP$PFZf&_ Â Xh\
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�
2:

f (i) =

∞
∑

n=0

a(i)
n qn

|
weight k(i) % p s modular p�q FcxJXh\T© |�GT�
xJX 

(a) an(n ≥ 1)
-
an ∈ Qp

4&?�>*4*@!A
xJX
;

(b) k(i) - X
0^4���R

k 6= 0
|=r(QA\

x
X�F
a
(i)
0

-���R
a0 ∈ Qp

|=r?)2g ¶��
f = a0 + a1q + · · · + anq

n + · · ·
-

weight k
%
p s modular p�q 47×^Xh\

B C
.
G��

lim k(i) 6= 0
Í � g �C� m

f� � �]S�gCx�W=SP%
k(i) f Xm

Y��.Y=×
R � |
r2Q^\�?��Cg (a)

Í � t ∈ Z
f� � �(STg ).SP%

n ≥ 1
g�)�SJ%

i
4;fG�(S

vp(a
(i)
n ) > t

f&� ��� QT\9�(;Af/k2S�� 1
Í � g )JS=% i

4�QCRTS
vp(a

(i)
0 > t−m

f
� ��� QT\ {a(i)

0 } - Qp
%��4f������ ��� @!+�¤�°GF]×=Xh\ {ij}j

| {i} %(@!+4=
YAg
a
(ij)
0

f
Qp
%&Ë

a0
4*@,A
xJXPr&%*Fcx7:=�&g ¶��
f = lim f (ij) = a0 + a1q + · · · + anq

n + · · ·
-�[/^Jm Â 4 weight k

%
p s modular pCq F(×=XV\*8�m(4&g {i′j}j

| {i} %��.%h@+,=
Y�g
a
(i′j)

0

f
a′0
4Q@,A
x
X=r&%.F�xJX2\ ¶7� f ′ = a′0 + a1q+ · · ·+ anq

n + · · · -
weight k

%
p s modular p^q YTg f − f ′ = a0 − a′0

r�±*>�Y=[=Xh\
a0 = a′0

Y=×�R
Fcx�:
��g

a0 − a′0
-

weight 0
YP[=X Â m�����Y=[=Xh\ $�%*>*4*��SAg a0

-h@4+4=
{ij}j

%*F � �J4
Í
m	� -*k � g $�:
- a
(i)
0

fPj
$&4C@!A
x
XP$PFV| �n��S�RPXh\ B
C $

1.6.
��


p � Eisenstein p�Ý
k ∈ X

FcxJXh\
n
f ≥ 1

Y^[CX �^� %*F�^]gT©
Y&���98(:�X p s(�^� | σ∗k−1(n)
Y

6Px 
σ∗k−1(n) =

∑

dk−1,

$7$hYAg��.-
n
%���

d
Y
p
F ¹ ×�r&%�) � |�� i�\ d - p s(�^�F<AÂ m�g dk−1 -l�m�|=r(QT\

1.4 � g a)
§�¨C\

�
k
| �GF�x
X2\6q � ki ≥ 4

%*=.|��T¬.%Cl�m7Y���R��J47× � > |ki| → ∞ Yh6PxAB�g
X
%7iTY

k
4TR i2r&%*FcxJXh\}$&%JÍ�'�×�r&%�-�� Â 4*F�:�Xh\CxJX�F!© |Zl X 

limσki−1(n) = σ∗k−1(n) in Zp.

���
dki−1 -Vg d f p

Y&Õ � Ö :
� >
|ki| → ∞ <�Â m�B 0

4C@,A���gCj 'cY�×TR F;^
- >

ki → k in X <�Â m�B dk−1 4Q@,APx
X2\J8=m�4�jT%C@&A�- n
4�w}�ZS�?;>JY^[

X2\
σki−1(n)

-
Eisenstein ¶��

Gki
= −Bki

2ki
+

∞
∑

n=1

σki−1(n)qn
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% ≥ 1
×=X

index
%]Ó � Y�g�� ��¼ - 1

2ζ(1 − ki) <�Â m −Bki

2ki

4����]R�\&�($
1’
%

�
2
Í � g k 6= 0

×}m�g
Gki

-
weight k

%
p s modular p�q G∗k

¿
%���R�|��
Q 
G∗k = a0 +

∞
∑

n=1

σ∗k−1(n)qn, where a0 =
1

2
lim

i→∞
ζ(1 − ki).

$h%���RC-$=
ki
%.F � �P4
Í
m ��-*k � g weight k

�
p � Eisenstein p7Ý F��=�:JXh\A� ��¼ a0

| 1
2ζ
∗(1 − k)

Y&6�G=�&g

G∗k =
1

2
ζ∗(1 − k) +

∞
∑

n=1

σ∗k−1(n)qn (k ∈ X, k :
� 6= 0)

YC[=Xh\Cw � ζ∗
-

X − 1
%2� � Ë � 4�r����98h:7gA�($ 1’

%��
2
Í � $&%Aw � f��� YC[^XC$PFcfI_ Â X >

G∗k
-
k
% ��� u %��^4��� ��cS^R=X(B \ ζ∗ -]²7³ t 47-

Kubota-Leopoldt
�

p �=ÙPÚ^Û�Ü�Ý [13]
Y=[CXh\ &(' 4�-h©�%(¬ � Y=[CX 

À�@ 3: (i) p 6= 2 Â Q (s, u)
| 6= 1

×=X
X = Zp × Z/(p− 1)Z

%� � Ë FcxJX�F
ζ∗(s, u) = Lp(s, ω

1−u)F]×PX&\}$^$2Y
Lp(s, χ)

