
Hilbert
� � � � � �

���
	�� ����
���������

� �

1 ����� �"!$#&%('()*�&%"+�,.-�/$0�1 3

1.1 2�35476987:<;.=$>@?<ACB*D�E(F"G*H . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 ACB*D�E<6JI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 K7L$M N<O�P@?RQ<S�M@?JT$U7V�W7X�Y . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 K7L$M N<O�P�MZ?"Q<S�M@?J[$\7X7Y . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 ]<^$_(`(a 11

2.1 b�c�I@?$4(d 6R:.e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 4(d 6":<f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 F.d 6":<I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 GL2 ?$4(d 6R:.e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 g�hji9k�l
mon.p�q�r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6 s�hji9k�l
mon.p�q�r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3 GL(2) �&%t+�,7-�/$0�1 23

3.1 GL2 M@?JV�W7X�Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 Hilbert V�W�X�Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Hilbert [$\7X�Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4 Gauss u . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.5 Hilbert V�W�X�Y@? L- v"c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.6 v9c�w�Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4 Hecke x$y7� 39

4.1 z.{ Hacke f |~}�l*��?����*� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 z.{ Hecke f |~l*��?J���*� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3 Hilbert V�W�X�Y
m Hecke �*�<L |~}�l*��?����*� . . . . . . . . . . . . 46

4.4 Hilbert V�W�X�Y
m Hecke �*�<L |~l*��?J�.�*� . . . . . . . . . . . . . . 48

4.5 new form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.6 �$��� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

1



2

5 ���������
	 51

5.1 T����jv9c
m������� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.2 I@?������������
m Banach f@? ∗- ��� . . . . . . . . . . . . . . . . . . . . . . 52

5.3 K- �"F�� δ ?��jv9c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.4 K- �"F�� δ ? Hecke �*�<L@?Jf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.5 �! 1 ?��jv9c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.6 "��jv9c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.7 z.{$#�%'&)(+* I�M@?JV�W�X�Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.8 Hilbert V�W�X�Y
m�?(v�, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

-�.0/�1
60

Hilbert V7W�X.YZ?32�4�5�6�798
:<;�=<>�?�@BA0CBDFE Weil [11] G T�U.V
W7X7Y�?��7�H7JI7�LKM;ON0P�Q<RSK3T�U"?�V0W
@�A Weil UYX�Z
;�:0@�[�\J7] w�^9X�Y�^0_tk�l@?<`*?�=�>�V�W!acb<��d�e<G�f��FV0_�:HgCm3EBh7>
iH7
2�jLkml�nFe�W0@�e9b<h7>
iHE�o�8)UMp�q�;
:
_<:9A�r7?F[�\M_Oh7>
isG3p
q�@�7�E�b�t�u�v
^�w�:0E�����d�^�_Bxsy3z|{9T3}�d�e�l�nFV�W
@�~!�Yb�4�0� f@?�CODsG ��=�?F@�MFV ?O�)��_B�
�F`�e����FVH�3���
rO�0V�[�K$m'?
@.?�V0W0@BA�0� b F G g(> 1) �<�7g�b7c.>
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\���>|G P (F ) m�K�b<�ji"L*\Z?B��>|G Pf (F ) b<hji9L*\Z?��$>|G P∞(F )

m'?F@�A v ∈ Pf (F ) m OF ?J30�&F.dC4R: p e�o.n0oF7tn��LKM;
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r�g3V Pf (F ) G OF ?J30�&F.d*4R:&?�f���m��Fq�;�U���:9A v ∈ P∞(F ) m
σ ∈ HomQ-alg.(F,C) e9n��LKM;
:�@��

|x|v = |σ(x)| (x ∈ F ).

r�g�V x ∈ F 7JnSK�; x(v) = σ(x) m���kBgjm379?�@BA��F;C? v ∈ P∞(F )

7tnLKM; x(v) > 0 m�_�@Zm�� x ∈ F E���TFV�W0@ZmM:�: x� 0 m���kcA
∏

v∈P (F )

|x|v = 1 (x ∈ F )

V�W0@�A | · |v 7(v�?F@ F ?O�<�$esG Fv m���kcA v ∈ Pf (F ) ?5m��
Ov = {x ∈ Fv | |x|v ≤ 1}, $vOv = {x ∈ Fv | |x|v < 1}

mM�LkcA Fv = Ov/($v) E��ji9>FV�W!acb�r7?� &?�¡�c|G qv m'?F@BA v = p
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1.1 A&B*D�E<6tX$Y�m�:!\�U"?$?Bl����$G��H@�T! 07�b<2�3 4$698�:.;
=$>Z?<ACB*D�E(F9G$H�7980:�;#"%$�7&�
;��LkBg m379?F@BA<2735476987:<;
=*>@?B=�'�^9��ds798�:�;�E [6, Chap.1] G)(+*@?Fgjm�A-,5?Jk*l�7�80:�;
E�2�4�^�7�E/.�X�b�c@?1032+4#5�V�W0@BA

1.1.1 C MZ?�4.6"8<:(;.=�> X m X M&? ample Q&.!6 | ?-7��!8$�*?
�$G C M ?t2*3 4�6<8*:.;$=C>�m)9;:<A(K$L���6tI�m
KJ; X E complex

torus VC/L | L E"K�L�8)(L* :$GjH VC ?#<�= � m/7"W�V�W a b X M ?9Q
.�6F~ � ImH(u, v) ∈ Z (∀u, v ∈ L) _�@ VC M5?tT��
� Hermite X*Y H

| Riemann X7Y$�0et�?>�@ 1 A�gR?@m��Jb D(x, y) = ImH(x, y) E�g 8�(+* :
G H VC M5?A@3B.X$Y!G�pFq�@OA-@3B�X$Y D 7(v
?�@ L ?AC*n�<+=$G L∗

m'?F@�m

L∗/L '
(

d⊕

i=1

Z/eiZ

)2

, 0 < ei ∈ Z, ei|ei+1 (d = dimX)

m3_�@�gCmJe#D  ���@OA [e1, e2, · · · , ed] G�2*354�698�:.;7=*>@?RW
mE9+:�g
mJ7O?�@ 2 AJW)GEF7�+KJT@m��"?�2<3@4.6"8<:9;.=�>�?%7�W!8�?<_9?(G�H ?3t
u�v0^&G�H�e�4I5�m3_�@9e�b�r$?#JH7�b<2$354�6<87:.;�=$> X ?�KL7tW$f
End(X) ?MG-H$U ��N%O�;B��q
@3A End(X) E ϕ(L) ⊂ L _�@ ϕ ∈ EndC(VC)

?O� > mA7�o!PL B�)@�A-Q|7 EndQ(X) = End(X) ⊗Z Q E ϕ(LQ) ⊂ LQ

(LQ = 〈L〉Q ⊂ VC) _�@ ϕ ∈ EndC(VC) ?���>
mM7�o-P! J��@BA

1.1.2 Q M@?/@�B$G*H (V,D) m V ?/<�= L G�m0a b D(L,L) ⊂ Z mSR
��?F@BA-@+B.X�Y D 7(v�?F@ L ?/C$n!<�=|G L∗ m�K�;�b��jij476987:<I
?/G!H����F~!� L∗/L G���k(m

L∗/L '
(

d⊕

i=1

Z/eiZ

)2

, 0 < ei ∈ Z, ei|ei+1 (dimQ V = 2d)

1 TVUEWYX[ZS\ 0 → Z → OX
e2π

√
−1∗

−−−−−−→ O×
X

→ 1 ]A^ X[ZS\
1 → Pic0(X) → Pic(X)

c
−→ Ker[H2(X, Z) → H2(X,OX)] → 0_a` ^cbEd _fe TVUEWhgji H2(X, Z) = HomZ(

V2 L, Z) ]A^ gki
µ : H(X) →̃ Ker[H2(X, Z) → H2(X,OX)]_l` ^Vbmdknpoqokr H(X) s Hermite tqu H : VC ×VC → C r Im H(u, v) ∈ Z (∀u, v ∈ L)W dpvYwSwjxmy[zq{S|}r µ H = Im H r�~�dYn c(L) = H ∈ H(X) W d L ∈ Pic(X)

_a� T� Wl�a�}�l�}�m� v��l�S�S�f�f�h�)s Hermite thu H
_a�q�q� W dpoS��r�~pdjn

2 �q�M�k�p�m� X �Mwl�a�S�)w g �q� s [e1 : e2 : · · · : ed] ∈ Pd−1(Q) �� )¡ �/¢ djn
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?�XF7<_0@�g m�eAD$ J��@�AJg%@�B7G$H VR = V ⊗Q R ?1@!B<IsG Sp(VR) m
K�;

H = {I ∈ Sp(VR) | I2 = −1, D(xI, x) > 0 for 0 6= ∀x ∈ VR}

mJ� k.m'b σ ∈ Sp(VR) E I ∈ H 7 (σ, I) 7→ σIσ−1 7H[sa����H^F7"�C�
?�@ 3 A I ∈ H GZm9{O;�b VR M ?tK$L+G�H G √

−1x = xI 7F[sa ��� KBT
U(?�G VR,I m�� k.m�b L 7<v0?�@ VR,I M ? Riemann X YHe HI(x, y) =

D(xI, y) +
√
−1D(x, y) 7�[Ha � >sacb XI = VR,I/L EJ2�354.6987:(;7=$>

mJ_�@ 4 A|g�g�V Sp(VR) ?��	��k�l�I ΓL G
ΓL = {γ ∈ Sp(VR) | Lγ = L}

?�[Ha ����?�@@m�b.n
� I 7→ XI 7F[�a�
 G H ΓL\H E [e1, e2, · · · , ed]- W
?J2735476"87:<;<=$>@? C M@?!7JW�8@?3f��
m 1:1 7tn���?F@BA ΓL E/$	�
  �� 73�ji���c@?O �G��������!�Fe
W0@�~$�Yb�
 G$H ΓL\H E�N0P&?��	�
\sG��sy�\3@�e�b ΓL ?����'�j?�h�:O� iIF�c7k�l�I Γ G&m���� ΓL\H ?��
i9����  G*H Γ\H E�! �'~
_tK7L$;7=$>
mJ_�@�A

1.1.3 I0 ∈ Sp(VR) G#"t�LK�;
K = {σ ∈ Sp(VR) | σI0σ−1 = I0} = U(VR,I0 , HI0)

mM�Lk A VC = V ⊗Q C ?�"B� G$H
W± = {v ∈ VC | xI0 = ±

√
−1v}

G@m�@5m�b%$�&CeH_ pairing 〈u, v〉 = D(u, v) (u ∈ W−, v ∈ W+) e�'��
��@BA x 7→ 1

2 (x − xI0 ⊗
√
−1) 7F[Ha VR,I0 E W+ m K7L�.*X 7tW�mJ_�@OA

VR,I0 M�?JT7��� Hermite X�Y HI0 G M@?%7tW)G�(SK�; W+ 7��	)�?F@�m�b
W+ M@?JT���� Hermite X�Y

〈v, w〉I0 = 2
√
−1D(v, w) = −2

√
−1〈w, v〉 (u, v ∈W+)

e*' ����@BA�Q<u�l�= VC = W− ⊕W+ 7�+${O; σ ∈ Sp(VC) G�,	-�.�( l
/ K�; σ =

(
a b

c d

)
m��LK�;�b Sp(VC) ?Jk�l�I P±, KC G

P+ =

{(
1 b

0 1

) ∣∣∣∣∣ b ∈ SymC(W−,W+)

}
,

3V w1032�465 {u1, · · · , ud, v1, · · · , vd}
�87 �69 �#:<;>=�? � e I ∈ H �1@ :<;BA>CED�FGIHKJKL

VR,I
� =>M>;

(u1, · · · , ud) = (v1, · · · , vd) · z (z ∈ Md(C))

�ONQP�dYnMoaw1�BR z ∈ Hd S d T Siegel �VU J6L�W � W#¡ e I 7→ z
_ ZKX6Y r e Sp(VR) w

H Zmw\[3]Es Sp(VR) = Sp(d, R) S �Mw1032�465 ��^ yEd`_ \KaKb W w Hd Zmwj�>cKd>e �m d<[3] �f7�g y}djn
4Sp(VR) w\[3] �8@ y}d I ∈ H w>9 �>h �q|)s eBA>CEDiF*GjHKJ6L VR,I �)w Hermite tu HI
��^ yEdfkKlVmon | U(VR,I , HI) r�~pd�n
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P− =

{(
1 0

c 1

) ∣∣∣∣∣ c ∈ SymC(W+,W−)

}

KC =

{(
td−1 0

0 d

) ∣∣∣∣∣ d ∈ GLC(W+)

}

7)[)a � ��?�@�A|g�g�V d ∈ EndC(W+) 79n KB; td ∈ EndC(W−) s.t.

〈 tdu, v〉 = 〈u, dv〉 m�K
SymC(W−,W+) = {b ∈ HomC(W−,W+) | 〈u, bv〉 = 〈v, bu〉 ∀u, v ∈ W−},

SymC(W+,W−) U�7J=�m'?F@�A|g"?5m��

Sp(VR) ⊂ P+KCP
− =

{(
a b

c d

)
∈ Sp(VC)

∣∣∣∣∣ d ∈ GLC(W+)

}

~�8 K = Sp(VR) ∩ KCP
− V�W acb (p, k, q) 7→ pkq E P+ × KC × P− ~

� P+KCP
− � ?B��$ � V�W�@OA�rFgBV I ∈ H 7RnSKJ; I = σI0σ

−1 _�@
σ ∈ Sp(VR) G�m�{O;

σ =

(
1 z

0 1

)
· k · q (

(
1 z

0 1

)
∈ P+, k ∈ KC, q ∈ P−)

m �LkJmb���� I 7→ z E well-defined _E$ � m�_�@'A�r"?���G D ⊂ SymC(W−,W+)

m'?F@�m
D =

{
z ∈ SymC(W−,W+) | 1 − zz ∈ Her+(W+)

}

m3_�@OA|g�gOV Her+(W+) E W+ M ? Hermite C"S 〈 , 〉I0 7.v�?�@ W+

M5?JT$��� Hermite X$Y@?B��>HV�W0@OA&Q)7 σ ∈ Sp(VR) m z ∈ D 7RnLK
; σ ·

(
1 z

0 1

)
∈ P+KCP ��~!�

σ ·
(

1 z

0 1

)
=

(
1 σ(z)

0 1

)(
tJ(σ, z)−1 0

0 J(σ, z)

)
· q (q ∈ P−)

m��Sk.m�b σ(z) ∈ D, J(σ, z) ∈ GLC(W+) m3_+acb Sp(VR) ? D � ?R�C�
(σ, z) 7→ σ(z) E Sp(VR) ? H

� ?J�*� mE�
	�V�W0@BA J(σ, z) ?J�	�F~!�
J(στ, z) = J(σ, τ(z))J(τ, z) (σ, τ ∈ Sp(VR), z ∈ D)

e��Sa x�8OA J(σ, z) G�[��_ V9W��}=�mh9%: 5 A ��� b MC? n���7
[M{Y; H = D
mM7�o&PSK�[�\�A;7J=)7 VR,I0 = W+ mM7�o-PSK9[�\�A

5 � �Mw����)s 7�� w���� @����h� w Harish-Chandra ��� �! �"}�p� N�R$# : � vlwar�~djn 7�� �Mw�%�&Ms [8] �!'�( n
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 M;�g9g'V GLC(VR,I0 ) ?M�$i��� ����9T(U��9� (δ, U) G*mM@Cmb Sp(VR) ?
H×U � ? �<��e (σ, (z, u)) 7→ (σz, δ(J(σ, z))u) 7
[�a �;>�acb L = Γ\(H×U)

EJK7L$;7=*> Γ\H M@?98�(+* :-6�mJ_�@OA�r7?O�.r�^�����G z 7→ (z, f(z))

m���k9m�b f E U 7��|G�U38 H M@?JT$UCv"cFV
f(γz) = δ(J(γ, z))f(z) ∀γ ∈ Γ

_�@	� 	�
�Y|G��T9?Ob��syBb Γ 7(v�?F@ Siegel V�W�X�Y
mJ_0@BA

1.1.4 �9g(b9c"> F MC?E@&B(G<H (V,D) m V ?}<#= L G*m�a b DQ(x, y) =

TF/QD(x, y) ∈ Z (∀x, y ∈ L) m�R���?�@BA Q M5?�@3B$G H (V,DQ) 7RnSK
;����&?����HG ��:�@�A F ? R

� ?	�  ���` a 7→ a(i) (1 ≤ i ≤ g) 7�[�a R

G F - b<c
mM`
T�U"?0G R(i) m��:<; V (i) = V ⊗F R(i) m��+k9mYb"g 8�( *
:�G*H ? ��H_�7tW

VR = V ⊗Q R ' V (1) × V (2) × · · · × V (g)

e � acx089A I ∈ H 7�n��0?�@ [e1, e2, · · · , ed]- W&?�2(3Z4<6t8<:";(=.> XI =

VR,I/L G��HqF@ | dimF V = 2m m�?�@@m'b d = gm V�W�@R��A λ ∈ F 7
n K�; θ(λ) ∈ EndR(VR) G v ⊗ a 7→ (λv) ⊗ a 7�[|a � ��?�@9A|g�g�V
θ(λ) ∈ EndC(VR,I ) (∀λ ∈ F ) _�@Jl�n��(l����)E

I =




I1
. . .

