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Introduction

D. Lanphier ��������� 3 ���������! �"!#%$'&
H2n (  Siegel-Eisenstein )+* E(Z ) ,.-0/�132 ι : Hn × Hn 3 (z, w) 7→ ( z 0

0 w ) ∈

H2n 46587!9;:'<3= >, z ∈ Hn %?+@BA+C�DE2F G$'&IHJKD 7ML ��* n  Hecke eigen

cuspform f(z) N'O :EP Petersson Q�RS,!TVU�D standard L- WX*�'Y+Z�[F\ 7^]  f(w)_X` �^a�U L D!bIc Pullback formula( d�e 1.1) %fhgi&
Pullback formula D L Siegel-Eisenstein )h*� Fourier jk*�� Q NEl�#%a�U8Dmbnc M.

Harris ��+�>�S� L f  stadard L- WJ*��Y+Zh[��oh*�p _Jq �ha8U%&r N L3s �YhZh[� σ(∈ Aut(C/Q)) N>tuUMv+w�� L fσ(f  Fourier j�*� σ- vhwV,mT
U!x 4 ` �^a�U!?h@�A�C ) %Y�Zk[�N�y : bKD!b6z < pF{ _Xq �ha�U�& ( dhe 2.5) ( H'>t
c! L ?�@+A+C��S�}|��.�i�~B� 4 ` < *+[I, σ 4G��:�<3= +� L+� %?h@+ABC� σ- v
w���� ` < *+[�D�y : bVDMb�c�p6{�, Galois Equivalence Property D.�i��& G.E.P D!�� $8U%& )�k�

- �h���!��� (Hecke eigen �K�m?k@kAhCi�V� Hecke eigen Siegel ?�@�AkCK,^���F$
U��X� ) Nu�+b PuL preimage D image  standard L- WJ*�uWJj;D  G.E.P �S� L���� Petersson norm �� _ L preimage  Fourier jG*�'���i$�U^��NEl0#%a>Umx;D L G.E.P

,!�6�Jx _G� �>U�& ( d+e 3.4) # <%L �h� - �+���E���� Hilbert ?h@�A�Ch F¡�¢3£��M�¤�
Nu�Bb P�=%¥�¦ �x _ bh§6U�& ( d�e 3.5)

0 ¨ ©
jG*kª A  2n×2n-size �«�¬�ª M2n(A)  � g = ( a b

c d ) N < b :�L n×n-size  block , ag = a, bg = b, cg = c, dg = d D�®°¯±x0Nu$8U�&
k , [k : Q] = m �²+³�o�*���D :´L O 4 k �µ�*�ªI,�¶K� � $'&�µ ideal n N < b :·L�h* n  symplectic group Spn(O) = {g ∈ GL2n(O) | tg( 0 −1

1 0 )g = ( 0 −1
1 0 )} J¸�¹ ¥º+»h¼ , Γ(n) = {γ ∈ Spn(O) | 1 ≡ 0 (mod n)} 4 ¶K� � $'&G��* n  Siegel (i½�¾i¿

Hn = {z = tz ∈Mn(C) | =z > 0} À6 g ∈ Spn(R) E~BÁ�, g(z) := (agz + bg)(cgz+ dg)
−1

D´$�U�&'?k@3Â�ÃK, j(g, z) := det(cg · z + dg)
−1 D�dhÄ6$�U�&'�k* n LXÅVÆ κ L ¹ ¥ º�»k¼
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Γ ⊂ Spn(O) NJWu$>U L (classical) ��� Hilbert Siegel ?G@kAGC F Dm� L��iP  z ∈ Hm
n , γ ∈

Γ N�O :!P
F (γ(z))j(γ, z)κ = F (z)

,�� < $ Hm
n ( ����6W'*�Ex 4 ¶BU�&	� : L HhH 4 � γ · z = (γ1 · z1, . . . , γm · zm), (γj �

γ ∈ Spn(k)  j 
����v+w ) j(γ, z)κ =
∏

j j(γj, zj)
κ Dmb�c��� 4�� z P b6U'& Mn

κ (Γ) =

Mκ(Γ) 4 HJ�t>cm GWJ* � �� ¾F¿ ,G¶K� � $'&HX classical  F ∈ Mκ(Γ) �������+d+e (Spn(k)Spn(R)m � Spn(Ak) ������+¹ ) N
t�" idéle

¼
Spn(Ak) ( �WJ*0N��� ¦ N :!P�� �F437 U�& G� L Ak-module M  � x N < b :·L x∞, x0 4 x "!$# part, %&# part ,�¶K� � $nH

DENJ$�U�&i#	' L f̃(g∞) = F (g∞(i)) det(ag∞ + ibg∞)κ, g∞ ∈ Spn(R)m 4XL Spn(R)m ( uW*�N �(� $�U�& Γ(n) , Γ NEl0#%a�U*)�+�'¸u¹ ¥ º�»k¼ D : L g ∈ Spn(Ak) N�O :mPXL �
����d+e�N>t�"

g = δg∞u, δ ∈ Spn(k), g∞ ∈ Spn(R)m, u ∈
∏

v<∞

Γ(n)v

D-,/. :%PhL f(g) = f̃(g∞) DM� ¯ & Spn(Ak) ( �WG* f � L���P  δ ∈ Spn(k), g ∈

Spn(Ak), u∞ ∈ Km
∞, u0 ∈

∏

v Γn(n)v N�O :!P
f(δgu∞u0) = f(g) det(au∞

+ ibu∞
)κ,

,�� < $J&�HhH 4 K∞(⊂ Spn(R)) � i ,10%d6$�U compact maximal subgroup ,u¶0� � :
P b6U%&H�iticmN F ∈Mκ(Γ) �K� ` ��a < Spn(Ak) ( JW%* f � � =M¥32 Mκ(Γ) 4 ¶�� � $'&H% ��� �4+�>�"!65�7 4XL f �I� F _1869(:�; 4 ¶BUM&	<�= 4 � L3= z?>�� Spn(Ak) (�WJ*I,A@�c x0NX$3U�&
f  Fourier jh*V,M�� ¦ NEd�Ä�$8U�&
B�C