-��7,
χ
%
p s L

w � >
Iwasawa [9], p.29-30

B^Y
ω
-

[9], p.18
42���98(:CS�RPX

Teichmüller
�7, F��P��:CS^RPXPr&%V\

(ii) p = 2 Â Q s
f 6= 1

×CX
X = Z2

%� � Ë Fcx7:
�
ζ∗(s) = L2(s;χ

0)YC[CX >
[9],p.29-30

B \
B?C

. ζ ′
|

(s, u) −→ Lp(s, ω
1−u) if p 6= 2

s −→ Lp(s;χ
0) if p = 2YV���98(:�X&w � Fcx
Xh\ [9]

%2z�{9Í � g ζ ′ -���JY
k ∈ 2Z, k ≥ 2

%*F�^
ζ ′(1 − k) = (1 − pk−1)ζ(1 − k)fV� ��� QT\ k ∈ 2X

g
k 6= 0

Y=[ � g {ki}
|
k
4*@!APxJXC=nFcx7:
�

ζ ′(1 − k) = lim
i→∞

ζ ′(1 − ki) = lim
i→∞

(1 − pki−1)ζ(1 − ki)

fV� ��� QT\ � Â �2×Tf9m�g |ki|
-

+∞ 4TR i Â m limi→∞(1 − pki−1) = 1
Y=[ � gz��

ζ ′(1 − k) = lim
i→∞

ζ(1 − ki) = ζ∗(1 − k)f��98(:7g
ζ ′ = ζ∗

f��98(:�X2\ B C�$
� » � p

|
p ≡ 3 (mod 4) Â Q p 6= 3

F�xJX2\
k
|

Zp ×Z/(p− 1)Z
%2Ë

(1, p+1
2 )

F�x
X2\CxJX�F!©
f��98(:JX 

G∗k =
1

2
h(−p) +

∞
∑

n=1

∑

d|n

(

d

p

)

qn,

$7$2Y
h(−p) -�� 2

© � Q(
√−p) %�� � \
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2. Hecke ·C¸7¹
2.1. ·^¸7¹ T`, U , V , θ

�
p � modular ����� � ·C¸

Qp
4(Ó � |=r(Q p�q
tIc"d]¶��

f =

∞
∑

n=0

anq
n

4*f���S
f |U =

∞
∑

n=0

apnq
n, f |V =

∞
∑

n=0

anq
pn

Frg i�\ 6= p
×CX�» � `

F�g
k ∈ X

4�;TR*��S

f |kT` =
∞
∑

n=0

a`nq
n + `k−1

∞
∑

n=0

anq
`n

Frg i�\
k
f&_ Â kVS�RPX]Ø�°.- f |kT`

% 0 � 4 f |T`
F�6
x&\

À�@ 4: f
|

weight k
%
p s modular p�q Fcx7:=�&g

f |U, f |V, f |kT` (` : prime 6= p)r&j�'cY=[CXh\
B?C

. fi =
∑

an,iq
n |�A($�Ó � |=r(Q > ¬%��%*l�mP%VB

modular p�q Y
lim

i→∞
fi = f

F�×=XPrV%*F�xJXh\&Ø�°�4JÍIkhS=-
fi
|
fiE(p−1)pi

Y �a^ �JePX=$PF]4JÍ � g fi
%

weight ki
f |ki| → ∞ F�×^XJF GA���cS�Í2R�\&xTW�SC%�» � `

4*f9�ZS�g
fi
|

Hecke
º ��» T`

YVÃ �(;
fi|T`

-Vg
weight ki

%
modular pAq F�× � ©=Y��Pe}m�:JX > ´ e�

[3], [17]
§^¨^B 

fi|T` =
∑

a`n,iq
n + `ki−1

∑

an,iq
`n.

` 6= p
%hØC° > $�%hØ^°

`
-
p s��^�L<7Â m�B limi→∞ `ki−1 = `k−1 F(× � g ` = p%hØ=° > �

|ki| → ∞ <TÂ m�B limi→∞ `ki−1 = 0
f�� ��� Q^\d�&;7f/kVS fi|T`

-
` 6= p

×9m
f |T`

4$@4An�cg
` = p

×9m
f |U 4$@4A
xJX
$PF�f&_ Â�� g}$]:}Í � f |T`F

f |U f weight limi→∞ ki = k
%
p s modular pTq YC[^X^$=Fcf�� Â :
X2\ fi

4 �%]z�{ | D �CxT:P�hg fi|U
-

weight ki
%
p s modular pTq YC[ � g fi|Tp

-
weight

ki
%

modular p�q Y=[CX Â m ,
z��

fi|V = p1−ki(fi|Tp − fi|U)
f

weight ki
%
p s

modular p�q F]×PXP$PF�f&_ Â XV\ f |V = limi→∞ fi|V
Y=[=X Â m�g f |V r weight

k
%
p s modular p�q F]×=Xh\ B C�$

���
: p

F ».× �^� m
4�;TR ��SAg�±Q>}4

Hecke º �A» Tm
f&���98(:�Xh\�j&: m

% º ��-����.4����JY�g U � V
F�r��6�JY=[ � gT©
f&� ��� Q 

(m,n) = 1
×}m]�

TmTn = TnTm = Tmn,

`
fV» � Y n ≥ 1

×}m]�
T`T`n = T`n+1 + `k−1T`n−1 .�

:
©
f&� ��� Q 

G∗k |T` = (1 + `k−1)G∗k Â Q G∗k|U = G∗k.