Ig


 (Ii ∈ H(i))

_�@�gCm'V�W�@BA��7g!@+B�G*H V (i) ?�����?F@ Siegel M! $G*HFG H(i) m��
k ?�V0W�@�A�gR?Zm�� θ : F → EndQ(XI) E Q- b.c�?MK 7�W � ��V0W�@�A1Q
7�b γ ∈ ΓL ⊂ Sp(VR) 7tnLKJ; θ(λ) ◦ γ = γ ◦ θ(λ) (∀λ ∈ F ) mJ_�@3l�n��
l����)E�b Lγ0 = L _0@ γ0 ∈ Sp(V ) e�W�{O; γ = γ0 ⊗ 1 _�@�gCmMV�W0@BA
r�g�V

ΓF,L = {γ ∈ Sp(V ) | Lγ = L}

m��skJmb I 7→ XI 7
[�a<
.G<H ΓF,L\(H(V (1))×· · ·×H(V (g))) m [e1, · · · , ed]-

W@?J2�35476987:<;7=$> X V Q- b.c@?/K 7tW��
� θ : F → EndQ(X) G�U
8)UR?�?!7���8@?�f.�
mMe 1:1 7tn���?F@BA���� 1.1.3 mM7�=5?�}<d)7F[�acb
H(1) × · · · × H(g) M@?JT$UCv9c f V"� 	�
�Y

f(γ(z)) =

g⊗

i=1

δi(J(γ(i), zi)) · f(z) ∀γ ∈ ΓF,L

G�HT9?)U"?�b��sy3b Hilbert-Siegel V�W�X.YFe�#�$�@BA ��� V�E m = 1 ?
���|G&%�')7�(�)F?F@�g m379?F@BA
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1.2 g Lie I GL2(R) ?/$	�� �Gi����������l
GL+

2 (R) = {g ∈ GL2(R) | det g > 0}

EJK7L�M N<O�P
H = {z ∈ C | Im z > 0}

7
g(z) = (az + b)(cz + d)−1 (g =

[
a b

c d

]
∈ GL+

2 (R), z ∈ H)

7�[�a �#��^
7 �7�$K�b √−1 ∈ H ?#"��.k(l.I�E ZR ·SO(2,R) V
W<@3A��+K

ZR =

{[
a 0

0 a

] ∣∣∣∣ a ∈ R×
}

E GL+
2 (R) ?��	��V�W0@BA J(g, z) = cz + d ∈ C× 
 �+k 


J(gh, z) = J(g, h(z))J(h, z) (g, h ∈ GL+
2 (R), z ∈ H)

V�W0@�A

γ =

[
a b

c d

]
∈ GL+

2 (F ) = {g ∈ GL2(F ) | det g � 0}

7�n!K'; γ(v) =

[
a(v) b(v)

c(v) d(v)

]
∈ GL+

2 (R) (v ∈ P∞(F )) ��~$�b γ ∈ GL+
2 (F )


 (γ(v))v∈P∞(F ) ∈ GL+
2 (R)g G&7�o%P�?F@�g 
 7F[)acb GL+

2 (F ) E H ? g

g"?"Q(S Hg 7J�*��?F@3A
GL+

2 (OF ) = {γ ∈ GL2(OF ) | det γ � 0}


 �H��b F ?3I@F.d 4R: a 7tnLK�;
Γ(a) = {γ ∈ GL+

2 (OF ) | γ ≡ 12 (mod a)}


 �+kcA����_ Γ(a) G)F�c��CiC?Jk�l7I 
 KM;*���H[�\�_ GL+
2 (F ) ?Jk�l

I)GJA$B<D9E96 I 
 9�:�g 
 7O?�@JA����&? γ ∈ M2(OF )∩GL2(F ) 7�n!K';
Γ(det γ · a) ⊂ γ · Γ(a)γ−1 ∩ γ−1Γ(a)γ

��~!��b Γ e�ACB$D�E<6JIH_|�J� γ−1Γγ, γΓγ−1 E<ACB*D�E<6JI�V�W0@BA
AjB$D�E.6tI Γ ~ ���*n�� 1 ?tK�L*c5?�_�?����$I C1 � ?tI�K?7RW �

� χ 7tnLK�;�b Γχ = Kerχ e	���_ Γ(a) Go� � 
 �Jb χ G Γ ?��jiIF��

 9+:�A
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1.3 Γ G"A B*D�E<6JI 
 K�b χ G Γ ?��jiIF�� 
 ?�@BA
n = (nv)v∈P∞(F ) ∈ Zg , s = (sv)v∈P∞(F ) ∈ (

√
−1R)g


 K�;9b Hg M@?JK7L$c���T$U v9c f V�W�{O;�b����@? γ ∈ Γ 7tnLKM;
f(γz) = χ(γ)(det γ)−(n+s)/2J(γ, z)nf(z) (1)

_�@	� 	�
�Y|G��T9?)UR?���>|G Mn,s(Γ, χ) 
 ��kcA|g�g�V

(det γ)−(n+s)/2 =
∏

v∈P∞(F )

(det γ(v))−(nv+sv)/2,

J(γ, z)n =
∏

v∈P∞(F )

J(γ(v), zv)
nv

V�W0@�A
f ∈ Mn,s(Γ, χ) 
 ?F@BA b ∈ F 
 (b(v))v∈P∞(F ) ∈ Rg GI7�o-P�?F@ 


L(Γχ) =

{
b ∈ F

∣∣∣∣

[
1 b

0 1

]
∈ Γχ

}

E Rg ?/<�=|G9_�?�A|g<gOV ���@? b ∈ L(Γχ) 7JnSK�; f(z + b) = f(z) �
~!�Yb x ∈ Rg ?9v9c 
 K�; �$n � �0o(=���6�?F@ Fourier ���

f(x+
√
−1y) =

∑

t∈L∗(Γχ)

a(t, y)e(TF/Q(tx))

a(t, y) = vol (Rg/L(Γχ))
−1
∫

Rg/L(Γχ)

f(x+
√
−1y)e

(
−TF/Q(tx)

)
dx

G�U38�A|g�g�V dx E Rg ? Lebesgue ����V�W!a

TF/Q(tx) =
∑

v∈P∞(F )

t(v)xv , e(z) = exp(2π
√
−1z)

V�W0@�A
	

L∗(Γχ) = {t ∈ F | TF/Q(bt) ∈ Z ∀b ∈ L(Γχ)}

E Rg 7O� / @ L(Γχ) ?EC.n#<&=0V<W<@MABg9g�V f E��<U7vtc �B~s� Cauchy-

Riemann ?(v�,�Y
(

∂

∂xv
+
√
−1

∂

∂yv

)
f = 0 (v ∈ P∞(F ))

e ��a x�8
~!�
∂

∂yv
a(t, y) = −2πt(v) · a(t, y) (v ∈ P∞(F )),
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�|yOb a(t, y) = a(t) · exp(−2πTF/Q(ty)) 
 _Lacb����5? 0 � y ∈ Rg 7tn
K�;

|a(t)| ≤ C(y) exp
(
2πTF/Q(ty)

)
(t ∈ L∗(Γχ)) (2)

V�W�@�A|g
gBV a(t) 6= 0 _�@ 0 6= t ∈ L∗(Γχ) E t � 0 _�@�U9?�7<i�@��
g J�b Γ = Γ(a), χ = 1 
 K�;)[�:�A|g<? 
 � L(Γχ) = a VFW�@OA ε ≡ 1

(mod a) _�@ ε ∈ O×
F G 
 @ 
 b

[
ε−1 0

0 ε

]
∈ Γχ �<~L� � 	�
*Y (1) [�a

f(ε−2z) = εnf(z) bs[<{O;

a(ε2t) = εna(t) (t ∈ L∗(Γχ))

V�W0@OA 0 6= t ∈ L∗(Γχ) 7RnLKJ; t(w) < 0 _�@ w ∈ P∞(F ) e�W�{9T 
 ?
@ 


ε ≡ 1 (mod a), |ε(w)| > 1 > |ε(v)| w 6= ∀v ∈ P∞(F )

_�@ ε ∈ O×
F e�W
@�~!�Yb k ∈ Z 7tnLK�;

|a(t)| = |ε−kna(ε2kt)| ≤ C(y)|ε−kn| exp
(
2πTF/Q(ε2kty)

)
.

[<{O; k → ∞ 
 ?���� a(t) = 0 V�W0@BA|[<{O;O�Z?��!5$Go's@��
���

1.3.1 f ∈Mn,s(Γ, χ) E

f(z) = af (0) +
∑

0�t∈L∗(Γχ)

af (t)e(TF/Q(tz))

_0@ Fourier �
�FG
UJ8�A af (0) 6= 0 
 _0@���E nv, sv e��
	 v ∈ P∞(F ) ����������� �����
�������
� ���!5 � 

���
1.3.2 f ∈Mn,s(Γ, χ) 
"! � 
$# ���
� 0 < R ∈ R ��%'&�(

sup
z∈Hg(R)

|f(z)| <∞

)+* ��� ��� )

Hg(R) = {z ∈ Hg | Im zv ≥ R ∀v ∈ P∞(F )}
)+* ���
[ ,.- ] f � Fourier ���

f(z) = a(0) +
∑

0�t∈L∗(Γχ)

a(t)e(TF/Q(tz))
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) ��� � 0 < R ∈ R ��% &�(
|a(t)| ≤ C(R) · exp

(
πR · TF/Q(t)

)
(t ∈ L∗(Γχ))

)+* ��� ��� ( ���
� z = x+
√
−1y ∈ Hg(R) ��% &�(

|a(t)e(TF/Q(tz)| ≤ C(R) exp
(
−πTF/Q(ty)

)

≤ C(R) exp
(
−πR · TF/Q(t)

)
(0 � t ∈ L∗(Γχ))


�� ���  # z ∈ Hg(R) � ��

|f(z)| ≤ |a(0)| + C(R)
∑

0�t∈L∗(Γχ)

exp
(
−πR · TF/Q(t)

)
<∞


�� ���

1.4 f ∈ Mn,s(Γ, χ) � 
 ��� af (0) = 0 
�� � 

	 f � ∞
√
−1
)���

� )+* ������� � ��� ! ��� ��� # ρ ∈ GL+
2 (F ) ��% &�(

(f |n,sρ)(z) = (det ρ)(n+s)/2J(ρ, z)−nf(ρz) (z ∈ Hg)

�����
� f |n,sρ ∈Mn,s(Γ
ρ, χρ)

)+* ����� &
Γρ = ρ−1Γρ, χρ(γ) = χ(ργρ−1) (γ ∈ Γρ)

) * ������� � ρ ∈ GL+
2 (F ) ��% &"( f |n,sρ ∈ Mn,s(Γ

ρ, χρ)  ∞
√
−1
)!�

� � � � 	 # f ∈Mn,s(Γ, χ) � �"�$#�% �'&�( � ����#�% ��)�*+� Sn,s(Γ, χ)

�-,.� �
Sn,s(Γ, χ) � Mn,s(Γ, χ)

� �� {nv}v∈P∞(F ), {sv}v∈P∞(F ) ��� 	 v ∈ P∞(F ) � �  � � � ��/ )* ���10 f ∈ Sn,s(Γ, χ) � ��

sup
z∈Hg

|f(z)|(Im z)n/2 <∞

)+* ���$2 �
3��

1.4.1 n = (nv)v∈P∞(F ) � 0 � ! �4�
sup
z∈Hg

|f(z)|(Im z)n/2 <∞

� � f ∈Mn,s(Γ, χ) � ���"#�%.)+* ���
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[ ,.- ] f � Fourier ��� f(z) =
∑

t∈L∗(Γχ) a(t)e(TF/Q(tz))
)

a(t) = e2πTF/Q(ty)vol(Rg/L(Γχ))−1

∫

Rg/L(Γχ)

f(x+
√
−1y)e(−TF/Q(tx))dx

� �  # ��/ 0 < C ∈ R  * � ( # ��� � t ∈ L∗(Γχ), 0 � y ∈ Rg ��% &"(
|a(t)| ≤ C · y−n/2e2πTF/Q(ty) (3)

� � ��� ��� ( a(t) 6= 0 � � t ∈ L∗(Γχ) ��% &�(
0 < |a(t)| ≤ C · y−n/2e2πTF/Q(ty) 0 � ∀y ∈ Rg

� ��� t� 0 ��� �������
� ρ ∈ GL+
2 (F ) ��%'&�(

|(f |k,sρ)(z)|(Im z)n/2 = |f(ρ(z))|(Im ρ(z))n/2

� �  # f ∈ Sn,s(Γ, χ)
)+* ���

�
1.4.2

���"#�%
f ∈ Sn,s(Γ, χ) ��% &�( # ��/ 0 < C ∈ R  * � ( # �

�
� 0 � t ∈ L∗(Γχ) ��%'&�(
|af (t)| ≤ C · tn/2

� � ���
[ ,.- ] (3)

% )
y = t−1 ���
	 � � ���

Mn,s(Γ, χ) ������������������������4� ��! �

2  "!$#&%('
2.1 G � F ) ��*�+-,�.-/ #
0 /
1 � ! ��� F -

0 /
L ��%�&�( # G

� L- ��2 � � ��! 1 � G(L) 0 � GL � , � ��3 � v ∈ P (F ) ��% &�(
Gv = G(Fv) � � � � G �5476 � GLn �98�: 0 /�1 �<;�(�=1� � ) # Gv �
GLn(Fv) �  �9> %�?�> � � �A@�BDC�EGF ��� 1 � � � �5H � v ∈ Pf (F ) �
% &�( � Kv = Gv ∩ GLn(Ov) �����$� # Kv � Gv � C�EIF ���A�J8�: 1)+* ���K �1� # G = Spec(G) �-,L	 ��� � � ) G � K S- M /�N OF,S )
�����O�P 0 / )+* �RQ S � Pf (F ) S����J8�:�T�� )

OF,S = {x ∈ F | |x|v ≤ 1 ∀v ∈ Pf (V ) 6∈ S}
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)+* ��� � OF,S-
0 /

L ��% &�(
G(L) = HomOF,S -scheme(Spec(L), G)

= {α : G → L : OF,S-alg. hom.}
) * ���-3 � L = Fv S � 	 # G S OF,S )7S O�P ��� {g1, · · · , gr} ��& ( #
Gv �  F r

v � S���� α 7→ (α(g1), · · · , α(gr))  ��
	 � � ���� S9? > � Gv

�����.� S )+* ��� � S���� Kv � S ����� , � � v ∈ Pf (F ) ��% &�( �* +9, �������1 ∏
v∈P (F ) Gv S�8�: 1

GA =



(xv)v∈P (F ) ∈

∏

v∈P (F )

Gv

∣∣∣∣ �.��� S v ∈ Pf (F ) ����� ( xv ∈ Kv





����� (



∏

v∈S

Vv ×
∏

v 6∈S

Kv

∣∣∣∣ P∞(F ) ⊂ S ⊂ P (F ) : ���J8�:�T � , Vv ⊂ Gv : �JT �




�-��T ��S���� � � � # � , � � � GA � @�BDC�E F � � 1 � � ��� � , � F
)�S 0 /�1 G S! �"$#���% �'&�( �'&)( # � � 8 :�T � P∞(F ) ⊂ S ⊂ P (F )