1 (Fourier D�E ) #1' L AQ ( 	F6G ψ0 , ψ0(x) = exp(2πix), x ∈ R �S� L �����d�e 4H�(�S:·L Ak ( 	F�GI, ψ = ψ0 ◦ Trk/Q 4 d�Ä>$3U�&$8U�D L T = tT ∈Mn(k) NuWk$8U f  (whole)Fourier jh* Wf, T (g), g ∈ Spn(Ak) �
Wf, T (g) :=

∫

U(k)\U(Ak)

ψ(Trace(Tx))f(u(x)g)) dx

D�d�Ä Æ a8U�&IH�H 4�L U = {u(x) = ( 1 x
0 1 ) | x �%O6I�«+¬ } 4 U(k)\U(Ak)  volume_

1 DM FU ¦ N Haar J�K dh ,mTnz P b6U�& r N L f �?���3 F �I� ` �´a P biUG 4uL
g = ( a 0

0 ta−1 ) ∈ Spn(Ak) | a ∈ GLn(Ak)} NX�Fb PuL
Wf, T (g) = Vf, T (a0)(det a∞)κ exp(−2πTrace(Ta∞

ta∞))

D�®MLFU�& ( H+H 4 a∞, a0 � a 	!�# part, %�# part ,G¶K� � :!P b>U�& )NMO �>H% a0 G2BN*P�QF$�U'W%* Vf, T (a0) , f  Fourier jk* DXt��J&�Y�N a0 = 10 D 7mL Vf, T (10) � classical  F  Fourier jh*i& �

2



f ∈Mκ(Γ)
_ �>P ����h[3 T Nu�Bb P Vf, T (a0) = 0 D! iU3D 7!L f � cuspform 4 ¶FUD!bIc & Mκ(Γ)  cuspform � �� º+» ¾F¿ , Sκ(Γ) 4 ¶K� � $'&��N L Hecke ~FÁ���D standard L- WX*��dhÄV,����B$8U�& (c.f. [17])

B�C
2 (Hecke �
	 Hecke ���� ) %&#���� v Nu�&LFU Hecke ª Hv(Spn(kv), Spn(Ov)), L η(k1gk2) = η(g), ki ∈ Spn(Ov), g ∈ Sp2n(kv) 4 compact support ,!��������DE iU6t

cm GWX* η � ��D :·L convolution R ∗ , η1 ∗ η2(g) :=
∫

Spn(kv)
η1(gh

−1)η2(h)dh D��6a�U�&
(dh � Spn(Ov) , 1 D.$8U Haar J�K )

H'�� L Hecke ~FÁ�� Tη, η ∈ Hv(Spn(kv), Spn(Ov)) ,
Tηf(g) :=

∫

Spn(kv)

f(gh−1)η(h) dh

D}dBÄ�$�U�& f ∈ Mκ(Γ(n))
_ L��8P  v - n 4��8P  η ∈ Hv(Spn(kv), Spn(Ov)) N%O :

P�L Tηf = λv(η)f, λv(η) ∈ C DE 6U�D 7 Hecke eigenform D!bSc & λf 4 f N%\���$8U��
¥ @ ⊗v-nHv(Spn(kv), Spn(Ov)) → C ,u¶0� � $'& (Hv(Spn(kv), Spn(Ov)) � ��! ¥ @�N6t" :�" ok* 4 ¶FU�& ) �

dimC Sκ(Γ(n)) <∞ 4XL Tη � Sκ(Γ(n)) À6 adjoint ~+Á�� 4 ¶BU��I� L Sκ(Γ(n)) � eigen-

forms 46� a8U!x�D L λv(η) � totally algebraic 4 ¶iU!x _h� ��U�&�# <'L 2 # 4 {λf(η) |

η ∈ ⊗v-nHv(Spn(kv), Spn(Ov))} J�G�6$�UM� _ %&#X��²�³h� 4 ¶FUMx = � ��U�&
B�C

3 (Satake parameter 	 standard L- $�E ) ��! ¥ @0N>t�" L
SU : Hv(Spn(kv), Spn(Ov)) ' C[X±

1 , . . . , X
±
n ]W

4 ¶FUMx _�% �^a P b6U%&�&�'�� Weyl
¼
W N>t�U (�)+Chª C[X±

1 , . . . , X
±
n ] �*,+ � ��i& W � n �+O�I ¼ Sn D wi : Xi → X−1

i 4 ��� Æ a8U%&�0�$� 4�L ��! ¥ @ _ f ���.- q $8U parameter {α±1
1 , . . . , α±1

n } , f  (v N���LBU
)Satake parameter D!�F�u& SU(η) = p(X1, . . . , Xn)  n��/ L Tηf = p(α1, . . . αn)f &3# <'L
f  standard L- WJ* LS(s, f) �

LS(s, f) :=
∏

v 6∈S

(

(1 − q−s)

n
∏

i=1

(1 − αiq
−s)(1 − α−1

i q−s)
)−1

, q = Nk/Q(v)

D�d�Ä�$�U�&VH�H 4 S = {∞j}1≤j≤m ∪ {v <∞ | v | n}  FU����6��¹ 4 ¶iU�& �

1 Pullback formula

#	'1)�03N L Pullback formula 21,3VD. +U L k ( !�G* 2n  �6� Hilbert Siegel Eisen-

stein series E2n(g; κ, n, θ) ∈M2n
κ (Γ(n)), κ > 2n+ 1 ,md�Ä>$3U�&

s a>� L�4 �� v NX�Bb P Eisensten kernel εv ,�568 ¦ N�Fhd�$�U!x 4 d�Ä Æ a8U�&
(v
_ !&#����0D 7 )

u ∈ K∞ N < b :!P
ρκ(u) := det(au + i2nbu)