k
f ≥ 2

%*q � ×}m]�&g�)")T4
G∗k = Gk − pk−1Gk|V = Gk|(1 − pk−1V )
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fVl m�:�Xh\}$]: Í �
Gk = G∗k |(1 − pk−1V )−1 = G∗k + pk−1G∗k|V + · · · + pm(k−1)G∗k|V m + · · ·fhlGm!:JX2\

k = 2
F�xA:=�VgJ$V%�� q=Â m G2 = −P/2 f weight 2

%
p s modular

p7q % ¶�� %�GF]×=X2\ �2;Af"kVS P
-

weight 2
�

p � modular ��� Y=[CXh\

À�@ 5: f =
∑

anq
n | weight k

%
p s modular p�q FcxJXh\

(a) ¶��
θf = q

df

dq
=
∑

nan q
n

-
weight k + 2

%
p s modular p�q Y=[^Xh\

(b)
)JS=%

h ∈ X
4$f���SAg ¶��

f |Rh =
∑

(n,p)=1

nhan q
n

-
weight k + 2h

%
p s modular p�q YC[CXh\

B C
. {fi}

|�A($^Ó � |=rhQ modular p^q %$=JY limi→∞ fi = f
F(×PXPr�% F���g

fi
%

weight
|
ki
Fcx�X�\

θfi = ki

12Pfi + gi
Y
gi
-

weight ki + 2
F � ÐCX >

[15],
[22]
§^¨�B \

P
-

weight 2
%
p s modular p�qF<�Â m�g θfi

-
weight ki + 2

%
p s

modular p^q F]× � g��"R�|�F�:J� θf
f

weight k + 2
%
p s modular p^q 47×PX$=FZf&_ Â Xh\Y �^� %$= hi

Y
hi → h in X Â Q |hi| → ∞FZ×=X=rh%C|�� *�\��J4]U
WP;P$=F]4JÍ � θhif

-
weight

f
k+ 2hi

%
p s modular

pTq YC[�X2\ i→ ∞ %.F;^
θhif

-
f |Rh

4(Ä i Â m�g f |Rh
-

weight k+ 2h
%
p s

modular p�q F]×^Xh\ B C�$ \
���

:
©�% q f&� ��� Q 

(θf)|U = pθ(f |U), f |Rh|U = 0,

θ(F |V ) = p(θf)|V, (θf)|k+2T` = `θ(f |kT`), f |V |Rh = 0kA;&g 6= p
×=X )JS=%(» � `

4$f���S
(f |Rh)|k+2hT` = `h(f |kT`)|RhfV� ��� QT\

�
:

h = 0
%*F;^�-

f |R0 = lim
m→∞

θ(p−1)pm

f = f |(1 − UV ) =
∑

(n,p)=1

an q
n

|Zl Xh\
h = (0, p−1

2 ) ∈ Zp × Z/(p− 1)Z, p ≥ 3
×}m]�&g

f |Rh = lim
m→∞

θ(p−1)pm/2f =
∑

(

n

p

)

an q
n

fV� ��� QT\
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2.2. �� (contraction)
� ��

2.3. p � modular ��� � À�Ý ���������P��� ¸
3. Γ0(p) �

�
modular �7�$V% � %�+ t -���� t 4�-JÍ i�� m�:
;h©�%��($}|�����xJXP$CFZY=[CX 

Γ0(p) �
��� � �

modular ����� , SL2(Z) � p � Ç  
 ,&"!
# m%$
R ��&.-

Atkin
4PÍ&X=rV%�Y�g

Eisenstein ¶7� %(Ó � % uCv |��=R=X=rh%�YC[X2\�'.%�(&*-
Deligne

%2�,$.42² $sihr&%AY
Katz[10] � Koike[12]

4 F m�:�Xh\
3.1.

���
a) T�U
f
|*)A» ��+ � Ò H = {z | Im(z) > 0} � %�w � F�xJX-, γ =

(

a b
c d

) |
det > 0

×CX��
Ä!=Cg

k
| �^� , H � %�w � f |kγ

|

(f |kγ)(z) = det(γ)k/2(cz + d)−k f

(

az + b

cz + d

)

Yh���PxPXh\�x
X�F
(f |kγ)|kγ′ = f |kγγ′

YC[CX2\
k
fV_���× m

f |kγ
% 0 _ � 4 � 4

f |γ F�� i2$PF(4�xJXh\

b) Γ0(p) �
�

modular ���M
Γ0(p)

-2Ä4= (a b
c d

) Y
c ≡ 0 (mod p)

|/..;�x*r&%�%7×Ax
SL2(Z)

%2@!+ M F7��S
�T�98]:
X2\.$Z:P-

SL2(Z)
%

index p+ 1
%(@,+ M Y^[^X2\�$�:
-

GL2(Q)
%TiAY

Ä!=
W =

(

0 −1
p 0

) 4JÍ&kVS;Y,[4\d8(:�Xh\
k
| �^� F�xJXh\ Γ0(p) � % weightk

�
modular ��� F(-h© |/..;Tx H � %*Y10w � %J$PFZY=[CX 

(i) 2
� � γ ∈ Γ0(p) ��354�� f |kγ = f ;
(ii) Ü�Ý f 6�Ü�Ý f |kW ��2
� � z ∈ H ���
	�� ( 718�9�:;�*�&T � |q| < 1 8 &�2
��
q ���
	�� ) <�=�78&
>�?@8�p�Ý�ACB

f =
∞
∑

n=0

anq
n, f |kW =

∞
∑

n=0

bnq
n,

(q = e2πiz , an ∈ C, bn ∈ C)

�@DP� \

f
f

modular p�q ×}m f |W r�j�'cYAg
f |W 2 = f

f&� ��� QT\
k
f
< 0

%2Ø�° � � � %2Ø�°.-&g weight k
%�)JS=%

modular p�q -&g��
Y=[CXh\ �;�f"kVSAg
k
-*q � Y ≥ 0

%2Ø�°}|QNJeA:
�JÍ2R�\

c) Γ0(p) �
�

modular ��� �FE�G ÚIH
f
|

Γ0(p) � % weight k
%

modular p&q F�x^XZ\ Γ0(p)\SL2(Z)
% 0 6�� γ1, . . . , γp+1| �KJ�Y

Tr(f) =

p+1
∑

j=1

f |kγj
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Frg i�\
Tr(f)

-
γj � %*F � �J4
Í
m	� - k � g SL2(Z)