��% & ( ����1 GS =
∏

v∈S Gv ×∏v/∈S Kv � ��� ?�> ����� #
GA =

⋃

S

GS = inj lim
S

GS

��*
+.��S�?�> �����.��S )+* ���
GA,∞ = {x ∈ GA | xv = 1, ∀v ∈ Pf (F )},
GA,f = {x ∈ GA | xv = 1 ∀v ∈ P∞(F )}

� � 	 GA S�,J8�: 1 ) GA = GA,∞ ×GA,f � ��� )+* ��� %�-.���
� �� GF � GA S�8�: 1 ��/ ��0 �
 # � S+� 	 GF � GA S�1$2�8�: 1 )* ���3
v ∈ P (F ) ��%'& ( Gv � @JB C�E F ��� 1 � �  #�4 Haar 5
6 µv �7�8 �����J8�:�T�� P∞(F ) ⊂ S ⊂ P (F ) ��% & ( GS ) S 4 Haar 5$6��

µS =
∏

v∈S µv ×νS

) �.�  , ��� � � ) νS � C�EGF ��� 1 ∏v 6∈S Kv ) S
Haar 5$6 ) νS(

∏
v 6∈S Kv) = 1 � � 7 S � ! ��� GA ) S5��� / � �$	:9 /

ϕ
)�;

suppϕ  C EGF � � � � 7 S�)�*7S P ! ���
� ��� ��� � � Cc(GA)

� , 	 # 3 � suppϕ ⊂ GS
� � 7 S )"*�S ��! 8�: � � � Cc,S(GA) � , �� ��� ! ��� Cc,S(GA) S���� / #�#�% IS �

IS(ϕ) =

∫

GS

ϕ(x)dµS(x) (ϕ ∈ Cc,S(GA))
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� � � ��* ! ��� Cc(GA) =
⋃

S Cc,S(GA)
� �  # Cc(GA) )7S���� / #�#%

I  I |Cc,S(GA) = IS � � � ��*L+ , � �'�$��S x ∈ GA � % & ( # x ∈ GS� �5�.�J8�:�T�� P∞(F ) ⊂ S ⊂ P (F )  ���� ! ��� 

I(x · ϕ) = I(ϕ) (ϕ ∈ Cc(GA), (x · ϕ)(y) = ϕ(x−1y))

� � ����&�( # GA ) S Haar 5$6 µ  ���� &�(
I(ϕ) =

∫

GA

ϕ(x)dµ(x) (ϕ ∈ Cc(GA))

� � ��� µ � {µv}v∈P (F ) S {Kv}v ��9 ! ����� ��� � &1(��
���-8�:�T�� P∞(F ) ⊂ S ⊂ P (F ) ��% & (

GS = {x ∈ GA | xv = 1 ∀v 6∈ S}

�����
� 7S����
	 � 2  P ��� 8�
���

2.1.1 G �����
� � 8�� %��
� � ! ��� # GF · GS  GA
)��
� � �.�� S�������:��� +� G  ����
! � 8 GS  C
EIF ��� ) � � � � ) * ���

[ ,.- ] [5] "�# �

GA �  � % � 1 S���� / S P !%$�& 1 C1 � S���	 1�')(+* ��� α � GA

S��
	�,.- � � (�� α∞ = α|GA,∞ , αf = α|GA,f
��� � � x ∈ Gv (v ∈ P (F ))

��% & (
αv(x) = α(· · · , 1, 1, x, 1, 1, · · · )

��� ��� αv � Gv S��:	 � ,
- � � ��� � S � 	 � ��� ��� 	 � ) (�S
v ∈ Pf (F ) ��% &�( Kerαv = Kv

)+* � 0/21 # 1 ∈ C1 S����23 V � V

����� , � C1 S98 : 1  {1} ��� � � � � � , ��� α−1
f (V ) � GA,f S��

T�� � � 
H ×

∏

v 6∈S

Kv (H ⊂
∏

v∈S

Gv : �J8�: 1 , S ⊂ Pf (F ) : ���J8�:�T � )

� ��T � ���)4� # � , � Kerαf ��� � , ��� ��� Kerαf � GA,f S�,-8
: 1 � � 
H ′ ×

∏

v 6∈S′

Kv (H ′ ⊂
∏

v∈S′

Gv : ,J8�:�T�� , S′ ⊂ Pf (F ) : ���J8�:�T�� )

� �5T �
����� , ���
GA,f S C
E F � � ��8�: 1 U � % & ( # � �J8 :�T � S ⊂ Pf (F ) � CEIF ��� �J8�: 1 V ⊂∏v∈S Gv  * � (

U = V ×
∏

v 6∈S

Kv

� � ���
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2.2 G = Ga S+� 	 GA � F S$ �".#-� � ��� FA �-,.� � FA �����
��?�> N � � ���
v ∈ Pf (F ) ��% & ( chFv = p � ! � � # x (mod Z) 7→ x (mod Zp) ���& 1 Z[p−1]/Z �  Qp/Zp S�) � S (%* ��� � �  #	� , � (∗) �-,.�$�

Λp : Qp → Qp/Zp
(∗)−1

−−−→ Z[p−1]/Z
e−2π

√
−1∗

−−−−−−→ C1

(C1 = {z ∈ C | |z| = 1}) ��� & 1 Qp S���	 � ,.- ) * ��� � � ) Λv(x) =

Λp(TFv/Qp
x) (x ∈ Fv) �'� � � # � , �
� & 1 Fv S ��	 � ,�- � � ��� / ��

v ∈ P∞(F ) � % & (�� Fv = R
� �  Λv(x) = e2π

√
−1x � � � 6 � x ∈ FA

��%'&�( � # ����� ����	 � ) (
S v ∈ Pf (F ) ��% &�( Λv(xv) = 1
� � 

Λ(x) =
∏

v∈P (F )

Λv(xv)

��� �$� # � , ��� & 1 FA S��$	 � ,.- )+* ��� � ,' S��$	�,.-������� ,�- � &�(�� a ∈ FA � % & ( Λa(x) = Λ(ax) (x ∈ FA) �'� �� # a 7→ Λa

� FA �  FA S Pontryagin �% 1 � S (�* ��� )�* ��� 〈x, y〉 = Λ(xy) �
��� �
��� � � v ∈ Pf (F ) ��% &�( Ov S���": � Dv  

D−1
v = {x ∈ Fv | Λv(xOv) = 1}

� � � ��* +9, ��������� ����	 � ) (
S v ∈ Pf (F ) ��% &�( Dv = Ov

)

D(F/Q) = F ∩
∏

v∈Pf (F )

Dv

� F/Q S������ � )+* ���/ � � v ∈ P∞(F ) � % & ( Fv = R )�S Haar 5!6 µv ������S Lebesque

5�6 � ! ��� � �9� � v ∈ Pf (F ) ��% &$( Fv )�S Haar 5�6 µv � µv(Ov) =

(Ov : Dv)
−1/2 �����$% &�(���� � {µv}v∈P (F ) S ��� ��� � & ( ��* +9,�.

FA )DS Haar 5$6 µ � pairing 〈x, y〉 = Λ(xy) ��9 &�( self-dual
).* ���C
E<F ��� 1 FA/F ) S Haar 5$6 µ0 � µ0(FA/F ) = 1 ������% & (�� �

� # � :�� %
∫

FA

ϕ(x)dµ(x) =

∫

FA/F

∑

γ∈F

ϕ(xγ)dµ0(ẋ) (ϕ ∈ Cc(FA))

 P � � 8 �

6F ���� �!#"�$&%�!('�)+*-,�.&/ v ∈ P∞(F ) 0214365
7 Fv = C 8�9;: Λv(x) =

e2π
√

−1(x+x) <>=@?BA
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2.3 G = Gm S � 	 GA � F S��!":#-��� & � F×
A � ,.� � F×

A ���� N
FA S $�& 1 )+* �
 # ?�> � FA �  S9> %�?�> ) � � ���

F S 0
) � �-: / �
"� ��)�* IF ����": -�7S $�& ��9 & ( 1 � � ! �

x ∈ F×
A ��% &�(

div(x) =
∏

p∈Pf (F )

pordp(xp)

��� ��� x 7→ div(x) � F×
A �


IF � S )�� 12' ( * �!� ) #	� S�� �∏

v∈P∞(F ) F
×
v ×∏v∈Pf (F )O

×
v

)+* ���
�$	 � ,�-

ω : F×
A → C1

�
ω(x) =

∏

v∈P (F )

|xv |s(v)
v ×

∏

v∈P∞(F )

(
xv

|xv |

)n(v)

×
∏

v∈Pf (F )

λv(x̃v)

� , 	+��� � � ) s(v) ∈
√
−1R, n(v) ∈ Z

)
v ∈ P∞(F )  / � � � �

n(v) = 0, 1
).* � � λv � O×

v S��.	�,�- ) x̃v = xv$
−ordv(xv)
v

)+* � �
ω∞ = ω|F×

A,∞
, ωf = ω|F×

A,f
� � �$� ω = ω∞ · ωf

)+* � � p ∈ Pf (F ) ��%
&�(

m(p) = Min{0 ≤ m ∈ Z | λv(1 + pmOv) = 1}

��� �$� # �����+����� () (
S p ∈ Pf (F ) ��% & ( m(p) = 0
)+* ��� �� )

F S9M ��": �
fω =

∏

p∈Pf (F )

pm(p)

��,�- ω S��
	 ��& (�� fω ������������ . � � a ∈ IF S � ! 8�: 1 �
IF (fω) � &�( # 1�' (%* ���

χω : IF (fω) → C1

� χω(p) = N(p)−sp (p ∈ Pf (F ) s.t. p - fω) � � � ��* ! ��� χω � ω ���� ! �@��". ��,�- � &�(�� F×
A S��
	.,.- ω  ω(F×) = 1

) * �4� 	�# ω
� F S���,�- � &1(��
v ∈ P (F ) � % & ( F×

v )DS Haar 5 6 µ×
v  dµ×

v (x) = |x|−1
v dµv(x) �� � ��* +9, ��� � � ) F×

v ) S����$% +5,�. Haar 5$6 νv �

νv =




µ×

v v ∈ P∞ S+� 	
(1 − q−1

v )−1µ×
v v ∈ Pf (F ) S+� 	

� � � � * ! ��� v ∈ Pf (F ) � % &�( Ov =
⊔

n≥0$
n
vO

×
v

� �  νv(O
×
v ) =

(Ov : Dv)
−1/2

)+* ��� x ∈ F×
A,∞ ��% &�(

signx = (signxv)v∈P∞(F ) ∈ {±1}g
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����� ��3
� x ∈ F× ��% &�( # signx = (signx(v))v∈P∞(F )

)+* ���
� S / / )�* S ��! $.& 1 � R×

>0 � ,.� �
|x|A =

∏

v∈P (F )

|xv |v (x ∈ F×
A

��� �$� # x 7→ |x|A � F×
A �


R×

>0 � S ) ���$	 1�' (%* ��� )+* ��� �S�� � F 1
A � ! ��� F× ⊂ F 1

A

)
F 1

A/F
× � C�E5F � � )�* ��� r ∈ R×

>0

� (r1/g , · · · , r1/g , 1, 1, · · · ) ∈ F×
A,∞ � ( ��� ! ,4� F×

A = R×
>0 × F 1

A

)+*
��� R×

>0 )DS Haar 5:6 dν0(r) = dr
r ��% &�( F 1

A )LS Haar 5:6 ν1 �
ν = ν0 × ν1 � � � � � � � � ����H
� F 1

A/F
× ) S Haar 5$6 ν1 �

∫

F 1
A

ϕ(x)dν1(x) =

∫

F 1
A/F×

∑

t∈F×

ϕ(xt)dν1(ẋ)

 P � � 8 � � � � � �4�
ν1(F

1
A/F

×) = 2g−1hFRF

(
RF : F S�� / � ' ,
hF : F S�� /

)

)+* � 7 �

2.4 G = GL2 � ! ��� v ∈ P∞(F ) ��% & (
Kv = SO(2,R) = {g ∈ GL+

2 (Fv) | tgg = 12}

��� � � K∞ =
∏

v∈P∞(F )Kv � GA,∞ S C�EIF ��� 8�: 1 )+* ��� F S9M
�!": � a ��% &�(

Kv(a) = {x ∈ Kv | x ≡ 12 (mod a)} (v ∈ Pf (F ))

� Gv S C
E�F ���A�J8 : 1 )�* � # Kf (a) =
∏

v∈Pf (F )Kv(a) � GA,f SC
E<F ��� �J8�: 1 )+* ��� GA,f S �"� S C�EIF � � �J8�: 1 U ��%'&�(
Kf (a) ⊂ U � � F S5M��!". � a  ��� ! ��� F S5M	��". � a ��%'& (

K0,v(a) =

{[
a b

c d

]
∈ GL2(Ov)

∣∣∣∣∣ c ∈ a · Ov

}
(v ∈ Pf (F ))

����� ( K0(a) =
∏

v∈Pf (F )K0,f (a) ����� �
G+

A,∞ = {x ∈ GA,∞ | ��� S / � � v ∈ P∞(F ) ��% &�( detxv > 0}

����� �
7F �-�- 
!6"�$�%�!6'�)
0�7#*�,�.�/ v ∈ P∞(F ) 0 1@3 5 Fv = C �
! Haar ��� µv	�
� ! Lebesgue ��� ! 2 � < 3 5 νv(x) = |x|−2

v dµv(x) (x ∈ F×
v ) <>=;? < *

ν1(F 1
A/F×) =

2r1 (2π)r2hF RF

wF���� A r1, r2 7���� F !���.�/�*-,�.�/
!���$&* wF 7 F 0������ � 1 !�� �
!��-$ ����
[4, p.235] A



17

���
2.4.1 C�E F � � �98�: 1 U ⊂ GA,f � % & ( # � � 8�:�T�� T ⊂ F×

A,f

 * � (
GA =

⊔

t∈T

GF ·
[
t 0

0 1

]
· (G+

A,∞ × U)

� � ���
[ ,.- ] F S9M �!". � a  * � ( U = Kf (a)

)+* ��� &�( � ���
F×

A,>0 = {x ∈ F×
A | ) (�S / � � v ∈ P∞(F ) � % &�( xv > 0}

� & ( F>0 = F× ∩ F×
A,>0 � ��� � F>0 S �1 OJP ! �����	�!"  � S )"*

(F>0) � : / ��": -� S 1 IF S%, / � ��S 8�: 1 � � � � � � ) � �J8 :
T�� T ⊂ F×

A,f � {div(x) | x ∈ T}  IF /(F>0) S���) 0���� � P ! � � �
�����$��� S g ∈ GA �4����� a · det g ∈ F×

A,>0
� � a ∈ F×  �� , ���
	

div(a · det g) ≡ div(t) (mod (F>0))

� � t ∈ T �4� , � # det g = rtu � �
r ∈ F×, u ∈ F×

A,>0 ∩
∏

v∈P∞(F )

F×
v ×

∏

v∈Pf (F )

O×
v

 �� , ��� ��� (

g′ =

[
r 0

0 1

]−1

g

[
tu 0

0 1

]
∈ SL2,A

) * ��� � � ) SL2,A � F )7S%������� 8�� %.��� � �!��! 0 /�1 SL2 S
 �" # ��% )+* ��� �$� (�� ��	�� 2 2.1.1 �	 SL2(F )SL2,∞ � SL2,A ���� ������� ��� � v ∈ Pf (F ) �������

Wv(a) = {x ∈ SL2(Ov) | x ≡ 11 (mod a)}

�����
� W = SL2,∞ ×∏v∈Pf (F )Wv(a) � SL2,A S��JT�� � �
	

SL2(F )SL2,∞ ∩ g′
[
tu 0

0 1

]
W

[
tu 0

0 1

]−1

6= ∅

&�(�� [
r 0

0 1

]−1

gh

[
tu 0

0 1

]−1

= γσ

�
� h ∈W , γ ∈ SL2(F ), σ ∈ SL2,∞  ����� �"!��

GA =
⋃

t∈T

GF

[
t 0

0 1

]
· (G+

A,∞ × ∆U)
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� � ��� ��� �
∆ =





[
ε 0

0 1

] ∣∣∣∣ ε ∈
∏

v∈Pf (F )