κ
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D :·L g = (gj) ∈ Sp2n(R)m , gj = ( 1 Sj

0 1 )(
Aj 0

0 tA−1
j

)uj, uj ∈ K∞ D���� » f :!P
ε∞(g, κ) :=

m
∏

j=1

| det(Aj)|
κ
vρκ(uj)

(v - n  ?%&#����80D 7 )

g ∈ Sp2n(kv) = ( 1 S
0 1 )( A 0

0 tA−1 )u, u ∈ Sp2n(Ov) D���� » f :mPuL
εv(g; κ, n) := | det(A)|κv ,

(v | n  ?%&#����80D 7 )

g ∈ Sp2n(kv)
_ L g = pu, p ∈ P2n(kv), u ∈ Γ2n(nv) D�®MLFU3D 7mL

εv(g; κ, n) := | det(A)|κv ,

s a 5�� 4 � zero &
5 (BL�4 εv, v < ∞ %d+Ä���HMa 4�� »  F�	 _ L�
  computation � L 5�6�3tcMN��� FU!d�Ä�	4i��,��>§6U�&

εv(gv; κ, n) := β−1

∫

GL2n(kv)

| det(t)|κφv(t(02n, 12n)gv)dt.

HuH 4�L v 6= n 3D 7·L φv � M2n×4n(Ov) !YupBWE*h& v | n 8D 7 L φv � {(u, v) ≡ (02n, 12n)

(mod nv)} �Y�p>WX*i& β ∈ C× 4 εv(1; κ, n) = 1 DM FU ¦ N��hµ :MP � ¯ &$�U3D L global  Eisenstein kernel ε , ε(g; κ, n) = ε∞(g; κ) ×
∏

v:finite εv(g; κ, n) D!�
b PuL Eisenstein series �

E2n(g; κ, n, θ) :=
∑

γ∈P2n(k)\Sp2n(k)

ε(γgθ; κ, n), g ∈ Sp2n(Ak)

D�dhÄ Æ a>U�& (P2n � Siegel parabolic subgroup) � : L N O ��� 
  computation �� L
E2n ,�5�68 θ ∈

∏

v<∞ Sp2n(Ov) 4�� � :�< & θ � v - n �� » , 1 L v | n �� » , θv Nt�"
(02n, 12n)θ

−1
v =

(

1n 1n 0 0
0 0 −1n 1n

)

Dm BU ¦ N3D�UE& ( D a>UE&k# <EL θ ∈∏v<∞ Sp2n(Ov) MT " �>NFti� ' L E2n(g; κ, n, θ) ∈

Mκ(Γ(n)):

E(δgu; κ, n, θ) = E(g; κ, n, θ)

_�� 0 δ ∈ Sp2n(k), g ∈ Sp2n(Ak), u ∈ Γ(n)v, v < ∞ N'O :EP ���8$3U%& ) -�/%1�2
ι : Spn × Spn → Sp2n ,

ι : Spn × Spn 3

(

a b

c d

)

×

(

a′ b′

c′ d′

)

7−→











a 0 b 0

0 a′ 0 b′

c 0 d 0

0 c′ 0 d′











∈ Sp2n

4



D : L H% ι 4B5>7^9 $Jx 4 Eisenstein series , Spn(Ak)×Spn(Ak) �?k@�AhC D��F u$'&H' 587^9¤:�< E2n((g1, g2); κ, n, θ) , L 5 
 E(g1, g2) D�®°¯%H6D�NX$�U�&
Petersson Q%RV, L��  �¯�D =�� �>� cuspform ��	� f1, f2 ∈Mn

κ (Γ(n)) N�O :MP
< f1, f2 >:=

∫

Spn(k)\Spn(Ak)

f1(g)f2(g)dg

(dg � 4 Kv = K∞ L Spn(Ov)  volume , 1 D^$�U Haar J�KF& ) D�d�Ä�$8U�&
Spn(A) Nk�3L>U involution \ , g\ = ( −1 0

0 1 )g( −1 0
0 1 ) DE� 7�L Sκ(Γ(n)) Nk�3L�U

involution \(C-anti linear) ,
\ : f(g) 7−→ f \(g) = f(g\)

D^$8U%& f \  Fourier jh*�� f  s a>�
��+v�w ( d�Ä 1 �S���c & )

$8U�D Pullback formula ���� ¦ N������^a8U�&
B��

1.1 (Pullback formula) f ∈ Sκ(Γ(n)) , Hecke eigenform D�$FU!& f(g1) D E(g1, g2)DE Petersson Q�RV,!TnU3D L
< E(g1, g2), f(g1) > = [Sp2n(O) : Γ(n)]−1(inκ2

(n2+3n)
2

−nκ+1πn(n+1)/2)m

×
(ν(κ− (n+1)

2
)

ν(κ)

)m LS(κ− n, f)f \(g2)

ζS(κ)
∏n

j=1 ζS(2κ− 2j)
(1.1)

H�H 4�L ν(s) =
∏n

j=1 Γ(s− (j−1)
2

) D������hWJ*��R 4 ®��ha8U s GWJ* 4 ¶FU�& �

5�6 L H% Pullback formula  ` �·a8U����I,�� P b�¯ &

ξj =











1n 0n 0n 0n

0n 1n 0n 0n

0n diag[0n−j, 1j] 1n 0n

diag[0n−j, 1j] 0n 0n 1n











j 6= n, ξn =











0n 0n −1n 0n

0n 1n 0n 0n

1n 1n 0n 0n

0n 0n −1n 1n











D.� ¯�D L � _ ����$8U�&
� �

1.2 (Garrett [6], [8]) K , � � :�" ��D´$8U�& Sp2n(K) ���3�!�" » fK,!�6�G&
Sp2n(K) =