%
weight k

%
modular p

q F]× � g f %5E�G ÚIH Fc�P��:�X2\�j7% ¶�� �PÌP-h©�%C>*47×=X 
���

7. f =
∑

anq
n, f |kW =

∑

bnq
n Fcx7:
�

Tr(f) =
∑

anq
n + p1−k/2

∑

bpnq
n = f + p1−k/2(f |kW )|UYC[CXh\

0 6PË F^��S γj =
(

0 −1
1 j

)

, 1 ≤ j ≤ p,
F
γp+1 = 1

|�FVXh\ ¼ f |kγp+1
-
f
YP[CXV\

jA% ��% ¼ |]½�¾ ��Í�' \ g = f |kW
FKg/^�g

γj (1 ≤ j ≤ p)
|
Wβj

% p 4�� i \�$$(Y
βj =

( 1
p

j

p

0 1

) Y=[CXh\CxJX�F�©
f&l m�:�Xh\
p
∑

j=1

f |kγj =

p
∑

j=1

g|kβj .

Y�g}$]:
-�w �
z 7−→ p−k/2

p
∑

j=1

g

(

z + j

p

)

YC[CXh\�� � ×&½A¾*4
Í �
p
∑

j=1

g

(

z + j

p

)

= p(g|U)(z)

fI_ Â�� Ñ7N�f��98(:P;&\
���
1) � %h½A¾.-Vg����d��r Y�0�F]-�Rdm�×TR weight k

%
modular Ü�Ý 4�Q�RTS�r D�=Y ^AXh\�j7%	�.- ¶7� 4	
 c"d % ¼ f&6=:�XP$PF < Ð�Y=[CX(\

2)
Ñ7N

7
|
f |kW

4 D �=x7:
�
Tr(f |kW ) = f |kW + p1−k/2f |UfVl m�:7g}$]:
-

f |U f Γ0(p) � % weight k
%

modular p�q Y=[^XP$PFV| �
xV\
f
f
SL2(Z) � % modular pCq × mV�7g f |kW = pk/2f |V |2l XA\}$h:.- W =

(

0 −1
1 0

)(

p 0
0 1

) F +	:n��S
f
f (0 −1

1 0

) Y b�� Y=[^XP$PFV|��eC�JÍhR�\Aª � %J$PF Â m
Tr(f |kW ) = pk/2f |V + p1−k/2f |U = p1−k/2f |kTpfVl m�:�Xh\}$&%C>*4

Hecke º �A» Tp
- º �A» Tr

4��=Ë 8(:�Xh\
3) k ≥ 4

FZx�Xh\
Γ0(p) � % weight k

%
modular p^q f

Y
Tr(f) =Tr(f |kW ) = 0F�×=XPr&%�-

Atkin-Lehner[3]
% K

new forms
O
%&?T©7z�°.4 ��×}m�×7R�\
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d) ��@ � 6 ` ����

3.2 Γ0(p) ��� SL2(Z)
�P���
	

À�@ 10. f =
∑

anq
n | Γ0(p) � % weight k

%
modular p7q F�x
X]\ an

f�A $ � ×m
f
- >

1.4 � %*l�m^Y�B weight
f
k
%
p s modular p�q YC[CXh\

(
�6�^x�:^�2g

f
-

1.4 � % � Ò X
0�Y

k
4ZÄ i

weight
f
km
%
SL2(Z) � % modular

p7q fm
%���R�Y=[CXh\

)

a ≥ 4
|
p− 1

Y�Õ ��Ö :�XQq � F7�
g = Ea − pa/2Ea|aW = Ea − paEa|VFKg i�\J$7$]Y

Ea
-

weight
f
a
%

Eisenstein ¶7� Y^[�X >
1.1 � §7¨7B \ g f Γ0(p)� % weight a

%
modular p�q 47×PXP$PF2-�� m Â Y=[=X >

3.1 � §^¨CB!\*8Jm(4h©fV� ��� Q 
���

8. g ≡ 1 (mod p) Â Q g|aW ≡ 0 (mod p1+a/2)
f&� ��� QT\

(
°�±^%*l�mP-

, g
F
g|aw

%
q
%A $�Ó � 4�w�xJXPr&%�Y=[CXh\ )

� �
g ≡ 1 (mod p)

-
Ea ≡ 1 (mod p)

%2z7{JY=[CXh\
?��

g|aW = Ea|aW − pa/2Ea = pa/2(Ea|V −Ea)|Zl}Xh\
Ea ≡ 1 ≡ Ea|V (mod p) <AÂ m�gAz�� g|aW

f
mod p1+a/2 Y 0

F�°�±TY
[^XP$PFZf�Y
Xh\
�,$

10
%����P4�� Xh\

f
4�w^xJX2G7� Í � , f

-
Q � A($ t Y f |kW

r�j�'cY=[CX>
3.1 � §7¨7B \ m | ≥ 0

×�X �T� F�x�:=�2g f gpm -
Γ0(p) � % weight km = k+apm%

modular p7q Y�g Q � A,$ t YC[^X(\PjV:
^e�gPjA%5E�G Ú�H fm = Tr(f gpm

)
-

SL2(Z) � % modular pTq YAg�A $7Ó � |Cr?)2g weight km
Y�[CX2\

km
-

X
0�Y

k4]Ä i Â m�g lim fm = f
YC[^X=$CF�g7xC×;_")

m
f���R��J4(Ä i 
Ag

vp(fm − f)
f

��R��
4T×^X=$CFh| ��G=�(� $
f�� ��8]:=;P$=F]4A×^X2\2©J%(z7{�-=$�:�| &�� 4]UWP;Jr&%AY=[CX 
À�@ 9.

©�% b � q f&� ��� Q :

vp(fm − f) ≥ inf

(

m+ 1 + vp(f), pm + 1 + vp(f |kW ) − k

2

)

.