O×
v





� ����� (∆ : ∆ ∩Kf (a)) <∞ � �	

GA =
⊔

t∈T ′

GF

[
t 0

0 1

]
· (G+

A,∞ × U)

�
� � � 8�:�T�� T ′ ⊂ F×

A,f  ������ ���

�
2.4.2 � � 8�:�T�� T ⊂ F×

A,f � {div(x) | x ∈ T}  IF /(F>0) S���) 0��� � � � � � � � � � � F S ��� S5M �!": � a ����� �

GA =
⊔

t∈T

GF ·
[
t 0

0 1

]
· (G×

A,∞ ×K0,f (a))

� �����

[ ��� ] ��2 2.4.1 S��
	 � ∆ ⊂ K0,f (a)
� �	

GA =
⋃

t∈T

GF ·
[
t 0

0 1

]
· (G×

A,∞ ×K0,f (a))

� ����� t, t′ ∈ T ��� ���
[
t′ 0

0 1

]
= γ ·

[
t 0

0 1

]
· (g∞, gf )

�
� γ ∈ GF , g∞ ∈ G+

A,∞, gf ∈ K0,f (a)  ��! . ��� � � � γ · g∞ = 1
� �

	 det γ = det g−1
∞ ∈ F>0 � � !�� div(t′) = det γ · div(t) � � t′ = t � �����

G = GL2 S F ) S�8�: 0 /�1 B �

B =

{[
∗ ∗
0 1

]
∈ GL2

}

� � � � * � � G = GL2 S����� Z ��� � �
3��

2.4.3 ���7S C EIF ��� �-8�: 1 Kf ⊂ GA,f ����� � K = K∞ ×Kf

�����
�
GA = GF ·BA ·K · ZA

� � ���
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[ �
� ] � � 8�:�T�� S ⊂ Pf (F ) � C�E5F � � ��8�: 1 M ⊂ ∏
v∈S Gv  

� !��
Kf = M ×

∏

v 6∈S

GL2(Ov)

� � ��� v ∈ P∞(F ) ����� � � 2.5 � � 2.6 � S�!�� �
	
Gv = BvKvZv

� ����� v ∈ Pf (F ) ������� � v 6∈ S
� 	��

Gv =

{[
a b

0 d

]
∈ Gv

}
·GL2(Ov) = Bv ·GL2(Ov) · Zv

� ����� ��� � GF � ∏v∈S Gv S ��� � 8�: T�� � � � � M ·∏v∈S BvZv

� ∏v∈S Gv S��J8�:�T�� � �
	 ����� S g ∈∏v∈S Gv �������
(
g ·M ·

∏

v∈S

BvZv

)
∩GF 6= ∅

� � ��� �"!�� GA = GFBAKZA � �����

2.5 v ∈ P∞(F )  / � � S � 	 � Gv = GL2(R) S%��?�� ��� 4��2! P
: �

G+
v = GL+

2 (R) = {g ∈ GL2(R) | det g > 0}

� � � � � S� � � Zv = {a · 12 | a ∈ R×} � � G1
v = SL2(R) ��� ��� �

G+
v = Zv · G1

v � G1
v ���
! �.��� / Lie

1 � � � � Kv = SO(2,R) � G1
v

S�+�� C
EIF ��� 8�: 1 � �����
H = {z ∈ C | Im, z > 0}

� ���!� � g =

[
a b

c d

]
∈ G1

v � z ∈ H � g(z) = (az+b)(cz+d)−1 ��� ���
	
�
���� � � √−1 ∈ H S���� 8�: 1  Kv ����� �

(��
� g =

[
a b

c d

]
∈ G+

v

 z ∈ H � g(z) = (az+b)(cz+d)−1 ��� ���
	 � ���� � � √−1 ∈ H S�� �
8 : 1  ZvKv ����� � H � g =

[
a b

c d

]
∈ Gv = GL2(R) � z ∈ C∗ = C\R

� g(z) = (az + b)(cz + d)−1 � � ����	 � ���� �
Im g(z) = det g · |J(g, z)|−2Im z

� ����� ��� � J(g, z) = cz + d ∈ C× ����� . �
J(gh, z) = J(g, h(z))J(h, z) (g, h ∈ Gv , z ∈ C∗)
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� ����� ����� / Lie
1
G1

v = SL2(R) S Lie
N

g = sl2(R) = 〈H,X+, X−〉R

H =

[
1 0

0 −1

]
, X+ =

[
0 1

0 0

]
, X− =

[
0 0

1 0

]

� Gv = GL2(R) ) S C∞- 9 / ϕ �

(X · ϕ)(g) =
d

dt
ϕ(g · exp tX)|t=0 (X ∈ g)

� � � �� � ��� Cartan � � θX = − tX � � � Cartan :�� g = k ⊕ p

k = {X ∈ g | θX = X} =

{[
0 −c
c 0

] ∣∣∣∣ c ∈ R

}
,

p = {X ∈ g | θX = −X} =

{[
a b

b −a

] ∣∣∣∣ a, b ∈ R

}

 � � � H0 = 1
2

[
0 1

−1 0

]
∈ Z(k) �����$� � (ad(H0)|p)2 = −1 �

p+ = {X ∈ pC | ad(H0)X =
√
−1X} = 〈W+ =

[
1

√
−1√

−1 −1

]
〉C,

p− = {X ∈ pC | ad(H0)X = −
√
−1X} = 〈W− =

[
1 −

√
−1

−
√
−1 −1

]
〉C

� �����
+
� G1

v = SL2(R) S�+�� C
EIF ��� 8�: 1

Kv = SO(2,R) =

{[
a −c
c a

]
∈ SL2(R)

}

� k 7→ J(k,
√
−1) ��� � U(1,C) = C1 � ( * � � 	 � δn(k) = J(k,

√
−1)n

(k ∈ Kv, n ∈ Z)  Kv S��������	��
 ��� S )�* � �����
G1

v ) S C∞- 9 / ϕ  
ϕ(gk) = δn(k)−1ϕ(g) ∀k ∈ Kv

�� . ��� � � ��� ��� � , �
(X+ −X−)ϕ =

√
−1n · ϕ

� (�� � ����� � S+� 	 H ) S�9 / f  
f(g(

√
−1)) = J(g,

√
−1)nϕ(g) (g ∈ G1

v = SL2(R))
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� � � ��� ��� ��� �
ψ(x, y) = ϕ

(
1√
y

[
y x

0 1

])
(x ∈ R, 0 < y ∈ R)

�����
� [
1 0

0 −1

]
ϕ = 2y

∂ψ

∂y
,

[
0 1

0 0

]
ϕ = y

∂ψ

∂x

� ��� �
	

(W−ϕ)

(
1√
y

[
y x

0 1

])
=

2√
−1

y1+n/2

(
∂f

∂x
+
√
−1

∂f

∂y

)

� � ��� &�(��
W−ϕ = 0 ⇔ f � H ) S����:9 /

� �����
(��
�

(W+ϕ)

(
1√
y

[
y x

0 1

])
= 2

√
−1y1−n/2

(
∂

∂x
−

√
−1

∂

∂y

)
(ynf)

� �����
+
� G1

v ) S C∞- 9 / ϕ  

1) ��� S x ∈ R, k ∈ Kv � � � � ϕ(

[
1 x

0 1

]
gk) = Λv(tx)δn(k)−1ϕ(g)

(t ∈ Fv = R),

2) W−ϕ = 0

�� . � � 	 � f(x +
√
−1y) = Λv(tx)f(

√
−1y) � �

(
∂f

∂x
+
√
−1

∂f

∂y

)
= 0

� � � ∂f
∂y = −2πtf �  . � � &�( f(

√
−1y) = C · e−2πty (C ∈ C) � �����

�"!��
ϕ

(
1√
y

[
y x

0 1

])
= C · yn/2e2π

√
−1t·(x+

√
−1y)

K �1�
ϕ(g) = C · J(g,

√
−1)−ne2π

√
−1·t·g(

√
−1) (g ∈ G1

v)

� � ���
Gv = GL2(R) ) S C∞- 9 / Φ : Gv → C  
1) �"� S x ∈ F×

v = R×, k ∈ Kv ������� Φ(xgk) = ωv(x)δn(k)−1Φ(g),

2) �"� S x ∈ R ������� Φ(

[
1 x

0 1

]
g) = Λv(tx)Φ(g) (t ∈ R),

3) W−Φ = 0
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�� . � ��� ��� ��� � ωv(x) = |x|s(x/|x|)n (s ∈
√
−1R) � �����

Φ+ = Φ|G+
v
, Φ−(g) = Φ(sg) (g ∈ G+

v , s =

[
−1 0

0 1

]
)

�����
� � G+
v = Zv ·G1

v

� �	 ) ��� � .���� � 	
Φ+(

[
y x

0 1

]
) = C+ · y(n+s)/2e2π

√
−1t(x+

√
−1y) (x ∈ R, 0 < y ∈ R)

� �������
� � G+

v ) S�9 / Φ− �
1) �"� S x ∈ F×

v = R×, k ∈ Kv ������� Φ(xgk) = ωv(x)δn(k)−1Φ(g),

2) �"� S x ∈ R ������� Φ(

[
1 x

0 1

]
g) = Λv(−tx)Φ(g) (t ∈ R),

3) W−Φ = 0

�� . ���
	
Φ−(

[
y x

0 1

]
) = C− · y(n+s)/2e−2π

√
−1t(x+

√
−1y) (x ∈ R, 0 < y ∈ R)

� � ��� &�(��

Φ(

[
y x

0 1

]
) = C± · |y|(n+s)/2e2π

√
−1t(x+

√
−1y) (x ∈ R, y ∈ R×)

(± = sign y) � � ��� K �1�
Φ(g) = C±| det g|(n+s)/2J(g,

√
−1)−ne2π

√
−1t·g(

√
−1) (g ∈ Gv)

(± = sign det g) � �����

2.6 Hilbert � * #�% �
	���� 	 � � F ��� / �� � � �  � ��� S�� *#�% ��	 � 1 � � F � ��� S 0 / * ��� � S � � P∞(F ) � ����� � 7 � ,
� � "�� � ��� ��� � S�� � � 7 ��� � � ������� � � � � � � � v ∈ P∞(F )

 ��J� � S�� 	 � Gv = GL2(C) ����! � � � S  � � Zv = {a ·12 | a ∈ C×}
� ����� G1

v = SL2(C) �����$� � Gv = Zv · G1
v � G1

v ���2!������ / Lie1 � � � � Kv = SU(2,C) � G1
v S�+�� C�E<F � � 8�: 1 ������� Hamilton� � /�N �

H =

{[
x y

−y x

]
∈M2(C)

}
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� ,�� � � z ∈ C �
[
z 0

0 z

]
∈ H � ( � � � � � � � � � C ⊂ H ��� ���

j =

[
0 1

−1 0

]
∈ H ����� �

H =

{
x+ yj =

[
x y

−y x

] ∣∣∣∣ 0 < y ∈ R

}

�����$� � g =

[
a b

c d

]
∈ G1

v � z ∈ H � g(z) = (az + b)(cz + d)−1 � � �
� 	 � � �� � � j ∈ H S�� ��8�: 1  Kv � � ���

( �
� g =

[
a b

c d

]
∈

Gv = GL2(C) � z ∈ H∗ = H \ C � g(z) = (az + b)(cz + d)−1 � � � ��	�
���  � ��� J(g, z) = cz + d ∈ H× � ���$�

J(gh, z) = J(g, h(z))J(h, z) (g, h ∈ G1
v , z ∈ H)

� �����"� ����� H ����� ��� � ��(5� � � Q /�� / �� � �
	 � �

3 GL(2)
���
	���������

��� ��� �  � / 0 / * F )�� * +9,�. 0 /�1 G = GL2 ��� � � �

3.1 ω � F S���,�- � � ��� Kf ⊂ GA,f � C
EIF ��� �J8�: 1 � � � �
δ � GA S C
EIF ��� 8�: 1 K = K∞ ×Kf S 1 �� ���	��
 ��� ��� ���
δ∞ = δ|K∞ , δf = δ|Kf

����� �
δ∞(k) = δn(k) =

∏

v∈P∞(F )

J(kv ,
√
−1)nv (k ∈ K∞)

� ��� ��� Q n = (nv)v∈P∞(F ) ∈ Zg) � δf S��
	�� �
	
∏

v∈Pf (F )

[
1 aOv

0 1

]
⊂ Ker δf

�
� F S9M ��": � a  ������ ���
GA ) S9��� /�� �$	�9 / Φ  ��� 
1) �"� S γ ∈ GF ������� Φ(γg) = Φ(g) �
2) �"� S z ∈ F×

A � k ∈ K ������� Φ(zgk) = ω(z)δ(k)−1Φ(g)

�  . � � 	 Φ � (ω, δ)-
* S�� * #�% �'&"( � � � � � � � � S � 	 Ker δf
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� GA,f S��J8�: 1 � �
	 � Φ � GA,f ) � @ B � / 9 / � ����� 0

Φ0(g) =

∫

FA/F

Φ(

[
1 x

0 1

]
g)dµ0(x),

Φ1(g) =

∫

FA/F

Φ(

[
1 x

0 1

]
g)Λ(−x)dµ0(x)

�����
�
3��

3.1.1

Φ(g) = Φ0(g) +
∑

t∈F×

Φ1(

[
t 0

0 1

]
· g)

� Φ1(

[
y 0

0 1

]
) 6= 0

�
� y ∈ F×

A � div(y) ⊂ (a · D(F/Q))−1 �� . � �

[ ��� ] 1) f(x, g) = Φ(

[
1 x

0 1

]
· g) (x ∈ FA, g ∈ GA) ������ � f(x+ t, g) =

f(x, g) (t ∈ F )
� �
	

f(x, g) =
∑

t∈F

C(t, g)Λ(tx), C(t, g) =

∫

FA/F

f(x, g)Λ(−tx)dµ0(ẋ)

� ����� ��� � C(0, g) = Φ0(g) � � � � t ∈ F× ����� � �

C(t, g) =

∫

FA/F

Φ(

[
1 t−1x

0 1

]
· g)Λ(−x)dµ0(ẋ)

=

∫

FA/F

Φ(

[
t 0

0 1

]−1 [
1 x

0 1

] [
t 0

0 1

]
· g)Λ(−x)dµ0(ẋ)

= Φ1(

[
t 0

0 1

]
· g).