⊔

1≤j≤n

P2n(K)ξj · ι(Spn(K) × Spn(K)) (1.2)

s3:!P�L ξj  isotropy group

Ξj = {(g1, g2) ∈ Spn(K) × Spn(K) | P2n(K)ξj · ι(g1, g2) = P2n(K)ξj}

� L Y0N j = n 0D 7
Ξn = {(g, g\))} ∼= Spn(K) (1.3)

_ ����$�U�& �
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ι 4F5�7.9SÆ a < E(g1, g2) � Lk(  » f (1.2) N��Iz P
E(g1, g2) =

∑

0≤j≤n

ωj(g1, g2),

ωj(g1, g2) =
∑

γ∈Ξj\Spn(k)×Spn(k)

ε(ξjγ(g1, g2)θ; κ, n)

D º+» )h*0N » f Æ a8U _ L � _ ���>$8U�&
� �

1.3 1 ≤ j ≤ n− 1  n� / L ωj(g1, g2) = 0 �

( ��� ) 1 ≤ j ≤ n− 1 ���� 4�L v | n Nu�+b P
εv(ξjι(g1, g2)θ; κ, n) = β−1

∫

GL2n(kv)

| det(t)|κφv(t(02n, 12n)ξjι(g1, g2)θ)dt (1.4)

_
zero 4 ¶iUMxS,".	� /�
6bk&G³� L t ∈ GL2n(kv), g1, g2 ∈ Spn(kv) N%O :EP R » QFWX* _ nonzero 4 ¶iU��0N+� L (φv � {(u, v) ≡ (02n, 12n) (mod nv)} %Y+p8WX* 4 ¶6U�S� )

t(02n, 12n)ξjι(g1, g2) ≡ (02n, 12n)θ
−1 (mod nv)

4 ¶FUMx _���� &VHEa6� L
t
(

0 diag[0n−j , 1j ] 1n 0
diag[0n−j , 1j ] 0 0 1n

)

ι(g1, g2) ≡

(

1n 1n 0 0
0 0 −1n 1n

)

(mod nv)

	 _ L H% � '� 2n× 4n-size �«B¬6�S� 1 ∼ n ¬¤D 2n+ 1 ∼ 3n ¬K,mT°"���$SD L
t
(

0 1n

diag[0n−j , 1j ] 0

)

g1 ≡

(

1n 0
0 −1n

)

(mod nv)

DM iU%& : � :·Lh� '� rank ���� 6z P b6Uk 4uL (1.4) R » Q+uWJ*�����N zero & (���
)

���
1.3 �S� L Pullback formula (1.1) ��,'�� L ��

< E(g1, g2), f(g1) > = < ωn(g1, g2), f(g1) > (1.5)

 + 4�L 5�6 L (1.5) �&,'V, �"! :MP b�¯ & unfolding method N>t�" L
< ωn(g1, g2), f(g1) >

=

∫

Spn(k)\Spn(Ak)

∑

γ∈Ξn\Spn(k)2

ε∞(ξnγ(g1, g2), κ)ε0(ξnγ(g1, g2); κ, n)f(g1) dg1,

=

∫

Spn(Ak)

ε∞(ξn(g1, g2); κ)ε0(ξn(g1, g2); κ, n)f(g1) dg1

HFH 4kL εv, ε0 =
∏

v:finite εv ,h¶V� � :^L f � Spn(k)-left invariant  JxS,%Á8b P b�UJ&
(1.3) ,EÁ>b P

=

∫

Spn(Ak)

ε∞(ξn((g\
2)

−1g1, 1); κ)ε0(ξn((g
\
2)

−1g1, 1); κ, n) f(g1) dg1

6



+�*V, g1 → (g\
2)

−1g1 D�'��´$Xx 4
=

∫

Spn(Ak)

ε∞(ξng1∞, 1; κ)ε0(ξn(g1,0, 1); κ, n)f(g\
2g1) dg1

= (
∏

v

Tv)f(g2)

D local factor �R�N » f 4�7 U�& 4 Tv �����t8cm convolution operator 4 ¶FU�&
Tvf(g2) :=

∫

Spn(kv)

εv(ξn(g1v, 1); κ, n)f(g\
2g1v) dg1v.

4 � L,4 Tv  � !V,m«�c &
(v = ∞  � ¹ )

Tvf(g2) =

∫

Spn(R)m

εv(ξn(g1v, 1); κ)f(g\
2g1v) dg1v

=

∫

Spn(R)m

εv(ξn((g\
2v)

−1g1v, 1); κ)f(g\
2,0g1v) dg1v (g1v → g\

2vg1v D +�*,+ " )

=

∫

Spn(R)m

εv(ξn(g1v, g2v); κ)f(g\
2,0g1v) dg1v ((1.3) , � c )

R » Q _ & Km
∞ *,+3 + 4uL Hm

n ' Spn(R)m/Km
∞ ( �R » N���� 4�7 U�&

g1v =

(

1 x

0 1

)(

y1/2 0

0 ty−1/2

)

, g2v =

(

1 u

0 1

)(

v1/2 0

0 tv−1/2

)

D}$iUFD L g1v(i) = x+iy, g2v(i) = u+iv NX hUm&MHM g1v, g2v N < b :·P%L εv(ξn(g1v, g2v); κ) =

(det y)κ/2(det v)κ/2(det z + w)−κ, z = x + iy, w = u + iv D´® L�U%x�D F (x + iy) =

(det y)−κ/2f(g\
2,0g1v) � L f(g\

2,0g1) N�O��6$8U classical  %?h@+A�C 4 ¶FU!x��S� L
∫

Spn(R)m

εv(ξn(g1v, g2v); κ)f(g\
2,0g1v) dg1v = 2(det v)κ/2

∫

Hm
n

det(z + w)−κF (z)(det y)κ dxdy

(det y)n+1

D ��! 437 U�& Æ �MN F (z) =
∑

T Vf,T (10) exp(2πiTrace(Tz)), (T � totally positive defi-

nite  %O6I�«B¬K,	�nU ) D classical  Fourier 
��3,%$8U3D L
2(det v)κ/2

∫

Hm
n

det(z + w)−κF (z)(det y)κ dxdy

(det y)n+1

=
∑

T

Vf,T (10)(det v)κ/2

∫

Hm
n

det(z + w)−κ(det y)κ exp(2πTrace(T (−ix− y)))
dxdy

(det y)n+1

=
∑

T

Vf,T (10)(det v)κ/2 exp(2πiTrace(Tw))