(f 6= 0
×}m!g

vp(f)
F
vp(f |kW )

- ��� Y=[CX=$PF]4"!l
xPX .
$]:
-

f
F
f |kW

%
Ó � %*+
����A
������������������ 3.1 !
"
# )

 

fm − f $ (fm − fgpm

) + f(gpm − 1) %�& ��')(* ,+,- 8
���/.1032

g ≡ 1 (mod p)�5462
gpm ≡ 1 (mod pm+1)

�/784
vp(f(gpm − 1)) ≥ m+ 1 + vp(f)

$:9 �� 
;
<
2,+=- 7
�>4
fm − fgpm

= p1−km/2(fgpm |km
W )|U
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� 7 4
vp(fm − fgpm

) ≥ 1 − km/2 + vp(f |kW ) + pmvp(g|aw)� 9  .5�� ,+=- 8 $������ .10������1� 9  .5���
vp(fm − fgpm

) ≥ 1 − (k + apm)/2 + vp(f |kW ) + pm(1 + a/2)

≥ pm + 1 + vp(f |kw) − k/2.+�-
9 � �/.  %���� � � %�!�"��$# &%' # ��� ���

vp(fm − f) ≥ inf(vp(fm − fgpm

), vp(f(gpm − 1))).

(*) � f � 2 + i∞, 0
�-,/. �10�243�53 >� . � 2 f � i∞ 687:9 2 0 6<;:=�>?6/@A ��� �CBCD5��� �3 FE % ��G �IH�J>�,2 &�� g

�
0
�LKNM�2COQPLRCBCD�S�7��

m��T43UR,2
fgpm �

modular &�� �/7 462 f = lim Tr(fgpm

)
��� �� 

V  �
j =

Q3

∆
= q−1 +

∞
∑

n=0

c(n)qn

�&W ( �X2�Y
10 $-Z<[ f = j|U =

∑

c(pn)qn � ��� �]\�R 2>�:. ��+ 0
�-^ [ p %_ $a`�b  C��� j|U c weight 0 d p e modular f�g �/7��1���:��h # �  ��/.

� Deligne % 2�Y %�i]j & % ��k %�l�m?n ��� �� 

3.4 Γ0(p) o$d “Neben > ” d<f�g]pFq?rFs
p ≥ 3

� � �� ε $ mod p %�t�u 2 � 78h]v�2Lw:x�y (Z/pZ)∗ #  C∗ z %�{ H�| �
� �� F} [ n

�-T43�R,2]~ % reduction mod p $ ñ
�<� � �8\

ñ = 0 % �8\ ε(n) = 0
~�� � 7 j �8\ ε(n) = ε(ñ)��W (6 

ε $ Γ0(p)
�I�a� � � :

γ =

(

a b

c d

) �-T43UR
ε(γ) = ε(a)−1 = ε(d).

� . � ad ≡ 1 (mod p)
� � � # ��?� $�`�b  

k ∈ Z
� � �� <� %��:��$�� 5 � H G>%8ZL[ f $ Γ0(p) oad (k, ε) >$d modular f

g ����� (Neben >]d modular f�g )
�

(i) ��� R % γ ∈ Γ0(p)
�-T43UR

f |kγ = ε(γ)f ;
(ii) ��� (ii)

�IH��  

ε = 1 %L�/� � Hecke [7], p.809 % “Haupttypus” �$� 3.1 ! % �?� � % weight k %
modular &�� %-l�� �,2 ε 6= 0 %������ Hecke % ”Neben

|
” % modular &�� ����0.��� 

f 6= 0
7  0 2

k ≥ 0 #�b ε(−1) = (−1)k �/7��� F��� � .1032 k � ε(−1) = 1
7 � [ 2 ε(−1) = −1

7 �� [ ������ 
f ����[/�a�

∞
∑

n=0

anq
n

$�`�b  ��
��� an ∈ C. 1 % (p− 1)-
w�� % 7 � y $ µp−1

�<� � ����� � �� (�)
� an �<  Q(µp−1)

��¡*¢ .5�<£�2 ��[ f � p ¤ modular &�� �/7 ����� $U¥ ~��



16 ���������
	�����������������
� �/. � 2�Y 10 % ;������ � � �  �� �>�"! � �� p �   Q(µp−1) %$# �<� [ 1 %"%&$')(�*

p1, . . . , pr,
�
���

r = φ(p− 1) = [Q(µp−1) : Q]�,+.-�D�/ � � . % &.')(�* $ ; b10 2 � .1032 Q(µp−1) $ p ¤   Qp
z %3254 �6

σ � 2�7 V .5�3 p ¤   Qp % 1 % (p − 1)-
w/� % 7 � y � �98 w�x;:.<��-��= 3R � (Z/pZ)∗

�
canonical

��H ;�> V .5� % �,2 σ � µp−1
�

(Z/pZ)∗ %.?L>�$3@ M����� � h # 4 2 V  �3-$R % H�| � � % �?� � ( �5A � pi $CB � )
��� �1�>4 9 .��  

ε : (Z/pZ)∗ −→ µp−1
�
σ : µp−1 −→ (Z/pZ)∗ $U��D?� �>� (Z/pZ)∗ %;E,FH�| � 9  .,2��:. �3G.H :�� x 7−→ xα %/& $ 3�R j �� ��=� � α ∈ (Z/(p− 1)Z)∗� � �� �� %��1I�%$` �:�8� $ 9 ���

J = 12. f =
∑

anq
n $ Γ0(p) G % (k, ε)

| % modular &�� � ,
-?R % n

�-T 3UR
an ∈ Q(µp−1)

�/7 � `3% � � �� � ��� ��[
fσ =

∑

aσ
nq

n, K�[ aσ
n ∈ Qp

� weight k + α % p ¤ modular &�� �:7��� 
� � �>� � 2 α � weight % y X = Zp ×Z/(p− 1)Z % 7 # � 2�L (0, α)

�UH3;�>43 2
k + α � (k, k + α)

�IH3;$> � � `3% � � �� f 6= 0
�NM?M������ � � \-R,2]~ % �\

ε(−1) = (−1)k �,2 k + α � X %PO1Q ��� � .)