�"!��
Φ(

[
1 x

0 1

]
· g) = Φ0(g) +

∑

t∈F×

Φ1(

[
t 0

0 1

]
· g)Λ(tx)

� x = 0 ��� , � � � �
2) x ∈ aOv (v ∈ Pf (F )) � ���

Φ1(

[
y 0

0 1

]
) = Φ1(

[
y 0

0 1

][
1 x

0 1

]
)

= Φ1(

[
1 xy

0 1

][
y 0

0 1

]
) = Λv(xy)Φ1(

[
y 0

0 1

]
).
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�"!�� Φ1(

[
y 0

0 1

]
) 6= 0 � � � � ���1�DS x ∈ aOv , v ∈ Pf (F ) � � � �

Λv(xy) = 1 � � � �
	 � a · div(y) ⊂ D(F/Q)−1 � � ���

���
3.1.2 GA ) S���� /�� 9 / Ψ �������

1) Ψ  B-moderate � ��� � ��� � / λ ∈ R � 0 < c ∈ R  � !��

|Φ(

[
y x

0 1

]
)| ≤ c · Max{|y|λ, |y|−λ} ∀x ∈ FA, y ∈ F×

A

�
� � ���
��� �

2) Φ  ���� � � � � �!� ��� �LS 0 < R ∈ R �'���LS C�E5F � ��8�:
T�� M ⊂ GA � � � � � 0 < C ∈ R � N ∈ R  � !�� ���1� S
(y, g) ∈ F×

A,∞(R) ×M �������

|Φ(

[
y 0

0 1

]
g)| ≤ C · |y|N∞

� � � � ���
��� � � �
F×

A,∞(R) = {y ∈ F×
A,∞ | |yv| ≥ R}

� � ���
3��

3.1.3 (ω, δ)-
* S�� * #"% Φ  B-moderate

� 	 � Φ �����4� ����� �
[ � � ] M � GA S C�E<F � � 8 :�T"� � � � � Φ � GA,f ) � � @�B � / 9/ � � 	 � g ∈ GA  M �	� �
��� gf ∈ GA,f  �� / ��� !�� g∞ ∈ GA,∞

 C
E<F ��� 8�:�T�� M∞ ⊂ GA,∞ ���.� � � � ��� � ��� � � �
gf ∈ BA,fKfZf S+� 	 �

g =

[
y x

0 1

]
kz, (k ∈ K, z ∈ ZA = F×

A )

� � 	 � �
[
yz xz

0 z

]
= gk−1 � , � � / , ��� y, z � F×

A S C�E<F � � 8�:
T"� �
� 	 � x � FA S C�E F ��� 8 :�T�� ��� � � � � � �  ���� � � � !
� ���7S p ∈ F×

A∞(1) �������

|Φ(

[
P 0

0 1

]
g)| ≤ c · |Φ(

[
py px

0 1

]
)|

≤ c′ · Max{|p|λ, |p|−λ} = |p|λ
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� � � λ ≥ 0  ������ ���
gf 6∈ BA,fKfZf S+� 	 � γg ∈ BAKZA

�
� γ =

[
a b

c d

]
∈ GF  ������

� Q���� 2.4.3 � � c 6= 0 � �����

γg =

[
y x

0 1

]
kz (

[
y x

0 1

]
∈ BA, k ∈ K, z ∈ ZA)

�����
� � y, z � F×
A S C
EIF ��� 8�:�T�� ��� 	 � x � FA S C
EIF ���

8�:�T�� ���.� � �"!�� ��� S p ∈ F×
A,∞(1) �������

|Φ(

[
p 0

0 1

]
g)| ≤ c · |Φ(γ

[
p 0

0 1

]
γ−1

[
y x

0 1

]
)|

�
� c > 0  �� , ��� ��� �

h = γ

[
p 0

0 1

]
γ−1

[
y x

0 1

]
∈ GA, hf =

[
yf xf

0 1

]

� �
	

h =

[
y′ x′

0 1

]
k′∞z

′
∞,

[
y′ x′

0 1

]
∈ BA, x

′
f = xf , y

′
f = yf

k′∞ ∈ K∞, z′∞ ∈ F×
∞

����� �

k′∞ = z′−1
∞

[
y′ x′

0 1

]−1

γ

[
p 0

0 1

]
γ−1

[
y x

0 1

]

= (det γ)−1

[
∗ ∗
0 z′−1

∞

][
∗ ∗

cdy(p− 1) det γ + c(dx − b)(p− 1)

]

� � �$��� S p ∈ FA,∞(1) � v ∈ P∞(F ) �������

A|yvp
−1
v | ≤ |y′v| ≤ B|yvp

−1
v |

�
� A > 0, B > 0  � , ��� �"!��

∣∣∣∣∣Φ(γ

[
p 0

0 1

]
γ−1

[
y x

0 1

]
)

∣∣∣∣∣ ≤ c′

∣∣∣∣∣Φ(

[
y′ x′

0 1

]
)

∣∣∣∣∣ ≤ c′′|p|λ

�
� λ ≥ 0  �� , ���

���
3.1.4 (ω, δ)-

* S�� * #�% Φ � � ��� Φ0 = 0 � � � � 	 � Φ � �1�#�% � &1( �
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3.2

���
3.2.1 GA ) S���� /�� �$	�9 / Φ  

1) �"� S γ ∈ GF ������� Φ(γg) = Φ(g) �
2) �"� S z ∈ F×

A � k ∈ K ������� Φ(zgk) = ω(z)δ(k)−1Φ(g)

3) Φ � GA,∞ ) � � C∞ � �
3
v ∈ P∞(F ) ��� ��� Gv ) � W−Φ = 0

�� . � � 	 � Φ � (ω, δ)-
* S Hilbert � ����� # #�% � &1( �

Φ � (ω, δ)-
* S Hilbert � ����� # #�% ��� ��� ��2 2.4.1 � � �

GA =
⊔

t∈T

GF ·
[
t 0

0 1

]
· (G+

A,∞ × U)

�
� � � 8�:�T�� T ⊂ F×

A,f �4� � � t ∈ T ��� ���

Γ(t) = GF ∩ (G+
A,∞ ×

[
t 0

0 1

]
Kf

[
t 0

0 1

]−1

)

χ(t)(γ) = δf (

[
t 0

0 1

]−1

γ

[
t 0

0 1

]
) (γ ∈ Γ(t))

� � � � � Γ(t) ⊂ GL+
2 (F ) ��� ����� # 1 � � � � χ(t) � Γ(t) S9� � ,.- ��

��� ��� � G+
A,∞ ) S C∞- 9 / Φ(t) �

Φ(t)(g∞) = Φ(g∞,

[
t 0

0 1

]
) (t ∈ T, g∞ ∈ GA,∞)

� � * � � �
1) �"� S γ ∈ Γ(t) ������� Φ(t)(γg) = χ(t)(γ)Φ(t)(g),

2) �"� S x ∈ F×
A,∞, k ∈ K∞ ��� ��� Φ(t)(xgk) = ω∞(x)δn(k)−1Φ(t)(g),

3)
3
v ∈ P∞(F ) � ����� G+

v ) � W−Φ(t) = 0

�� . � � ��� �
ω∞(x) =

∏

v∈P∞(F )

|xv |sv (xv/|xv |)nv (sv ∈
√
−1R)

����	�� � Hg ) S�9 / f (t)  
f (t)(g(

√
−1)) = (det g)−(n+s)/2J(g, z0)

nΦ(t)(g) (g ∈ G+
A,∞)

��� � � * +5, � Q z0 = (
√
−1, · · · ,

√
−1) ∈ Hg � � � S�� 	 W−Φ(t) = 0 �

	 f (t) � Hg ) S�� �:9 / � � � ��H � f (t) ∈ Mn,s(Γ
(t), χ(t)) � � ���
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2 � (f (t))t∈T ∈∏t∈T Mn,s(Γ
(t), χ(t)) ������� GA ) S�9 / Φ  

Φ(γ

[
t 0

0 1

]
(g∞, kf )) = (det g∞)(n+s)/2J(g∞, z0)

−nδf (kf )−1ff (g∞(z0))

(γ ∈ GF , g∞ ∈ GA,∞, kf ∈ Kf )

� � � � * +9, � (ω, δ)-
* S Hilbert � ����� # #�% � � ���

� S ��� 9�� � Φ = (f (t))t∈T � � � � � � � ���
3��

3.2.2 Hilbert � ����� # #�% Φ � � ��� � ��� Q � * 3.1.2 � �
[ ��� ] Φ = (f (t))t∈T ∈ ∏t∈T Mn,s(Γ

(t), χ(t)) ��� ���

g = γ

[
t 0

0 1

]
(g∞, kf ) ∈ GA (γ ∈ GF , t ∈ T, g∞ ∈ GA,∞, kf ∈ Kf )

� y ∈ F×
A,∞ �������

∣∣∣∣∣Φ(

[
y 0

0 1

]
g)

∣∣∣∣∣ =
∣∣∣∣∣Φ

(t)(γ−1

[
y 0

0 1

]
γg∞)

∣∣∣∣∣

�

Φ(t)(γ−1

[
y 0

0 1

]
γg∞)

= y(n+s)/2(det γg∞)(n+s)/2J(γg∞, z0)
−n · (f (t)|n,sγ

−1)(y · γg∞(z0))

� ����� �"!�� � � 1.3.2 � ��� � ����� ��� ���
GA,∞ )�S�9 / W1, W0 �

W1(g) =





(det g)(n+s)/2J(g, z0)
−ne(TF/Q(g(z0))) g ∈ G+

A,∞ S+� 	 ,
0 g 6∈ G+

A,∞ S+� 	
� �

W0(g) = | det g|(n+s)/2J(g, z0)
−n (g ∈ GA,∞)

��� � � * � � � (ω, δ)-
* S Hilbert � ����� # #�% Φ ��� � � � ��� 3.1.1

� �
Φ(g) = Φ0(g) +

∑

t∈F×

Φ1(

[
t 0

0 1

]
g)

� � �  � Φt (t = 0, 1) �
1) �"� S x ∈ F×

A,∞, k ∈ K∞ ��� ��� Φt(xgk) = ω∞(x)δn(k)−1Φt(g),
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2) �"� S x ∈ FA,∞ ����� � Φt(

[
1 x

0 1

]
g) = Λ∞(tx)Φt(g),

3) W−Φt = 0,

4) ��� S 0 < R ∈ R �'���LS C�E F � � 8�:�T�� M ⊂ GA � � � � �
0 < C ∈ R � N ∈ R  ��!�� ����7S (y, g) ∈ F×

A,∞(R)×M ��� � �
∣∣∣∣∣Φt(

[
y 0

0 1

]
g)

∣∣∣∣∣ ≤ C · |y|N∞

� � ���
���7S��. � ��� 3.2.2 ��� ��� � !�� 2.5 � S � � �	 � GA,f )�S��
	:9/
C, Cε (ε ∈ {±1}g)  ��� !��

Φ1(g) = C(gf ) ·W1(g∞), Φ0(g) = Csign det g∞(gf )W0(g∞)

(g ∈ GA) � � ��� 3 �
Φ(

[
y x

0 1

]
) =Csign y∞(

[
yf 0

0 1

]
) ·W0(

[
y∞ 0

0 1

]
)

+

(y)∑

t6=0

C(

[
tyf 0

0 1

]
)W1(

[
ty∞ 0

0 1

]
)Λ(tx) (4)

� � � � ��� � ∑(y)
t6=0 � (aD(F/Q)div y)−1 S 0 �

� ���7S ) � � . ���
� � � � 7S � �� � � � � � Cε(gf ) (ε ∈ {±1}g, gf ∈ GA,f ) � C+(gf )

(+ = (+1, · · · ,+1)) � � ��� � +9, � 
3��

3.2.3 α ∈ F× S��	� � signα = ε � � � �

Cε(gf ) = |α|(n+s)/2 · C+(

[
α 0

0 1

]
gf ) (gf ∈ GA,f )

� �����

[ ��� ] Φ(

[
α 0

0 1

]
g) = Φ(g) � �

Φ(

[
1 αx

0 1

][
α 0

0 1

]
g) = Φ(

[
1 x

0 1

]
g) (g ∈ GA)

� �
	 � g∞ ∈ G+
A,∞ � "��� � � � Fourier ����S�� / � ��
� ���

C+(gf )W0(g∞) = Cε(

[
α 0

0 1

]
gf )W0(

[
α 0

0 1

]
g∞) (gf ∈ GA,f )
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�I� � � W0(

[
α 0

0 1

]
g∞) = |α|(n+s)/2W0(g∞)

� �	 � � � ��� % � � � �
Φ = (f (a))a∈T ∈∏a∈T Mn,s(Γ

(a), χ(a)) ��� � � (4) � �

f (a)(z) = C+(

[
a 0

0 1

]
) +

(a)∑

t�0

C(

[
ta 0

0 1

]
) · t(n+s)/2e(TF/Q(tz)) (5)

� � ��� ��� � ∑(a)
t�0 � 0 � t ∈ (aD(F/Q) · div a)−1

�
� t S�) � � . �

� � �����
∏

v∈Pf (F )

[
O×

v 0

0 1

]
⊂ Ker δf (6)

� 	�� Cε(

[
yf 0

0 1

]
), C(

[
yf 0

0 1

]
) (y ∈ F×

A ) � div y S!/ ��� � �
	 � � ,
	 � Cε(div y), C(div y) �-,.� � � � � ��� � S+� 	 Φ S Fourier ���
Φ(

[
y x

0 1

]
) = Φ0(

[
y x

0 1

]
) +

∑

t∈F×

Φ1(

[
y x

0 1

]
)

= C0(div y)W0(

[
y∞ 0

0 1

]
) +

∑

t∈F×

C(div(ty))W1(

[
ty∞ 0

0 1

]
)Λ(tx)

� � ��7S � �4 P ��� 8 � �� �� � 
3��

3.2.4 �� (6) S � � � �� (�� � ��� 
1) �"�DS b ∈ IF ��� ��� |C(b)| ≤ c ·N(b)λ � � � � / c > 0 � λ ∈ R

 ����� � �
2) Φ � B-moderate � �����

3.3 ��2 2.4.1 � � �
GA =

⊔

t∈T

GF ·
[
t 0

0 1

]
· (G+

∞ × U)

�
� � � 8 : T�� T ⊂ F×

A,f � � � � Φ = (f (t))t∈T � (ω, δ)-
* S Hilbert �* #�% ��� ���

3��
3.3.1 Φ  �1��#�% Q � * 3.1.4 � � � � �
��� :
�
 +� f (t) (t ∈ T )

 ) � ���"#�% � � � � � �����
[ �
� ] � � 3.2.3 � � � Φ  � �1#�% � � � �(Q & ( � Φ0 = 0 � � ���1�
S gf ∈ GA,f ��� � � C+(gf ) = 0

�
� � ��� ( � � � � � � , �!�1�DS
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ρ ∈ GF ∩G+
A,∞ � �"� S t ∈ T ��� ��� C+(ρ

[
t 0

0 1

]
) = 0

�
� � ��� (��

� �������
� ����� S ρ ∈ GF ∩G+

A,∞ � a ∈ T �������
(f (a)|n,sρ)(z) = (det g)−(n+s)/2J(g, z0)

nΦ(a)(ρg)

(z = g(z0) ∈ Hg , g ∈ G+
A,∞)

� �
	 � (5) � (�� �

(f (a)|n,sρ)(z) =C+(ρ−1

[
a 0

0 1

]
)

+
∑

0�t∈F×

C(

[
t 0

0 1

]
ρ−1

[
a 0

0 1

]
) · t(n+s)/2e(TF/Q(tz))

� � � �	 � Φ  �"��#�% � � � ��� f (a) (a ∈ T )  ) � ����#�% � � � �
� (�� � �����

� � 1.4.1 � � S ��3 ����� . � �$� )�S � ��� 	 � ( � �S �  �� 	 , � 
�

3.3.2 Φ  � � # % � 	 � Φ � GA ) S-���)9 / � � � � 2 � n =

(nv)v∈P∞(F ) � 0 � 8 Φ  GA ) S9����9 / � 	�� Φ � ���"#"% � �����

3.4 � S '�� � ��� Gauss � �
8 � �
	���� ��� � v ∈ Pf (F ) �
��� �

� ���
	 � 1�' (%* ���
λ : O×

v → C1

�4� �
e = Min{0 ≤ m ∈ Z | λ(1 +$m

v Ov) = 1} > 0

� "� � � � fλ = $e
vOv ��� � � δOv = fλDv

�
� δ ∈ F× � �

8 � � � � �
a ∈ Ov �������

τv(λ; a) =
∑

y∈(Ov/fλ)×

Λv(δ
−1ay)λ(y)

����� � τv(Λ; a) � ȧ ∈ Ov/fλ S!/ ��� ��� 0 a 6∈ O×
v

� 	��

u ≡ 1 (mod $e−1
v ), λ(u) 6= 1

�
� u ∈ O×

v  ������ � � � τv(λ; a) = λ(u)τv(λ; a) � � � � 	 � τv(λ; a) = 0

� ����� a ∈ O×
v

� 	��

τv(λ; a) = λ(a)−1τv(λ; 1)

� � � �
	 � τv(λ) = τv(λ; 1)  ��� � � �����
3��

3.4.1 a ∈ O×
v

� 	�� |τv(λ; a)| = (Ov : fλ)1/2 � �����
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[ � � ] Ov/fλ )�S9��� / � 9 / )�*7S � �-����� ��� ��� �
� V � � ��� V
) S Hermite � � �

(ϕ, ψ) = (Ov ; fλ)−1
∑

y∈Ov/fλ

ϕ(y)ψ(y)