×
(

(−1)nκ/22(n2+3n)/2−nκ+1πn(n+1)/2 νn(κ− (n+ 1)/2)

νn(κ)

)

= f \(g2)
(

(−1)nκ/22(n2+3n)/2−nκ+1πn(n+1)/2 νn(κ− (n + 1)/2)

νn(κ)

)
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DM iU%& (νn Ed+Ä���d�e 1.1 ��� )

(v - n 	%&#����8 � ¹ )

ξn = ξ′n · ι(w, 1), ξ′n =











1n 0n 0n 0n

0n 1n 0n 0n

0n 1n 1n 0n

1n 0n 0n 1n











, w =

(

0 −1n

1n 0

)

4 ¶FUMx>�S� L εv(ξn(g1v, 1); κ, n) = εv(ξ
′
n(w, 1)(g1v, 1); κ, n) �

εv(ξ
′
n(wg1v, 1); κ, n) = εv(ξ

′
n(g1v, w

\); κ, n) = εv(ξ
′
n(g1v, 1); κ, n)

D�®MLFU� 4 ((1.3) ,MÁ>b < & ) L
Tvf(g2) =

∫

Spn(kv)

εv(ξ
′
n(g1v, 1); κ, n)f(g\

2g1v) dg1v

DE >U'& : � :^L [12]  Good prime 4  computation(c.f. [14]) N�¶6U>t3cEN L ��! ¥@ _
SU : Tv −→

(1 − q−κ)
∏n

j=1(1 − q2j−2κ)

(1 − qn−κ)
∏n

j=1(1 −Xjqn−κ)(1 −X−1
j qn−κ)

∈ C[[X1, . . . , Xn]]
W ,

(q = Nk/Q(v)) , - q $8U%&��Iz PuL Tvf(g2) = Lv(κ−n,f)
ζk,v(κ)

Qn
j=1 ζk,v(2κ−2j)

f \(g2) &
(v | n 	%&#����8 � ¹ )

εv(ι(g1, 1)θ; κ, n) = β−1

∫

GL2n(kv)

| det(t)|κφv(t(02n, 12n)ι(g1, 1)θ)dt

4 ¶FU _ L φv

_
nonzero 4 ¶FU���Nh�

t(02n, 12n)ι(g1, 1) ≡ (02n, 12n)θ−1 =
(

1n 1n 0 0
0 0 −1n 1n

)

(mod nv) (1.6)

4 ¶FUMx _ ��� &VHJ�«B¬6�S� 1 ∼ n ¬ D 2n+ 1 ∼ 3n ¬ L n + 1 ∼ 2n ¬ D 3n+ 1 ∼ 4n

¬K,mT "�� :!PuL (1.6) �
t

(

1n 0

0 −1n

)

g1 ≡

(

1n 0

0 −1n

)

, t

(

1n 0

0 1n

)

≡

(

1n 0

0 1n

)

(mod nv)

D ®$LhU!& ��z P%L g1 ∈ Γ(n)v �D 7 ε(ι(g1, 1); κ, n) = 1 L g1 6∈ Γ(n)v  �� ε(ι(g1, 1); κ, n) =

0 DM S" L Tvf
\ = [Γ(1)v : Γ(n)v]

−1f \
_k� �8U�&

5 (84 d�e 1.1
_X` �´a < _ L H'�dhe����S�^�>N���N ¥ [ 4 ¶FU�&

B��
1.4 (Pullback formula (II))

��� L�� dV�'dBe 1.1 D ¥ 2 Dm$0UJ& Sκ(Γ(n))  L
Hecke eigenform �S�M iU orthogonal basis B N < b :!PuL

E(g1, g2) = ωn(g1, g2) =
∑

f∈B

cλf

f(g1)f
\(g2)

< f, f >
(1.7)

� : L cλf
= [Sp2n(O) : Γ(n)]−1(inκ2

(n2+3n)
2

−nκ+1πn(n+1)/2)m
(

ν(κ−
(n+1)

2
)

ν(κ)

)m
LS(κ−n,f)f\(g2)

ζS(κ)
Qn

j=1 ζS(2κ−2j)

4 nonzero & (nonzero 4 ¶FU!x0�fhg�� [14] ���B& ) �
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2 Galois Equivalence Property

� 
 E�+�n, ` U���N L �� M. Harris N>t�U!d+eV, 5 ÁF$8U%&
B��

2.1 (Harris [9])
� 3 θ ∈

∏

v<∞ Sp2n(Ov) N < b :.P'L E(g; κ, n, θ)  Fourier j
*�� Q 	)�+ Abel � + Qab N�lK#'a L � 0 σ ∈ Gal(Qab/Q) N%O :!P � _ ���>$�U�&

E(g; κ, n, θ)σ = E(g; κ, n, θσ).