ε = 1 % £ � f �,R Y K�[ $"S$b � 3.1 ! % �$� � %<� weight k % modular &/� %
Qp- T & � � ��3�R8� V .
2C2�Y 12 � � %L��� 2�Y 10 % �/k �����  '3<5 � PLR
ε 6= 1

�NM$M�R � j  U V 7 ���$# XW 4 ���
Y Z

10. k ≥ 1 #�b ε(−1) = (−1)k � � .1032 �:[

Gk(ε) =
1

2
L(1 − k, ε) +

∞
∑

n=1





∑

d|n

ε(d)dk



 qn

� Γ0(p) G % (k, ε)
| % modular &�� ��� �� ]~ %PK�[N� Qp(µp−1)

��¡*¢ .=2
Gk(ε)σ = G∗h

� D 4\[ b  ��
��� G∗h � 2 1.6 ! % �?� � weight h = k + α % p ¤ modular &����7��� 
Gk(ε) � (k, ε)

|���� ����� � level p % Eisenstein ��[ % Hecke % ��k1��� � � cf.
[7], p.461-486,

V  �
5 !�%�]1^ "�#?�  $�_���,! � � � , [7] %L�`I $Pa M�0�2

Gk(ε) � 2 [�$cb�j R Z8[
∑

λ∈(Z/pZ)∗

ε(λ)−1Gk(z; 0, λ, p)

� ;_d � �3 (a b
c d

)

∈ Γ0(p)
7 

Gk(z; 0, λ, p)|k
(

a b
c d

)

= Gk(z; 0, dλ, p)
�1�1� #  2

Gk(ε)|k
(

a b
c d

)

= ε(d)Gk(ε) ��e # .=2��/. � Gk(ε) � (k, ε)
|���������� $U¥?�  ]~

%3K�[N� 2 ε %Pf ��g D?� �   ��¡*¢ .,2$~3.  � Q(µp−1)
��¡*¢�.5�� 

Gk(ε)σ �
G∗h
��;cd � ���
� $&¥/�  n ≥ 1

7  0�2
Gk(ε)σ % n hji/%CKF[ aσ

n � ∑ ε(d)σdk−1 2
n % p

� % 7�k,l d
�8h?5��"m�2��3;.d � �� d $ ω(d) < d > %�& ��' \�� �  ��
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�/�
ω(d)p−1 = 1, < d >≡ 1 (mod p)

� ���
(Iwasawa [9], p.18, "
#��  α % 2 75�� .1032

ε(d)σ = ω(d)α = dα � D 4\[ b  ��/. �>4
aσ

n =
∑

dk+α−1 = σ∗h−1

� D 4 [Nv�2 �:. � G∗h % n h i�%3K�[ � �
�� n h i�%PK�[ � " 3 j ��� � ¥ V .5  
;=<
2

L(1 − k, ε)σ � Iwasawa [9], §3 � %��1I $Ca M 032

−Bk,ωα

k
= Lp(1 − k, ωk+α)

� ;.d � �� 1.6 ! % 2�Y 3
�>4

L(1 − k, ε)σ = ζ∗(1 − k, 1− k − α) = ζ∗(1 − h)

� 9  .5�� Gk(ε)σ % 2 [ � � G∗h % ~3.��3;.d � ����� � � #_4  .?53 ��/. �+�- % E % � + D 3�5  Y�Z d������
J = 12 d����ap�� A  X 	 � α

��
� 3 2$-$R % n
� b�j R kn − α ∈ X

�/7��
�a� 7�} [ %�� kn ≥ 1 $ ���� 

gn = λ−1
n Gkn

(ε−1)� W (* ��,�/�
λn �I�C[ Gkn

(ε−1) % 2 [ � ���
� � +,- 10 "=#:�  �� fgn � Γ0(p)G (k + kn, 1)
| % modular &/� ������ ��>4�� 3�( fσgσ

n � weight k + kn % p ¤
modular &�� �=7��  
;
<
2C2�Y 10 $ kn

�
ε−1 � �a��� .1032 gσ

n = Ehn
$ 9 �  �=���

hn = kn − α. hn � X 	 � 0
���)( #  2C��k ��3UR gσ

n � E∗0 = 1
���)(6 

�=���
lim fσgσ

n = fσ � , fσ � weight k + α = lim(k + kn) % p ¤ modular &�� �78462FE % � +:� 3�5  
���
2�Y

12 % 0�2 %$` �:�,2 f |kW � (k, ε−1)
|��,2

Q(µp−1)
� K�[ $�`�b ��� � E %�]\,�� 

f |kW 2 = ε(−1)f � 9  .5�� 
�������
4. p e modular f�g$d��� 
4.1. !#"�$% (p 6= 2)
4.2. !#"�$% (p = 2)
4.3.Λ d�Qad�&%�'�(ap*) A�+,-/.
4.4.Λ d�Qad Y�0 p*) A�+,-1.
4.5. 243 p e Eisenstein &%]d�5%
4.6. p e modular f�g$d� 6 weight c p− 1 6�798;:�<*=ar�>?�@
4.7. p e modular f�g$d� 6 weight c p− 1 6�798;:�< A >?�@

5. p e*A�B�CEDE%
5.1. F�GH�I

K � Q G5% r
�KJKLKM [   $ � �N` % � � � � K⊗Q R � Rr �UH�|������� K

% } [N�$ OK
2]~ % � Z � Z�� � �KO � � Differente � $ d

�<� 3 2#P V ��$ d
�

� �� 
x � resp. a � $ K % L � resp.

&.')(�* � � � �5�8\/2 Nx � resp. Na � �a~ %�Q *
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� $ � �  $~3. � Q % L � resp.