� � � � * � ��� ȧ ∈ Ov/fλ ��� ��� fȧ ∈ V � fȧ(ẏ) = Λv(−δ−1ay) � �� � * � � �

(fȧ, fḃ) =





1 a ≡ b (mod fλ) S+���
0 a 6≡ b (mod fλ) S+���

� ����� &�(�� {fȧ}ȧ∈Ov/fλ
� V S���� ��� �
� � � � � ϕ ∈ V �

ϕ(ẏ) =




λ(y) ẏ ∈ (Ov/fλ)× S+��� ,
0 ẏ 6∈ (Ov/fλ)× S+���

� � � � * � � � ��) S Hermite � � �  � �
ϕ = (Ov : fλ)−1

∑

ȧ∈(Ov/fλ)×

τ(λ; a)fȧ

��� ��� � � (ϕ, ϕ) ���;� � � ��� ���
(Ov : fλ)−1](Ov/fλ)× = (Ov : fλ)−2](Ov/fλ)× · τ(λ)

� � � �
	
|τ(λ; a)| = |τ(λ)| = (Ov : fλ)1/2

(a ∈ O×
v ) ��� ���

3.5 Kf ⊂ GA,f � C�E F � � ��8 : 1 � � � � δ � GA S C�EGF � � 8�:1
K = K∞×Kf S 1 ���� � � 
 � � � � � � δ∞ = δn (n = (nv)v∈P∞(F ) ∈

Zg) � � � F S9M �!". � a �4� !��
∏

v∈Pf (F )

[
O×

v aOv

0 1

]
⊂ Ker δf

� ���� ��� ω � F S���,�- � �
ω∞(x) =

∏

v∈P∞(F )

|xv |sv

(
xv

|xv |

)nv

(x ∈ F×
A,∞)

(s = (sv)v∈P∞(F ) ∈ (
√
−1R)g) ��� ���
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(ω, δ)-
* S Hilbert � ����� # #"% Φ � Fourier ���

Φ(g) = Φ0(g) +
∑

t∈F×

Φ1(

[
t 0

0 1

]
g) (7)

� 7 (

Φ1(

[
y 0

0 1

]
) = C(div y) ·W1(

[
y∞ 0

0 1

]
) (y ∈ F×

A )

�-,D	 ��� F S���,.- α �4� �

α∞(x) =
∏

v∈P∞(F )

|xv |tv

(
xv

|xv |

)mv

(tv ∈
√
−1R, mv ∈ Z) ��� ��� divx = aD(F/Q)

�
� x ∈ F×

A,f � �
8 � �

x̌ ∈ FA,f � x S�� � 8�: ��) � 0 ��� � . 7 S+��� ��� ��� � � :

I =

∫

F×
A

Φ1(

[
y 0

0 1

] [
1 x̌

0 1

]
)α(y)|y|sAdν(y) (s ∈ C) (8)

��� � ��� div δ = aD(F/Q)
�
� δ ∈ F×

A,f � �
8 � � �

I =

∫

F×
A

Φ1(

[
δ−1y 0

0 1

]
)Λ(δ−1yx̌)α(δ−1y)|δ−1y|Adν(y)

=

∫

F×
A

C(div y · (aD(F/Q))−1)

×W1(

[
y∞ 0

0 1

]
)Λ(δ−1yx̌)α(δ−1y)|δ−1y|Adν(y)

=
∑

z∈R+

∫

F×
∞×

Q

v∈Pf (F ) O×
v

C(div z · (aD(F/Q))−1)

×W1(

[
y∞ 0

0 1

]
)Λ(δ−1zyx̌)α(δ−1zy)|δ−1zy|sAdν(y)

= |δ|−s
A

∑

z∈R+

C(div z · (aD(F/Q))−1)αf (z)|z|sA

×
∏

v∈Pf (F )

∫

O×
v

Λv(δ
−1
v xvzvy)αv(y)dνv(y)

×
∫

F×
∞

W1(

[
y 0

0 1

]
)α∞(y)|y|s∞dν∞(y)

� � ��� ��� �
R+ = {($ev

v )v∈Pf (F ) ∈ F×
A,f | 0 ≤ ev ∈ Z}
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����� � v ∈ Pf (F ) � �
8 � !��

Iv =

∫

O×
v

Λv(δ
−1
v xvzvy)αv(y)dνv(y) (zv ∈ Ov)

� ��� � ��� fαOv = $e
vOv (0 ≤ e ∈ Z) ����� � e = 0

� 	��

Iv = νv(O
×
v ) = (Ov : Dv)−1/2

� ����� e > 0
� 	���� He

v = 1 + fαOv ⊂ O×
v ����� � � 1 S (%*

O×
v /H

e
v →̃ (Ov/fαOv)× (ẏ 7→ ẏ)

��� ��� , �
Iv = νv(He

v) ·
∑

y∈(Ov/fαOv)×

Λ(δ−1
v xvzvy)αv(y)

� � �
νv(H

e
v ) = (1 − q−1

v )−1µ×
v (1 +$e

vOv)

= (1 − q−1
v )−1µv($

e
vOv) = (1 − q−1

v )−1q−e
v µv(Ov)

= (1 − q−1
v )−1q−1

v (Ov : Dv)−1/2

� � ��� �"!�� 3.4 � ��	��
.

Gauss � S �� �
	
∏

v∈Pf (F )

∫

O×
v

Λv(δ
−1
v zvyxv)αv(y)dνv(y)

=





|DF |−1/2ϕ(fα)−1
∏

v|fα

αv(zv)−1τ(αv) : (div z, fα) = 1,

0 : (div z, fα) 6= 1

� � ��� ��� � τ(αv) =
∑

y∈(Ov/fαOv)× Λv(δ−1
v xvy)αv(y) ��� � �
0 � F S

M �!". � f �������
ϕ(f) = ] (OF /f)

× = N(f)
∏

p|f

(
1 −N(p)−1

)

� �������
� � y ∈ F×

∞ �������

W1(

[
y 0

0 1

]
) =




y(n+s)/2e−TF/Q(y) : y � 0,

0 : otherwise

� �
	
∫

F×
∞

W1(

[
y 0

0 1

]
)α∞(y)|y|s∞dν∞(y) =

∏

v∈P∞(F )

ΓC

(
s+

nv + sv

2
+ tv

)
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� � ��� � �
ΓC(s) = (2π)−sΓ(s), Γ(s) =

∫ ∞

0

xse−x dx

x
(Re s > 0)

� �������
� � Φ S Fourier ��� (7) �  � � � : (8) ��, � � ���

I =

∫

F×
A /F×

∑

t∈F×

Φ1(

[
ty 0

0 1

][
1 x̌

0 1

]
)α(y)|y|sAdν(ẏ)

=

∫

F×
A /F×

(Φ − Φ0)(

[
y 0

0 1

][
1 x̌

0 1

]
) · α(y)|y|sAdν(ẏ)

=

∫ ∞

0

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ − Φ0)(

[
ry 0

0 1

][
1 x̌

0 1

]
)α(ry)rs

� � ��� � ) ����� � � 7S � % ��� � 
∫ ∞

0

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ − Φ0)(

[
ry 0

0 1

][
1 x̌

0 1

]
)α(ry)rs

=|DF |−1/2ϕ(fα)−1 · τ(α, x) (9)

× (N(a)|DF |)s L(Φ, α, s)Γ(ω∞, δn;α∞; s).

��� �
τ(α, x) = αf (δ)−1

∏

v|fα

∑

y∈(Ov/fαOv)×

Λv(δ
−1
v xv · y)αv(y), (10)

L(Φ, α, s) =
∑

b⊂OF

(b,fα)=1

C(b · (aD(F/Q))−1)χα(b)N(b)−s, (11)

Γ(ω∞, δn;α∞; s) =
∏

v∈P∞(F )

ΓC

(
s+

nv + sv

2
+ tv

)
(12)

����� � Φ  B-moderate
� 	 � � � 3.2.4 � � Dirichlet � / (11) � Re s

 �-:�� �-	 , � � � � ����� � � ��� ! � � � : � � (9) ���J:�� � � Re s

����� � �76 � �����
3.6 F S<M ��"� � n �1� � � GA,f S�� C E F �L� 8-: 1 Kf =

∏

v∈Pf (F )

Kv

�
Kv =

{[
a b

c d

]
∈ GL2(Ov)

∣∣∣∣ c ∈ nOv

}
(v ∈ Pf (F ))

� � � � � ��� fω|n
�
� F S���,�- ω �4� � � Kf S 1 �� ��� δf �

δf

[
a b

c d

]
=
∏

v|n
ωv(dv)−1
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� � � � * � � � ∏v∈Pf (F )

[
O×

v Ov

0 1

]
⊂ Ker δf ����� � δf =

⊗
v∈Pf (F ) δv

�-,D	 � � v - n
� 	�� δv = 1Kv � Kv = GL2(Ov) S�� 	 � 1 �� ��� �

����� n = (nv)v∈P∞(F ) ∈ Zg �4� � � K∞ S 1 �� ��� δn �

δn(k) = J(k, z0)
n (k ∈ K∞, z0 = (

√
−1, · · · ,

√
−1) ∈ Hg)

� � � � � � � 4.5 � �  � � .�� � � � S � � ��� � S � � (ω, δ)-
* S

Hilbert
����#�% S )"*�� Sn(n, ω) � , � � � � � � � � � S���� � � K =

K∞ ×Kf S � 8 S 1 �� ��� δ = δn ⊗ δf � δ∗ = δn ⊗ δ−1
f  ���� � �����

divN = n, Nv = 1 ∀v - n

�
� N ∈ F×

A,f � � � � κ =

[
0 1

−N 0

]
∈ GA ��� � � (ω, δ)-

* S�� * #�%
Φ �������

Φ̃(g) = ω(det g)−1Φ(gκ) (g ∈ GA)

��� �$� � Φ̃ � (ω−1, δ∗)-
* S�� * #�% � � ��� � . X ∈ sl2(R) ⊂ Lie(Gv)

(v ∈ P∞(F )) ����� �

XΦ̃ =
(
(Ad(κ−1

v )X)Φ
)∼

κv =

[
0 1

−1 0

]

� Ad(κv)W− = −W−
� �
	 � W−Φ = 0 � W−Φ̃ = 0 � (�� � �����

Φ � (ω, δ)-
* S Hilbert � * # % � ��� Q �!�� Φ̃ � (ω−1, δ∗)-

* S
Hilbert � * #1% � � � � � Φ � Φ̃ ��� � B-moderate � � � � �� � ���
(fα, n) = 1

�
� F S���,�- α � � �

α∞(x) =
∏

v∈P∞(F )

|xv |tv

(
xv

|xv |

)mv

(tv ∈
√
−1R,mv ∈ Z)

��� � � div a = fα
�
� a ∈ F×

A,f � �
8 ��� � � ��� � x = a−1, x′ = −a−1

����� � (fα, n) = 1 ��� ��� , �
k =

[
(1 +Nax̌ · ax̌′)/a −ax̌′

−Nax̌ a

]
∈ Kf

�

−N−1y

[
0 1

−1 0

][
Ny−1a 0

0 1

][
1 x̌′

0 1

]
· kκ =

[
ya 0

0 1

][
1 x̌

0 1

]

� � ��� �"!��

Φ(

[
ya 0

0 1

][
1 x̌

0 1

]
) = χω(fα)Φ̃(

[
Ny−1a 0

0 1

][
1 x̌′

0 1

]
) (13)
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�I� � � + � 3.5 ��S����S+!�� �����9S � ��S � � � � !�� M�2 � � � � %
∫ ∞

0

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ − Φ0)(

[
rya 0

0 1

][
1 x̌

0 1

]
)α(ry)rs (14)

= |DF |−1ϕ(fα)−1 · τ(α) (|DF |N(fα))
s+ 1

2 L(Φ, α, s)Γ(ω∞, δn;α∞; s)

� � ��� ��� � div c = fαD(F/Q)
�
� c ∈ F×

A,f �4� !��
τ(α) = N(fα)−1/2αf (c)−1

∏

v∈Pf (F )

∑

y∈(Ov/fαOv)×

Λv(c
−1y)αv(y)

��� � � τ(α) � c S���� � � � 		��� |τ(α)| = 1 � ����� Φ � B-moderate

� � � "� � � � � S � (14)
% � �-: � � � Re s � � � �

�
�
� � � � � �

� � (13)
% �  � � 4�
 S � : �5�S � � ��� # � � 

(14) S 4�

=

∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ − Φ0)(

[
rya 0

0 1

] [
1 x̌

0 1

]
)α(ry)rs

+

∫ 1

0

dr

r

∫

F 1
A/F×

dν1(ẏ)Φ(

[
rya 0

0 1

][
1 x̌

0 1

]
)α(ry)rs

−
∫ 1

0

dr

r

∫

F 1
A/F×

dν1(ẏ)Φ0(

[
rya 0

0 1

]
)α(ry)rs

=

∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ − Φ0)(

[
rya 0

0 1

] [
1 x̌

0 1

]
)α(ry)rs

+ χω(fα) ·
∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ̃ − Φ̃0)(

[
Nrya 0

0 1

][
1 x̌′

0 1

]
)α(ry)r−s

+ χω(fα) ·
∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)Φ̃0(

[
Nrya 0

0 1

]
)α(ry)r−s

−
∫ 1

0

dr

r

∫

F 1
A/F×

dν1(ẏ)Φ0(

[
rya 0

0 1

]
)α(ry)rs .

��� � Re s  ���:�� � � � � � � ��� � �
Φ0(

[
rya 0

0 1

]
) = r(n+s)/2Φ0(

[
ya 0

0 1

]
)

= r
P

v∈P∞(F )(nv+sv)/2g · Φ0(

[
ya 0

0 1

]
)
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� �
∫ 1

0

dr

r

∫

F 1
A/F×

dν1(ẏ)Φ0(

[
rya 0

0 1

]
)α(ry)rs

=
1

s+ 1
g

∑
v∈P∞(F )

(
nv+sv

2 + tv
) ·
∫

F 1
A/F×

Φ0(

[
ya 0

0 1

]
)α(y)dν1(ẏ)

��� ��� (�� �
∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)Φ̃0(

[
Nrya 0

0 1

]
)α(ry)r−s

=
1

s− 1
g

∑
v∈P∞(F )

(
nv−sv

2 − tv
) ·
∫

F 1
A/F×

Φ̃0(

[
Nya 0

0 1

]
)α(y)dν1(ẏ)

� ����� �"!�� 7S � : � � ��� � 
|DF |−1ϕ(fα)−1 · τ(α) (|DF |N(fα))s+1/2 L(Φ, α, s)Γ(ω∞, δn;α∞; s)

=

∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ − Φ0)(

[
rya 0

0 1

] [
1 x̌

0 1

]
)α(ry)rs (15)

+χω(fα) ·
∫ ∞

1

dr

r

∫

F 1
A/F×

dν1(ẏ)(Φ̃ − Φ̃0)(

[
Nrya 0

0 1

] [
1 x̌′

0 1

]
)α(ry)rs

+
χω(fα)

s− 1
g

∑
v∈P∞(F )

(
nv−sv

2 − tv
) ·
∫

F 1
A/F×

Φ̃0(

[
Nya 0

0 1

]
)α(y)dν1(ẏ)

− 1

s+ 1
g

∑
v∈P∞(F )

(
nv+sv

2 + tv
) ·
∫

F 1
A/F×

Φ0(

[
ya 0

0 1

]
)α(y)dν1(ẏ).