�,'� σ � Fourier jh*�N σ ,!~BÁ Æ �8U3DmbIc &� 4XL &�'� θσ �dhÄ����3KD+cF" &� ���������
	 Gal(Qab/Q) 3 σ → α ∈
∏

p<∞ Z×
p �� � Æ ��	 σ̃ = ( α · 12n 0

0 12n
) ������	

θσ = σ̃θσ̃−1 �
�

Harris ������������	
���

2.2 ���� "!#�%$'& E(g; κ, n, θ) � Fourier (�)+* Q ��,�-/.10 �3254'6 ι  871��9
$'& E(g1, g2) � Fourier (#);: Q �<,=-/.>0 � �

( ?A@ ) Bad prime v | n ���8B 6 	 εv(gθ; κ, n) = εv(gθ
σ; κ, n) �C�D8EGF B �

εv(gvθ
σ; κ, n) =

∫

GL2n(kv)

| det(t)|κφv(t(02n, 12n)gvθ
σ)dt

 �	#HJI���K8L+MJ�#NO)>P nonzero  AQR0<S���*O	 t(02n, 12n)gvθ
σ P (02n, 12n) � modulo

nv  OT+UV XWXYG. E W5Z[W�B �>\ .R*3	
t(02n, 12n)gv ≡ (02n, 12n)(θσ)−1 (mod nv)

�#U']�^"P"	�H�I�* (02n, 12n)(θ
σ)−1 = (02n, 12n)(σ̃θσ̃−1)−1 = (02n, 12n)σ̃θ−1σ̃−1  

(

1n 1n 0 0
0 0 −1n 1n

)

σ̃−1 =

(

α
−1
p 1n α

−1
p 1n 0 0

0 0 −1n 1n

)

�`_#a> +�V0 �1\>b  t → t( αp12n 0
0 12n

) �dc8)�cJe�f�0hg1 V	 |αp|v = 1 �'i�jk$[lJl�	
εv(gθ; κ, n) = εv(gθ

σ; κ, n) P C�D 0 � ( m�n )

b ��oJpk� Pullback formula �1�+��	
���

2.3 Sκ(Γ(n)) *'	 Fourier (#)�P/q 6 Q �<,�-3.�0 cuspform rsZW80 basis B0 � :
l � �

( ?A@ ) k = Q ��f�0 ��t�u �3v�wJx��3SJ	�y�zJ{�|�� classical W Fourier }R~G��� �<�� � | (1.7) r�Z�	 orthogoanal basis B = {fj} ��&#B�$ 6 	
ωn(z, w) =

∑

fi

cifi(z)f
\
i (w), z, w ∈ Hn

�hWA0 � e(Z) = exp(2πiTrace(Z)), Z ∈Mn(C) �#$ 6 	 b .R*
∑

S,T

AS,T e(Sz + Tw) =
∑

i

cifi(z)f
\
i (w).
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b�b  �	 Fourier (�) AS,T ∈ Q  S, T * positive semi-integral ��� 0 �
β

(i)
T � f \

i � T  R�'(�) � f>0+� 	 e(Tw) � Fourier (�)+*
∑

S

AS,T e(Sz) =
∑

i

cifi(z)β
(i)
T . (2.8)

\1b  "	 N = dimC Sκ(Γ(n)) �+� {Tj} ����� Φ = {ciβ
(i)
Tj
}1≤i,j≤N P��
	 �[WA0��=���� �

( ����0 ! ci 6= 0 �hi�j ) b �=�G�	�| (2.8) r Z�	
(
∑

S

AS,T1 e(Sz), . . . ,
∑

S

AS,TN
e(Sz)) = (f1(z), . . . , fN(z))Φ.

P�� Z�."	���I1P�� -/.A& basis B0  AQ80 � k P����+���������� �T;:3U!� � ( m�n )
" �#$ 6 	�#�P�� Z�.>0 �
$

2.4 f ∈ Sκ(Γ(n)) W5Zd	�%�j�� σ ∈ Aut(C/Q) � � $ 6 fσ ∈ Sκ(Γ(n)) � �

( ?A@ ) &�� basis B0 = {gi}1≤i≤N �!' B 6 	 f =
∑

i αigi, αi ∈ C �)(+* � f+0=� 	
fσ = (

∑

i αigi)
σ =

∑

i α
σ
i gi ∈ Sκ(Γ(n)) � ( m�n )

{λ(i)} � Sκ(Γ(n)) ��,.-�f�0 Satake parameter ��/8T �#$ 6 	 Sκ(Γ(n)) � #����=��L�0
f>0 �

Sκ(Γ(n)) = ⊕iVλ(i)

Vλ(i) = ⊕1≤j≤j
λ(i)

C fλ(i)

j

b�b  �	 fλ(i)

j * λ(i) � ��1 $'& Hecke eigenform  AQX0 �b �<L�0;� " 2.4 r5Z 	 Q(λ(i)) P32543# ( ��� ) 6V)��R JQJ0�g�:87�rR0 � ��9V	 module

�#$ 6
Vλ(i)

σ
' V σ

λ(i) ' V(λ(i))σ(⊂ Sκ(Γ(n)))

P3%�j+� σ ∈ Aut(C/Q) � � $ 6�:�; $ 	 dimC Sκ(Γ(n)) <∞ ^"rsZ  XQ80 �  X*'	 b �
����<V��� � �Rf �
=�>

2.5 ( ?�@�A�B Galois Equvalence Property) κ, n:even κ > 2n+1 C f ∈ Sn
κ(Γ(n))

 f � Fourier (�)�* Q(λf ) D�,�-/.>0FEHG���f10 �sb �IEG��C
LS(κ− n, f)

< f, f > π(2κn+κ−3n(n+1)/2)
∈ Q(λf ) (2.9)

P :�; $)C�%�j�� σ ∈ Aut(C/Q) D�J;$ 6 #�P :�; f�0 �
(

LS(κ− n, f)

< f, f > π(2κn+κ−3n(n+1)/2)

)σ

=
LS(κ− n, fσ)

< fσ, fσ > π(2κn+κ−3n(n+1)/2)
. (2.10)

�
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( ?A@ ) f = f1 � ,�� Sκ(Γ(n)) � Hecke eigenform r;Z[WR0 orthogonal basis B = {fj}

� E30 � ��� 1.4 D����

ωn(g1, g2) =
∑

fj∈B

cλfj

fj(g1)f
\
j (g2)

< fj, fj >
. (2.11)

σ ∈ Aut(C/Q) � b ����IID�� '
	�� 6 C (ωn � Fourier (�)�* Q D',5-/.>0hg �� B��
$[l�l )