,1L � �,2��$M 0 d = Nd
��� �� 

x %�������	�$
Tr(x)

�<� �  
K % L x ��
 7 ��� �>� � 2$-$R %"254 � 6 σ : K 7−→ R

�-T43UR,2
σ(x) > 0

�/7
����� $8j �  ��/. $ x � 0

�L� 3 2�� % �8\ Tr(x) > 0 � D 4\[ b  
K %�����-Z<[N� � %�� �<2�7 V .5���

ζK(s) =
∑

Na−s =
∏

(1 −Np−s)−1

�=���,2
a � resp. p �a� OK % 6= 0

��� � &$')(�* � resp. 6= 7�� % &�')(�* � -  $ h?5��� � %��]� Re(s) > 1
� D 4 [�P-R j �� ζK � C G � R Y�| ZL[ ��3�R-�� V .=2

s = 1
����; % � simple

7 � _ $�`�b  Z8[
ds/2π−rs/2Γ

(s

2

)r

ζK(s)

� s 7−→ 1 − s
� b�j R !���� � � � “ Z8[�"�� ” �  ]~ % ��k�2 n � ≥ 1

7��U} [ %�<\
n � � [ 7  0 (r = 1, n = 1 %�����$cb/j R ) ζK(1 − n) = 0

n � � [ 7  0 ζK(1 − n) 6= 0.V  �
Hecke[7]

���<PUR3! �  .,2 Siegel[19]
���LPUR�E % V .�5����:��2

ζK(1−n),
n ≥ 1 ��;�=% �/7��� 

5.2.K p -����?A modular f�g
k $ ≥ 2

7�� � [ � � �� &�� :���� ��[ gk $
gk =

∞
∑

n=0

an(gk)qn

� 2�7 � �����
� � 2
a0(gk) = 2−rζK(1 − k)

an(gk) =
∑

Tr(x)=n

x∈d
−1,x�0

∑

a|xd

N(a)k−1 (n ≥ 1)

� � 462���� % m5�FW j R � 2 x � d−1 	
% J�,57cL � ���!��	 � n � �
� `�% -  $!" \/2 2 h i�% m>�CW j R � xd) $ ¡�# OK % &�')(�* a $�" ( � m � x ∈ d−1a,
x � 0, Tr(x) = n $U� 5 � T (x, a)

-   $$" (�� j PLR ` �>( 2 �/. �PR&% m � �� �  
J = 19 � Hecke-Siegel �  r = 1, k = 2 %-���8$�b/j R�2 ��[ gk � SL2(Z) G %
weight rk % modular &�� �/7��� 
� r = 1

2 � 78h]v K = Q %���� � 2 gk = Gk
�/78462

r = 2 %�����$,b�# 7(' .107  7 j  1.1 !
"�#/�
u $ K % ; b�% D [ &.')(�* � � �>�8\/2 Siegel([20], p.93) � Hecke % �a� �   K
G>% Eisenstein &% � [7], p.381-404 � ����0 .5� Z8[

Fk(u, z1, · · · , zr), Im(zi) > 0

$ 2�743I5  �:. � r )5%�G*�+-,�% � Hr �/. ��� ��y SL2(OK)
� Z�� � weight

k % modular &���� � �� 
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Fk(u, z1, · · · , zr) $ Hr % T�� D D H z %��&%�� .10 Z8[
Φk(u, z) = Fk(u, z, . . . , z)

�����1% ��� ��% weight rk % modular &��� ���� Φk(u, z) %"K:[ � [20]
2

p.94 %
� (19) ��@ M  .�R j �� Z8[ Fk(u, z1, · · · , zr)

�
Φk(u, z) � u

��� � &.')(�* $	 'FR ` � �43�7 j  
Φk(z) =

∑

u

Φk(u, z)

��W (* ���� � 2 u � K % & ')(�*�
 % M/�� $/" (6 Siegel[20] %-� (18)
�

(19)�54�� � 9  .5���

n ≥ 1
�-T43UR

an(Φk) = ek an(gk)
�
� � ek = d

1
2
−k

(

(2πi)k

(k − 1)!

)r

.

V  �
a0(Φk) = ζK(k)� 7 462

ζK %FZ8[�"�� �>462���� %��N�
a0(ΦK) = ek 2−rζK(1 − k) = ek a0(gk)

%�& ��'Q\��]M5��� � � \��� ?~3.���M gk = e−1
k Φk � 9  .=2 �/. � gk � weight

rk % modular &���� � ����� $�¥ 3UR j �� �
.

(i) rk 6≡ 0 (mod p− 1)
7  0 2

ζK(1 − k) � p
} � � �� 

(ii) rk ≡ 0 (mod p− 1)
7  0

vp(ζK(1 − k)) ≥ −1 − vp(rk) (p 6= 2),

vp(ζK(1 − k)) ≥ r − 2 − vp(rk) (p = 2).

��k � an(gk) � -$R % n ≥ 1
�LT43�R

p �&� �����1� $ M�� ����.
.�032 1.5 ! %2�Y
1’ % �8�>4 e # .5� � H�J � [15] % 2�Y 6

�12�Y
6’ $Ln � �  

5.3. � K d p e*A�B�CED�%
k $ rk 6= 0

�:7��
X % � L � � �� k ��5 j 3�R�2 5.2 !5%�&�� gk % _ %�$ ������ ���8P�R�2

weight rk d p e modular f:g g∗

k
$C]�� V�� �� �~ %���� \ � 1.6

!>% Q %���� �IH�J � � �� � [ ki ≥ 4 %��&� |ki| → ∞ #�b X 	 � ki → k
� 7

� `3%�$CB �� u $ p ¤ } [ � � .10
u ≡ 0 (mod p)

7 
lim

i→∞
uki = 0,

~ .��� %���� lim
i→∞

uki = u

� 9  .=2�� % 
� � u
� b�j R�;FJ � � �� C���

lim
i→∞

an(gki
) =

∑

x,a

(Na)k−1, (n ≥ 1)