� � ��� � � � ��S � :�S�� � :
9 / � r � 9 � �����	� 9 / � � 	 � s � 9 �
� M 9 / � � ������! � � S � : � � ��� � L(Φ, α, s)  s � 9 � � )�����

� � � 2 9 / � � � ����!	 + , � � � � � Φ0(

[
ya 0

0 1

]
) � Φ̃0(

[
Nya 0

0 1

]
)

� y ���"� S ε ∈∏v∈Pf (F )O
×
v ⊂ F×

A,f � � �
7��

� � �	 � fα 6= 1
� 	 �

∫

F 1
A/F×

Φ0(

[
ya 0

0 1

]
)α(y)dν1(ẏ) = 0,

∫

F 1
A/F×

Φ̃0(

[
Nya 0

0 1

]
)α(y)dν1(ẏ) = 0

� � ��� H � 1.4 � S�! ��� (5) � � � nv, sv  ���� v ∈ P∞(F ) ��� 	
� �

� / � � � � 	�� Φ0 = 0, Φ̃0 = 0 � � ��� (15) � (�� S � : � � � Φ̃ ���
���

� � � � � 7S � %  P ��� 8 � �� �� � 
|DF |−1ϕ(fα)−1τ(α) (|DF |N(fα))

−s+1/2
L(Φ, α,−s)Γ(ω∞, δn;α∞;−s)

=|DF |−1ϕ(fα)−1

× τ(α) (|DF |N(fα))
s+1/2

L(Φ̃, α, s)Γ(ω−1
∞ , δn;α∞; s)χω(fα)χα(n).
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� ) �!��� � � � 7S���2 ��� � 
���

3.6.1 (ω, δ)-
* S Hilbert � * #% Φ �1� � � Φ � Φ̃ �+� � B-moderate

� ��� ��� ��� � S+��� (fα, n) = 1
�
� F S ��� S���,�- α �������

1) L(Φ, α, s), L(Φ̃, α, s) � s � 9 � � ) ��� 
 � � ��2�9 / � ��� �  �
	 +9, �

2) 9 / � % Λ(Φ, α,−s) = ε(ω, α; s) · Λ(Φ̃, α, s)  P ��� 8 � ��� �
Λ(Φ, α, s) = Γ(ω∞, δn;α∞; s)L(Φ, α, s),

ε(ω, α; s) = χω(fα)χα(n)τ(α)−1τ(α) ·
(
|DF |N(n)1/2N(fα)

)2s

� ��� �
3) nv, sv  �� � v ∈ P∞(F ) ��� 	

� � � � � n∞, s∞ ��� ! � �
8
α = |·|t

(t ∈
√
−1R) S ��� � � � Λ(Φ, α, s) � s = n∞−s∞

2 − t,−
(

n∞+s∞
2 + t

)

�
� � � ? S�+ � 7 (�� � � � ��	 ��� / �
∫

F 1
A/F×

Φ̃0(

[
Ny 0

0 1

]
dν1(ẏ),

∫

F 1
A/F×

Φ0(

[
y 0

0 1

]
)dν1(ẏ)

������� � S���� �����$� Λ(Φ, α, s) � s S9M 9 / � �����
���

3.6.2 3 � Φ  Hilbert
���
#$% � 	�� � Φ̃

7 ���$#�% ��� � � � 3.3.2

� � � � GA )7S9� ��9 / � � � � � !�� B-moderate ������� � S+� � �� � � L- 9 / Λ(Φ, α, s) � s S9M 9 / � � ���

4 Hecke
�	��


� � � 3.6 � � �
��.� � � � S.�
�  � ��� v ∈ Pf (F ) � � ��� � @�BC
E<F ��� 1 Gv = GL2(Fv) S Haar 5$6 dGv(g) � Kv S * �  1 � � �

� � � ���$% ��� ��� �

4.1 � S � � � v - n
�
� v ∈ Pf (F ) ����� � � ��� � Gv )7S5� � / �

��	$9 / ϕ ��� ! � � suppϕ  C�EGF � � � 8 �$��S k, k′ ∈ Kv = GL2(Ov)

����� � ϕ(kxk′) = ϕ(x)
�
�
7 S!)�*DS � ����� � ��� ���
� Hv �����

/ �
(ϕ ∗ ψ)(x) =

∫

Gv

ϕ(xy−1)ψ(y)dGv (y)

��� � C-
0 / � � ��� g ∈ Gv � � � � Gv SJ� C E<F ��� 8 :�T�� KvgKv

S�3���9 / � [KvgKv] ∈ Hv ��� � � � {[KvgKv]}g∈Gv � Hv S C ) S��
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� � � � ��� � � g =

[
a b

c d

]
∈ Gv �������

g∗ = (det g) · g−1 =

[
d −b
−c a

]

� � �� � (gh)∗ = h∗g∗ � 8 � �"�7S KvgKv �
�
� � �

8 �	 Hv ��� �0 / � � ���
KvgKv =

m⊔

i=1

Kvgi, Kvg
′Kv =

n⊔

j=1

Kvg
′
j , KvgKvg

′Kv =
l⊔

k=1

Kvg
′′
kKv

����� �
[KvgKv] ∗ [Kvg

′Kv] =

l∑

k=1

m(g′′k ; g, g′)[Kvg
′′
kKv]

�
m(g′′k ; g, g′) = ]{(i, j) | Kvgig

′
j = Kvg

′′
k}

� �����
V = F 2

v Q��
��� � ��� � � � � V S Ov- 8 : � 1 ����! � V S Fv ) S��
� � � 4 7 S � Ov- � �� &�( � Λ = O2

v ⊂ V � Ov- �  ����� � �$��S Ov-

�  L,M ⊂ V � � � � � L S Ov- ��� {v, w} � a ≤ b
�
� a, b ∈ Z  ��!

� � {$a
vv,$

b
vw}  M S Ov- �
� � � ��� � S � � {L : M} = {$a

v , $
b
v}

�-, � � � � � ��� Lk = M
�
� k ∈ Kv  ������ � .�� S ������:��� +�

{Λ : L} = {Λ : M}
�
� � � � �����

���
4.1.1 g, g′, g′′ ∈ Gv ��� � � � m(g′′; g, g′) � {L : Λg′′} = {Λ : Λg}

� 8 {Λ : L} = {Λ : Λg′}
�
� Ov- �  L ⊂ V S�� / ����� � �

[ ��� ] � S � � Ov- �  S�T���� L ����� �
KvgKv =

⊔

i

Kvgi, Kvg
′Kv =

⊔

j

Kvg
′
j

����� � � gig
′
j ∈ Kvg

′′ � � (i, j) S�T�� � I �����$� � (i, j) 7→ Λg′j � I
�
	 L � S%� � ��� * � ��� ���LS L ∈ L ����� � � {Λ : L} = {Λ : Λg′}
� � L = Λg′j

�
� g′j  ������ ��� � S+���
{Λ : Λg′′g′−1

j } = {Λg′j : Λg′′} = {L : Λg}
� �
	 � Λg′′g′−1

j = Λgi

�
� gi  ���
� � � � !�� (i, j) ∈ I � L = Λg′j

� � � �
	 (i, j) 7→ Λg′j � ) � ������� �"!��
]L = ]I = m(g′′; g, g′)
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� � ���

g ∈ Gv ������� {Λ : Λg} = {$a
vOv , $

b
vOv} (a, b ∈ Z, a ≤ b)

� 	��

KvgKv = Kv

[
$a

v 0

0 $b
v

]
Kv

� ����� � S+��� [KvgKv] = T ($a
v , $

b
v) �-,.� � � � � ���

T ($v, $v) ∗ T ($a
v , $

b
v) = T ($a+1

v , $b+1
v )

� ����� 0 ≤ e ∈ Z ��� ���

T ($e
v) =

∑

0≤a≤b
a+b=e

T ($a
v , $

b
v) ∈ Hv

� � �� � � , � {g ∈M2(Ov) | det g ∈ $e
vO

×
v } S Gv � �
	 � 3 �:9 / �

����� T (1) � Hv S 1 ����� � e ≥ 2
� 	��

T (1, $e
v) = T (ϕe

v) − T ($v, $v) ∗ T ($e−2
v ) (16)

� ����� 0 T (1, $v) = T ($v) � �����
3��

4.1.2 e > 0 S+���
T ($e

v) ∗ T ($v) = T ($e+1
v ) + qv · T ($v, $v) ∗ T ($e−1

v )

� �����

[ ��� ]

T ($e
v) ∗ T ($v) =

∑

0≤a≤b
a+b=e+1

c(a, b)T ($a
v , $

b
v) (c(a, b) ∈ Z)

�-,D	 ��� ��� � g′′ =

[
$a

v 0

0 $b
v

]
(0 ≤ a ≤ b, a+ b = e+ 1) ������� ���

� 4.1.1 � �

c(a, b) =
∑

0≤c≤d
c+d=e

]

{
{L : Λg′′} = {$c

v, $
d
v} �

8
{Λ : L} = {1, $v}�

� Ov- �  L ⊂ V

}

= ]{{Λ : L} = {1, $v} �
8

Λg′′ ⊂ L ⊂ Λ
�
� Ov- �  L}

� ����� ��� � Ov- �  L ⊂ V �������

Λg′′ ⊂ L ⊂ Λ, � 8 {Λ : L} = {1, $v}
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�
Λg′′ +$vΛ ⊂ L ⊂ Λ � 8 Λ/L →̃ Ov/($v)

� (�� �

Ov/(Λg
′′ +$vΛ) →̃




Ov/($v) : a = 0 S+���
Ov/($v) ⊕Ov/($v) : a > 0 S+���

� �
	
c(a, b) =





1 : a = 0 S+���
qv + 1 : a > 0 S+���

� � ��� �"!�� � � � � % ��� ���
) S � � �
	 � ( �
�

4.1.3 �
/
X S #"% ��� � / � ���

∑

e≥0

T ($e
v)X

e = (1 − T ($v)X + qv · T ($v, $v)X
2)−1.

� � 4.1.2 � (16)
% � 	 � Hv � C-

0 / � � � {T (1, $v), T ($v, $v)
±1}

� � � O�P +9, � � �� � ��� H � ��� � �
3��

4.1.4 Hv � C[X,Y ±1] � C-
0 / � ��� (%* � ����� (%* �����

T (1, $v) 7→ X, T ($v, $v) 7→ Y

� � � ���	 , � Q X,Y � � / � ��� � �
[ ��� ] X 7→ T (1, $v), C[X,Y ±1] �
	 Hv � S ) � C-

0 /�' (%* ��� Φ  
� * +5, ��� Hv �
	 C[X ] � S C-

/ # ��� Ψ �

ΨT ($a
v , $

b
v) =




Xb : a = 0 S+���
0 : a > 0 S+���

� � � � � � � � Ψ � /
1 � � Hv �
	 C[X ] � S N�' (%* ��� � � ��� /1 � � M / a, b, c ����� �

g =

[
1 0

0 $a
v

]
, g′ =

[
1 0

0 $b
v

]
, g′′ =

[
1 0

0 $c
v

]

��� ��� x ∈ F � (0, x) ∈ V � ( � � ��� F ⊂ V ��/ � ��� �
{Λ : L} = {Λ : Λg′} = {1, $b

v}
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�
� Ov- �  Λg′′ ⊂ L ⊂ V � L = Λg′ � � � �
	

m(g′′; g, g′) =





1 : a+ b = c S+���
0 : a+ b 6= c S+���

� � ��� �"!�� Ψ � Hv � 	 C[X ] � S N S ' ( * �!� � � � � 	 	 � �
KerΨ = T [$v, $v]Hv ������� ��� � 0 6= P (X,Y ) ∈ KerΦ � ���
P (X,Y ) = Pn(X)Y n + Pn+1Y

n+1 + · · · , Pn(X) 6= 0 (Pj(X) ∈ C[X ])

�����
� � P (T (1, $v), T ($v, $v)) = 0 � �
Pn(T (1, $v)) + Pn+1(T (1, $v))T ($v , $v) + · · · = 0

� � � ��� 
 � Ψ � � ��� Pn(X) = 0 � � !������ � ��� � ! � Φ � � �
� �����

3��
4.1.5 ��M / r, s �������

T ($r
v) ∗ T ($s

v) =
∑

0≤e≤Min{r,s}
qe
v · T ($e

v, $
e
v) ∗ T ($r+s−2e

v ).

[ ��� ] � � 4.1.4 � 	 � �
/
A,B � � ! � � T (1, $v) 7→ A+B, T ($v, $v) 7→

q−1
v AB � � � Hv ⊂ C[A,B±1] ��� � � � � 4.1.3 � �

∑

e≥0

T ($e
v)X

e+1 =
X

(1 −AX)(1 −BX)
=
∑

e≥0

Ae −Be

A−B
Xe,

�"!��
T ($e

v) =
Ae+1 −Be+1

A−B
=
∑

0≤k≤e

Ae−kBk (e ≥ 0)

� � ��� r ≥ s ≥ 0 � ���
T ($r

v) ∗ T ($s
v) =

Ar+1 −Br+1

A−B
·
∑

0≤k≤s

As−kBk

=
1

A−B
·
∑

0≤k≤s

(
Ar+s+1−kBk −AkBr+s+1−k

)

=
∑

0≤k≤s

qk
vT ($k

v , $
k
v ) ∗ T ($r+s−2k

v )

� � ���

T ($e
v) ∈ Hv S Hilbert � * #�% � S �� � ��� � � .�� � 7S � � � �

��� � � 
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3��
4.1.6 0 < e ∈ Z �������
{
g ∈ M2(Ov) | det g ∈ $e

vO
×
v

}
=

⊔

o≤k≤e

t∈Ov/$k
vOv

Kv

[
$e−k

v t

0 $k
v

]
.

[ ��� ] g =

[
a b

c d

]
∈M2(Ov) s.t. det g = $e

v ��� � � � GCD(a, c)| det g �
� GCD(a, c) = $e−k

v (0 ≤ k ≤ e) ����� � a′ = a/$e−k
v , c′ = c/$e−k

v ���
�$� �

k =

[
s t

−c′ a′

]
∈ SL2(Ov) ⊂ Kv

 �� , ��� � S+���
kg =

[
$e−k

v b′

0 $k
v

]
(b′ ∈ Ov)

� � ����� � � 0 ≤ k, l ≤ e, t, t′ ∈ Ov �������
[
$e−l

v t′

0 $l
v

]
= k

[
$e−k

v t

0 $k
v

]

�
� k ∈ Kv = GL2(Ov)  � , � � � 
 S P : ��
�� ���

k =

[
1 b

0 1

]
, l = k, t′ ≡ t (mod $k

v )

� ��� � �� �� ���

4.2 � S � � � v|n
�
� v ∈ Pf (F ) ��� � � � � � � Gv ) S ��� /� �.	 9 / ϕ ��� !�� � suppϕ  C E F � � � 8 �1�LS k, k′ ∈ Kv � �

��� ϕ(kxk′) = δv(k)
−1ϕ(x)δv(k′)−1

�
�
7 S!)�* S � �J�����7��� �����

Hv(δv) �� � / �

(ϕ ∗ ψ)(x) =

∫

Gv

ϕ(xy−1)ψ(y)dGv (y)

� � � C-
0 / � � ���

a ∈ O×
v , � 8 c ≡ 0 (mod nOv)

�
�
[
a b

c d

]
∈ M2(Ov)∩GL2(F ) S�)"*�� ∆v � � � � � ∆v � ��� S � �

9 ��� ��?
� � 7�8 � 1 � � � � Kv ⊂ ∆v � �����
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3��
4.2.1 ∆v =

⊔

e≥0

Kv

[
1 0

0 $e
v

]
Kv.