ωn(g1, g2) = ωn(g1, g2)
σ =

∑

fj∈B

(cλfj
)σ
fσ

j (g1)(f
\
j )

σ(g2)

(< fj, fj >)σ
(2.12)

EhWA0 �
σ ∈ Aut(C/Q(λf)) EV$ 6 (2.11)=(2.12) ��H�I E f(g1) = fσ(g1) � Petersson M�K � E
0 E C

cλf
f \(g2) = (cλf

)σ < f, f >

< f, f >σ
(f \)σ(g2) +

∑

2≤j

(cλfj
)σ

< fσ
j , f >

(< fj, fj >)σ
(f \

j )
σ(g2)

� ��0 � {(f \
j )

σ} *���z�� ;  �C f = f \ = (f \)σ ^"rsZ C cλf
= cσλf

<f,f>
<f,f>σ E[W�� C cλf

<f,f>
P

σ  ���c1 XQA0[g1P�78r>0 � cλf
��] � 6��Af>0 b E� (2.9) P��1r�.>0 ���� C σ ∈ Aut(C/Q) E�f>0 � fσ = f ′

1 � ,�� orthogonal basis B′ = {f ′
j} �' j�f�0 �� *�� C#��� 1.4 D����

ωn(g1, g2) =
∑

f ′

j∈B′

cλf ′

j

f ′
j(g1)f

′\
j (g2)

< f ′
j, f

′
j >

. (2.13)

(2.12)=(2.13) �'H�I E f ′
1(g1) = fσ(g1) � Petersson M'K � E30�E)C

(cλf
)σ < fσ, fσ >

(< f, f >)σ
(f \)σ(g2) +

∑

2≤j

(cλfj
)σ

< fσ
j , f

σ >

(< fj, fj >)σ
(f \

j )
σ(g2) = cλσ

f
(fσ)\(g2)

� ��0 � (f � Fourier (�)�*���! �C (fσ)\ = (f \)σ Dhi�j $l�l
C ){(f \
j )

σ} *���z"� ; W
�� 
C (cλf

)σ <fσ ,fσ>
(<f,f>)σ = cλσ

f � ��C (2.10) P 2 � � ( m�n )

#�$
2.6 %5�3m�&Xr;Z B = {fj} P Sκ(Γ(n)) � (eigenforms � )orthogonal basis WsZ C

Bσ = {fσ
j } : orthogonal basis �

#�$
2.7 %=���J�� A* Fourier (�)>P Q(λf ) D3,5-/.+0 b E � G�� $/&�P C����ID('*)

Vλf
* CGq 6 � Fourier (#)>P Q(λf) D<,�-3.10 ��W eigenforms  ,+J.>0g�P�#���-#p�r

Z 78r>0 �
.J�

2.8 K(⊂ C) � %Jj��!� E#$ C V ⊂ CN � C /103254"'6)J Aut(C/K)-stable Ef
0 � (Aut(C/K) *7/�082541��9 : LID�� ':	�� 0 � ) b �IE"��C V * K-rational W basis

�<; l �
( ?A@ ) =�> D�% � 0 �
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3 liftings, norm
�

-��!C������
	 2 C��� - �����
	 2 C������
	32 D"l8B 6���� f10 �
=�>

3.1 ( ��� - ����� �"! (form Hilbert modular form) [15]) k � �
�
��C ϕ ∈ S2κ−2(Γ(n))

� Hilbert modular Hecke eigenform E f10 �>b$#�% C3##) 2 # k % # Hilbert Siegel Hecke

eigenform f = SK (ϕ) ∈ Sκ+n(Γ(n)))  
LS(s, f) = ζk,S(s)ZS(s+ κ− 1, ϕ)ZS(s+ κ− 2, ϕ)

E'W�0>: # P�&�'�f+0 � b8b  �C ζk * k # Dedekind zeta N�)�C ZS(s, ϕ) * ϕ #�(�)*#
(degree 2 # ) y#z L- NO) � �

=�>
3.2 ( +-,.� �"! [10]) k = Q, κ, n:even, ϕ ∈ S2κ−n(Γ(1)) �0/21 Hecke eigenform

E�f>0 �5b�#3% C�#�) n # Siegel Hecke eigenform f = I(ϕ) ∈ Sκ−n(Γ(1))  

L(s, f) = ζ(s)
n
∏

j=1

Z(s+ κ− j, ϕ)

EhWA0�: # P54 :  76V0 �98 D C n = 1 # E36G* Q % # �� - �:���;	 2 � �

% # 2 l # lift D3<8B 6 C Satake parameter � = ��0[g1 �C Q(λf ) ⊂ Q(λϕ) P�7Xr10 �
=�>

3.3 ( >?,.� �"! [18], Böcherer and Schulze-Pillot [3]) κ ≥ 6:even, q:prime,

ϕ1 ∈ S2κ−2(Γ0(q)), ϕ2 ∈ S2(Γ0(q)) �
/�1 Hecke eigenform #�@BA  �"> # y8zR{8| L-

N/) ZS(s, ϕi)
# N3)�C�| #ED:F *VUBG newform E f10 ��b$#5% C�##) 2 # Siegel Hecke

eigenform f = Y (ϕ1, ϕ2) ∈ Sκ(Γ0(q))  
LS(s, f) = ζS(s)LS(s, ϕ1 ⊗ ϕ2)

EhWX0R: # P�4 :  B6�0 ��b�b  ⊗ * Rankin-Selberg # convolution K1 �C LS(s, f1 ⊗ f2)

* s = 1/2  ?H�IFD ; l�� � D normalize 	�� 6 BR0 � �

�����;	 2 D3<8B 6 *!C Q(λf ) ⊂ Q(λϕ1)Q(λϕ2) P�78r�0 �
 1*�C b . Z # �$	82)D�<AB 6 C preimage E image # Petersson norm D#NXf+0EJ�P