$ 9 �� >�=� � 2�m � T x, a � a � p
� % 7 OK % &$'1(,* 2 x � x ∈ d−1a, x � 0

#�b Tr(x) = n $I� 5 � �]� 7 ` %�$$" (6 V  ��� % 
�� � n
� baj R�;FJ � ��  

1.5 ! % 2�Y 1’ % � 2 $I�$�?� .�0�2 gki
c weight rk d p e modular f



20 ���������
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g g∗

k �
���

�
� q ��� � h # 462]~ . � ki % �14 < �5�  7 j  g∗k % 2 [ � $

2−rζ∗K(1 − k) � � � � 2:� $ 9 ���
a0(g

∗
k) = 2−rζ∗K(1 − k) = 2−r lim

i→∞
ζK(1 − ki),

an(g∗k) =
∑

Tr(x)=n

x∈d
−1,x�0

∑

a|xd

(a,p)=1

N(a)k−1, n ≥ 1.

G�� 2_7 3-5 Z8[ ζ∗K �   K % p e�A�B*C�D�% ����0,.>�� ���. � Qp
� f�$"S PR j �� 

J = 20. k $ ≥ 2
7 � � } [ � � .10

ζ∗K(1 − k) = ζK,S(1 − k) = ζK(1 − k)
∏

p∈S

(1 −Npk−1)

$:9 �� � S � p $�� � % &.')(�* p %������ � �� �
�
!�%-�/[ g∗k $�	$j�
��  C2/Y 19’

�5��.50�2�� %-��[*� Γ0(p) G % weightrk %
modular &���� 2:O�PLR weight rk % p ¤ modular &���� � � � 3.2 ! 2C2�Y 10 "
#��  n ≥ 1

��T 3�R
an(g′k) = an(g∗k) �8#  2 a0(g

′
k) = a0(g

∗
k) � �� ] '  .�2L2Y � 9  .5�� ���

ζ∗K � ��� {1 − k|k :
� [ , rk 6= 0} G����� ������� ��� v��8h # �� C2�Y 20 � ~

% U�� ] ' 2 � 7Fh]v�2 < 0
7�� � [ %�����G %8Z8[

m 7−→ ζK,S(m)

%���� :<�?� � �����L $����$� �  � U ��2 K � Q G��KB����(� ���>�C\ � 2 ζ∗K� Kubota-Leopoldt % �?� � K % p ¤��(���-Z8[ �3;.d � �� [13], p.62
2 �/. � 2��� %8ZL[ �UH�J %� "!>$�`Ib�#  � ���� � ζ∗K � L�#�� � V  � �K��$ � 7 �� >�. $ ��� �3! � �� k ∈ X $ (s, u), s ∈ Zp, u ∈ Z/(p− 1)Z

�1D�/ � �� :O�PLR �
� rk 6= 0 � s 6= 0, ru 6= 0 $ �?� � �� ζ∗K(1 − k) $ ζ∗K(1 − s, 1 − u) % & ��' (  � $ 9 ���
J = 21. u $ Z/(p− 1)Z, p 6= 2 % � L � � �� 
(a) ru 6= 0

7  2 ZF[ s 7−→ ζ∗K(1 − s, 1 − u) � 4 %�� ! � 5�&�'M [ Λ = Zp[[T ]]��¡*¢ .5�� 
(b) ru = 0

7  032 Z8[ s 7−→ ζ∗K(1− s, 1− u) � h(T )/((1 + T )r − 1), h ∈ Λ %�&
$ 3UR j �� 
J = 21’. p = 2

7  0 2 Z<[ s 7−→ ζ∗K(1− s, 1−u) � 2rh(T )/((1+T )r − 1), h ∈ Λ
%�&�$ 3UR j �� 
� p = 2 % £ � ζ∗K(1 − s) � s ∈ 2Z2, s 6= 0

�-T43UR<2�7 V .�R j �� �
� G � Serre %  H %)(�*�� ��� � 2�+�� � ! � 5-J ��~ % ��J ) 7�<�, ���?�V ./R$\�R j �� �L�#
2 Katz ->%�.�/"0 :21 443 j/� 2 Serre %  H �UHN�655�� H��3IR�7�8 V .�R j �3 ¢�532���9 % �P! �  .$5�J�L   % ��&�LZF[ % p ¤ :�7

 "!�% / % � b�j R � 2 Deligne-Ribet
���54 � v�����k � 9  .?5  �/.�� b/j R� 2 U ����: Goren " � Hilbert modular &�� %��/� �);�< $ � 7�PLRF��k $ 9 R

j � � [6] �  
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3 # 3 2 ` P�� 8 %�� 7 �?� <>�8W j R `Lj ( b�#�%�� - ��� V .�R j �>� 	 h.1�� ��aM�0 2
Siegel modular &��>%���� �:H�J % ��k � D [ � � #�� � #��	� 4�
�  .�R j 7 j �?�/� 	 h
.5�� ]~ %:j ( b/#�$ ! � R�W �?�4�

• 1 % % �/k ��a h�.$5���`:���L � ��� weight p − 1 � f ≡ 1 (mod p) $
� 5 � modular &/� f %��� $ ; � % Siegel modular &�� %L��� � ¥ �  
� Hilbert modular &C�>%I�C� � Goren % �Ck � � 4 2 Siegel modular &C�5%
���'` Deligne

����� 8���� < � � � �  
• 1 ��[5%����>% ���1: 7-��k � �
�U2�Y 1 $ Siegel modular &:� %I��� �I�� � �  � 7Fh]v�2 p ¤ Siegel modular &�� %�����$���� :���2�7 � �  
• 2 %>% Hecke

. ��%�� ~ %��>% . ��% % p ¤ modular &�� z % . � � Z�� ���k $ Siegel modular &�� %���� ���a� � �  
" ���!  .5�� 
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