G.E.P �<; lOg ��K 6 B * �
=�>

3.4 (Furusawa [5], Kohnen [11], Lanphier [13]) κ > 5 C f ∈ Sκ(Γ(n)) � ϕ #
�� - ���L�0	 2  �C7�!> # Fourier (#)+* Q(λϕ) Dh,=-3.10�E f10 � (c.f. i�j 2.7) bE#
E�6�C <ϕ,ϕ>

<f,f>
∈ Q(λϕ)  

(< ϕ, ϕ >

< f, f >

)σ

=
< ϕσ, ϕσ >

< fσ, fσ >

P , %�j # σ ∈ Aut(C/Q) D�&#B�$ 6�:�; f>0 � �
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( ?A@ ) -�� C n1, n2 ∈ Z, m = [k : Q] E#$ 6
A1(n1, n2, ϕ) =

LS(n1, ϕ)LS(n2, ϕ)

< ϕ, ϕ > πm(n1+n2)
, A2(f) =

LS(κ− 2, f)

< f, f > π(5κ−9)m

E < * � f>0�E n1 = 2κ− 3, n2 = 2κ− 4 EV$ 6 C#�J� 3.1 r�Z
< ϕ, ϕ >

< f, f >
=

LS(2κ− 3, ϕ)LS(2κ− 4, ϕ)

π(4κ−7)mA1(2κ− 3, 2κ− 4, ϕ)
·
π(5κ−9)mA2(f)

LS(κ− 2, f)

=
A2(f)

A1(2κ− 3, 2κ− 4, ϕ)
·

π(κ−2)mLS(2κ− 3, ϕ)LS(2κ− 4, ϕ)

ζk,S(κ− 2)LS(2κ− 3, ϕ)LS(2κ− 4, ϕ)

=
A2(f)

A1(2κ− 3, 2κ− 4, ϕ)
·

π(κ−2)m

ζk,S(κ− 2)

E�_�a+ *6J0 � π(κ−2)m

ζk,S(κ−2)
∈ Q (c.f [7])  �C��J� 2.5 D�� � A2(f) ∈ Q(λf )(⊂ Q(λϕ))  

A2(f)σ = A2(f
σ), σ ∈ Aut(C/Q)  RQX0 �� D!C n1 + n2 P odd W=Z E A1(n1, n2, ϕ) ∈ Q(λϕ)  

A1(n1, n2, ϕ)σ = A1(n1, n2, ϕ
σ), σ ∈ Aut(C/Q)

 AQX0hg�P [16] D��1��� Z . 6 B�0 � b . Z # g1r�Z���� # <�+XP 2 � � ( m�n )

=�>
3.5 (Choie and Kohnen [4], Lanphier [13]) f ∈ Sκ(Γ(1)) � ϕ ∈ S2κ−n(Γ(1))

# #�) n # �B� �
	 2  
C���> # Fourier (�)�* Q(λϕ) D�,=-/.>0FE f>0 �b�# E56�C <ϕ,ϕ>n/2

<f,f>
∈ Q(λϕ)  
(

< ϕ, ϕ >n/2

< f, f >

)σ

=
< ϕσ, ϕσ >n/2

< fσ, fσ >

P�%�j # σ ∈ Aut(C/Q) D�&#B�$ 6�:�; f>0 � �

( ?A@ ) A1(n1, n2, ϕ) � ��� 3.4 # m & EhU7G�E�$ 6 C
An(f) =

L(κ− n, f)

< f, f > π(2κ+1)n− 3n(n+1)
2

E < * � ��� 3.2 r�Z
< ϕ, ϕ >n/2

< f, f >
=
An(f)π(2κ+1)n−

3n(n+1)
2

L(κ− n, f)
· < ϕ, ϕ >

n
2

=
An(f)π(2κ+1)n− 3n(n+1)

2

ζ(κ− n)
∏n

j=1 Z(2κ− n− j, ϕ)
· < ϕ, ϕ >

n
2

=
πκ−n

ζ(κ− n)
·

An(f)π2κn− (3n2+n)
2

∏n−1
j=1

j:odd
Z(2κ− n− j, ϕ)Z(2κ− n− j − 1, ϕ)

· < ϕ, ϕ >
n
2

=
πκ−n

ζ(κ− n)
·

An(f)π2κn− (3n2+n)
2

∏n−1
j=1

j:odd

(

A1(2κ− n− j, 2κ− n− j − 1, ϕ) < ϕ, ϕ > π4κ−2n−2i−1
) · < ϕ, ϕ >

n
2

=
πκ−n

ζ(κ− n)
·

An(f)
∏n−1

j=1

j:odd

(

A1(2κ− n− j, 2κ− n− j − 1, ϕ)
)
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E`_�a1 76 6 C πκ−n

ζ(κ−n)
∈ Q  CV�J� 2.5 r;Z C An(f) ∈ Q(λf ) ⊂ Q(λϕ)  G.E.P ��; l

(A1(n1, n2, ϕ) : ) g>rsZHC ��� # <�+XP�� Z .�0 � ( m�n )

=�>
3.6 κ ≥ 6: even, ϕ1 ∈ S2κ−2(Γ0(q)), ϕ2 ∈ S2(Γ0(q)) Ef>0 � f = Y (ϕ1, ϕ2) D J $6 C <ϕ1,ϕ1>

<f,f>π11−6κ ∈ Q(ϕ1, ϕ2)  
(

< ϕ1, ϕ1 >

< f, f >

)σ

=
< ϕσ

1 , ϕ
σ
1 >

< fσ, fσ >

P�%�j # σ ∈ Aut(C/Q) D#&#B�$ 6 C :�; f>0 � �

( ?A@ ) LS(κ−3,ϕ1⊗ϕ2)
<ϕ1,ϕ1>

∈ Q(λϕ1)Q(λϕ2)
# G.E.P(c.f. p. 191 [7]) ��' B 6 % # � ����U �

D<m &*� � 0 �
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