[ � � ] 4.1 ��� (�� � V = F 2 Q �
� � � ��� � � � Λ = O2
v ⊂ V � � � � 0 �

Λ0 = {(x, y) ∈ Λ | x ∈ nOv} = Λ

[
N 0

0 1

]

� � � � � � � NOv = nOv

�
� N ∈ Ov � �

8 � � � � � � � g =

[
p q

r s

]
∈

∆v �4� � ordv(det g) = e ��� ��� g∗ = (det g)g−1 =

[
s −q
−r p

]
�����$�

Λ0g
∗ ⊂ Λ0 � � � � Λ S Ov- ��� {w1, w2} � a|b

�
� {a, b} ⊂ Ov  ��! �

{aw1, bw2}  Λ0g
∗ S Ov- �!� � � � � � � � t|a � � � � tΛ ⊃3 (−r, p) �

� 	 t|p � � � t ∈ O×
v �"� � � 	 � a ∈ O×

v � ��! � a = 1 � � ��� � ����! �
b = N$e

v � � � � �  � � � Q Λ0g
∗ = Λ

[
N 0

0 1

]
g∗
� �	 � � k =

[
w2

w1

]
∈

Kv � ����� ��� � Λ0g
∗ ⊂ Λg∗ ⊂ Λ � Ov- �  � {Λg∗,Λ0g

∗} = {1, N} �
���  �$2 � Ov- �  Λ0g

∗ ⊂ L ⊂ Λ  {L,Λ0g
∗} = {1, N} �� . � � 	

� � NL ⊂ Λ0g
∗ �

NLk−1 ⊂ Λ0g
∗k−1 = Λ

[
N$e

v 0

0 1

]

� �
	
Λ

[
N 0

0 1

]
⊃ Lk−1 ⊃ Λ0g

∗k−1 = Λ

[
N$e

v 0

0 1

]
, {L,Λ0g

∗} = {1, N}

� � Lk−1 = Λ

[
$e

v 0

0 1

]
� � ��� �"!�� Λg∗ = Λ

[
$e

v 0

0 1

]
k � � �

g∗ = k′
[
$e

v 0

0 1

]
k, k′ ∈ GL2(Ov)

� � ��� �"!�� g = k∗

[
1 0

0 $e
v

]
k′∗, k∗, k′∗ ∈ Kv � � ���

g =

[
a b

c d

]
∈ ∆v � �
� � δ̃v(g) = ωv(a ·det g−1) ∈ C1 � � � � � δ̃v �%�

1
∆v � 	 C1 � S � 1 S ' (�* ����� � � � δ̃v |Kv = δv ������� 0 ≤ e ∈ Z

����� � Kv

[
1 0

0 $e
v

]
S Gv � ��	 � 3 ��9 / � [Kv

[
1 0

0 $e
v

]
Kv] � ���

T ($e
v) = δ̃v · [Kv

[
1 0

0 $e
v

]
Kv] ∈ Hv(δv)
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� � �� � T (1) � Hv(δv) S 1 ���:� � T ($e
v) ∗T ($f

v ) = T ($e+f
v ) �������

�"!�� �
/
X � 9�� � #�% ��� � / � ���

∑

e≥0

T ($e
v)X

e = (1 − T ($v)X)−1 (17)

� � ���
3��

4.2.2 0 ≤ e ∈ Z �������

Kv

[
1 0

0 $e
v

]
Kv =

⊔

t∈Ov/($e
v)

Kv

[
1 t

0 $e
v

]

� �����

[ � � ] g =

[
a b

c d

]
∈ Kv

[
1 0

0 $e
v

]
Kv � � ��� � a ∈ O×

v

� � 	 k =

[
a−1 0

−c a

]
∈ Kc � kg =

[
1 a−1b

0 det g

]
� � ��� 2 � k =

[
p q

r s

]
∈ Kv �����

�
[
1 t

0 $e
v

]
= k

[
1 t′

0 $e
v

]
� � � � � � 
 S P : � 
 � � � a = d = 1, c = 0,

t ≡ t′ (mod $e
v) � � � �

4.3 Φ � (ω, δ)-
* S Hilbert � * #�% ��� ��� v - n

�
� v = p ∈ Pf (F )

�4� � � ϕ ∈ Hv �������

(Φ ∗ ϕ)(x) =

∫

Gv

Φ(xy−1)ϕ(y)dGv (y) (x ∈ Gv)

�����$� � Φ ∗ ϕ ��� � (ω, δ)-
* S Hilbert � * #�% � � ��� 3 � T (pe) =

T ($e
v) ∈ Hv (e ≥ 0) � ��� � Φ′ = Φ ∗ T (pe) ��� ���

Φ′
1(

[
y x

0 1

]
) = C ′(div y) ·W1(

[
y∞ 0

0 1

]
)Λ(x)

�����
� � Φ S Fourier � / �9SJ� � � 7S�9��  P ��� 8�
3��

4.3.1 F S9M��!": � b ⊂ OF �������

C ′(bD−1) =
∑

0≤k≤Min{ordv(b),e}
C(pe−2kbD−1)χω(pk−e)N(pe−k)

� ����� ��� � D = D(F/Q) � F/Q S������ � � �����
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[ ��� ] � � 4.1.6 � �

Φ′
1(

[
y x

0 1

]
) =

∑

0≤k≤e

t∈Ov/($k
v )

Φ1(

[
y x

0 1

][
$e−k

v t

0 $k
v

]−1

)

=
∑

k,t

Φ1($
−k
v ·

[
1 x− y$k−e

v t

0 1

][
$2k−e

v 0

0 1

]
)

=
∑

0≤k≤e

C(div($2k−e
v y)) ·W1(

[
y∞ 0

0 1

]
)Λ(x)ωv($−k

v )

×
∑

t∈Ov/($k
v )

Λv(−yv$
k−e
v t)

� ����� ��� � v - fω
� �
	 ωv($−k

v ) = χω(p)−k � �������
� �

∑

t∈Ov/($k
v )

Λv(−yv$
k−e
v t) =




N(pk) : yv$

k−e
v ∈ D−1

v S+���
0 : yv$

k−e
v 6∈ D−1

v S+���
� � yv$

k−e
v ∈ D−1

v � e− k ≤ ordv(yv) + ordv(Dv) � ( � � �	 � M	��". 
� b ⊂ OF � � � � div(y) = bD−1

�
� y ∈ F×

A � � , ��� � � � 9 � % �
� ���

C-
0 / S ' (%* ��� λv : Hv → C  � !��

Φ ∗ ϕ = λv(ϕ) · Φ ∀ϕ ∈ Hv (18)

� � � � 3 � λ(pe) = λv(T (pe)) (0 ≤ e ∈ Z) ��� ��� � Hv � T (p) �
T ($v, $v) � � � O P + , � Φ ∗ T ($v, $v) = χω(p)−1Φ

� ��	 � (18) �
Φ ∗ T (p) = λ(p) · Φ � (�� � ����� 0 � � 4.1.3 � �
∑

e≥0

λ(pe)Xe = Pp(X)−1, Pp(X) = 1 − λ(p)X + χω(p)−1N(p)X2 (19)

� �������
� � � � 4.3.1 � � p - b

�
� M �!": �� b ⊂ OF �������

C(pebD−1) = λ(pe)χω(pe)−1N(pe) · C(bD−1) (20)

� � � � � !�� (18)  v - n
�
� ) � S v ∈ Pf (F ) ��� � �

P � � 8 � 	 �
L(Φ, α, s) (21)

=
∑

b|n∞

C(bD−1)χα(b)N(b)−s ·
∏

p-nfα

Pp

(
χω(p)−1χα(p)N(p)−(s+1)

)−1

� � � � ��� � ∑
b-n � b - n

�
� M ��"� -� b ⊂ OF ) S � � ∏p-nfα

�
p - nfα

�
� p ∈ Pf (F ) )LS � ��H � ∑b|n∞ � n S9��� LS!/
� � �� �
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� � M���". � b ⊂ OF )7S � ������� & ( Hilbert � * #"% Φ � �
� � �

L- 9 / L(Φ, α, s) � n S9� �  ����� � Euler
� � 7�8 � Φ � Φ̃ S�� � �

Φ̃ ∗ T (pe) = χω(pe) · (Φ ∗ T (pe))∼

�
� 9 �  ��� � � ��� � ��� ��� �

4.4 Φ � (ω, δ)-
* S Hilbert � * #�% ��� ��� v|n � � v = p ∈ Pf (F )

�4� � � ϕ ∈ Hv(δv) �������

(Φ ∗ ϕ)(x) =

∫

Gv

Φ(xy−1)ϕ(y)dGv (y) (x ∈ Gv)

�����$� � Φ ∗ ϕ ��� � (ω, δ)-
* S Hilbert � * #�% � � ��� 3 � T (pe) =

T ($e
v) ∈ Hv(δv) (e ≥ 0) � ��� � Φ′ = Φ ∗ T (pe) ��� ���

Φ′
1(

[
y x

0 1

]
) = C ′(div y) ·W1(

[
y∞ 0

0 1

]
)Λ(x)

�����
� � Φ S Fourier � / �9SJ� � � 7S�9��  P ��� 8�
3��

4.4.1 F S9M��!": � b ⊂ OF �������

C ′(bD−1) = N(pe) · C(pebD−1)

� ����� ��� � D = D(F/Q) � F/Q S������ � � �����
[ ��� ] � � 4.2.2 � �

Φ′
1(

[
y x

0 1

]
) =

∑

t∈Ov/($e
v)

Φ1(

[
y x

0 1

][
1 t

0 $e
v

]−1

) · ωv($
e
v)

=
∑

t

Φ1(

[
1 x− yt

0 1

][
$e

vy 0

0 1

]
)

= C(pediv(y)) ·W1(

[
y∞ 0

0 1

]
) · Λ(x)

∑

t∈Ov/($e
v)

Λv(−yvt)

�
∑

t∈Ov/($e
v)

Λv(−yvt) =




N(pe) : yv ∈ D−1

v S+���
0 : yv 6∈ D−1

v S+���
� �
	 � div(y) = bD−1

�
� y ∈ F×

A � � , � � � � 9�� % ��� ���
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4.5 F S�M ��"  -� n ⊂ OF � fω|n
�
� F S �2,�- ω � � ��� n =

(nv)v∈P∞(F ) ∈ Zg � n� 0 ����� � "� � � � 3.6 � � �
*
�
.

Hilbert
�

�"#"% S-��� Sn(n, ω) ��� � ��� � � F S9M �!": � m  fω|m �
8

m|n
�� . 0 � Sn(m, ω) ⊂ Sn(n, ω) � ����� 0 � p ∈ Pf (F ) � Φ ∈ Sn(n, ω) �
�����

(DpΦ)(x) = Φ(x

[
$p 0

0 1

]−1

) (x ∈ GA)

�����
� � DpΦ ∈ Sn(np, ω) ������� ��� �
⋃

fω|m,m|n
Sn(m, ω)

� �
{
DpΦ

∣∣∣∣ Φ ∈ Sn(np−1, ω) for p ∈ Pf (F ) s.t. p|nf−1
ω

}

� � !�� C )���	 , � Sn(n, ω) S�8�:
� � � S1
n(n, ω) ��� � � Sn(n, ω) �

��	 � � �
(Φ,Ψ) =

∫

F×
A,∞GF \GA

Φ(x)Ψ(x)dGA(ẋ)

� 9 � � � � ��� � � S0
n(n, ω) � ��� � � S0

n(n, ω) S9�
� (ω, δ)-
* S Hilbert

new form ��&1( ��� � / � * #�% S new form S 2 � Q [1] ��� ( � S�� �
� � � � 7S���2  ��
	 +9, � 
���

4.5.1 new form Φ � Hecke �  � S (�� 9 / � ��� � � � ��& ( �
0 6= Φ ∈ S0

n(n, ω) � p - n
�
� ���DS p ∈ Pf (F ) ����� � Φ ∗ T (p) = λpΦ

(λp ∈ C) � ��� � � ��� � S+���
1) Φ S Fourier ���

Φ(

[
y x

0 1

]
) =

∑

0�t∈F×

C(div(ty))W1(

[
ty∞ 0

0 1

]
)Λ(tx)

� ��� � C(D(F/Q)−1) 6= 0 � ��� �
2) Ψ ∈ Sn(n, ω)  p - n

�
� ���LS p ∈ Pf (F ) ����� � Ψ ∗ T (p) = λpΨ

�  . � � 	�� Ψ = c · Φ (c ∈ C) � � ���
�"!�� (ω, δ)-

* S Hilbert
���"#�%

Φ ∈ Sn(n, ω)  new form � � !�� �
(18)  v - n

�
� ) � S v ∈ Pf (F ) �������

P ��� 8 � 	�� � v|n � � ) �
S v = p ∈ Pf (F ) ������� C-

0 / S ' (%* ��� λv : Hv(δv) → C  � !��
Φ ∗ ϕ = λv(ϕ) · Φ ∀ϕ ∈ Hv(δv)

� � ��� 3 � λ(pe) = λv(T (pe)) ∈ Hv(δv) �����
� � (17) � �
∑

e≥0

λ(pe)Xe = Pp(X)−1, Pp(X) = 1 − λ(p)X (22)
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� � ��� �"!��
L(Φ, α, s) = C(D(F/Q)−1) ×

∏

p-nfα

Pp(χω(p)−1χα(p)N(p)−(s+1))−1

×
∏

p|n
Pp(χα(p)N(p)−(s+1))−1

� � ��� ��� �

Pp(X) =





1− λ(p)X + χω(p)−1N(p)X2 : p - nfα

1− λ(p)X : p|n

� �����

4.6 3.6 � ��� �
. � � � Hilbert

���"#�%
Φ � �

� � � Dirichlet � /
L(Φ, α, s) � � Re s  �� :�� � � � � � � � � � � s � 9 � � ) ��� 
 � �
��� � �  ��	 +�, � s 7→ −s � 9 � � 9 / � % � 7�8 � H � Φ  Hecke �
 � T (pe) S ( � ���:9 / � 	 � L(Φ, α, s) � Euler

� :�� � 7�8 � 2 � �
S � � � �� � 7�8 Dirichlet � / � Hilbert

����#�% � � � � . 7 S � � �
� ��� � � � � S� � � � � � � � Hecke � Weil � � � 2���2 � ����� F
S 2  � Galois

��� � �
� � � Artin S L- 9 /�� F )�� *�+9,�.����	�/ S Hasse S ζ- 9 / Q S non-trivial part � � � ��� ��� * #�% S9M / � ���
 ��� ��� �D	 � � � S� � S 2���2 � �����

F S9M ��": � n �4� � � GA,f S�� C
E F ��� 8�: 1 Kf =
∏

v∈Pf (F )

Kv

�
Kv =

{[
a b

c d

]
∈ GL2(Ov)

∣∣∣∣ c ∈ nOv

}
(v ∈ Pf (F ))

� � � � � ��� fω|n
�
� F S���,�- ω �4� � � Kf S 1 �� ��� δf �

δf

[
a b

c d

]
=
∏

v|n
ωv(dv)−1

� � � � * � ��� n = (nv)v∈P∞(F ) ∈ Zg �4� � � K∞ S 1 �� ��� δn �
δn(k) = J(k, z0)

n (k ∈ K∞, z0 = (
√
−1, · · · ,

√
−1) ∈ Hg)

� � � � � ��� F S9M ��": ��� � / ��� � ��� /�� 9 / b 7→ c(b) �����
� Dirichlet � /

L(c, α, s) =
∑

(b,fα)=1

c(b)χα(b)N(b)−s

 � * +�, ��� ��� � α � F S���,�- � ����� 0 � p - n
�
� F S9� �!"

 � p �������
(T (pe)c)(b) =

∑

0≤k≤Min{ordp(b),e}
c(pe−2kb)χω(pk−e)N(pe−k) (0 ≤ e ∈ Z)
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����� � � S+��� 2���2�� 7S � � � � � 	 , � [11, pp. 132–140]


���
4.6.1 F S9M��!": � � � / ��� � ��� /�� 9 /

b 7→ c(b), b 7→ c′(b)

 ���� 	 ,�. ��� �
1) p - n

�
� F S �"� S9� �!": � p � �����
T (pe)c = λ(pe)c, T (pe)c′ = λ(pe)χω(pe)c′ (0 ≤ ∀e ∈ Z)

�
� λ(pe) ∈ C  � � � � 8 c(1) = c′(1) = 1,

2) (fα, n) = 1
�
� F S �"��S���,.- α ��� � � Dirichlet � / L(c, α, s),

L(c′, α, s) � Re s  ���:�� � � ��� � � � � � �
Λ(c, α, s) = Γ(ω∞, δn;α∞; s) · L(c, α, s),

Λ(c′, α, s) = Γ(ω∞, δn;α∞; s) · L(c′, α, s)

� s � 9 ��� )���� 
 � � � � � �  �
	 +9, 9 / � %
Λ(c, α,−s) = ε(ω, α; s) · Λ(c′, α, s)

 P � � 8 Q �"� � Γ(ω∞, δn;α∞; s) � ε(ω, α; s) � � 2 3.6.1 S � � �
� � � �

3) Λ(c, α, s) � ��� S���� ��� A ≤ Re s ≤ B � �����
� 	��

Φ(

[
y x

0 1

]
) =

(y)∑

t�0

c(tdiv(y)D(F/Q))W1(

[
y∞ 0

0 1

]
)Λ(x)

�
� (ω, δ)-

* S Hilbert
����#�%

Φ  ����� ��� H � � S+���
Φ̃(

[
y x

0 1

]
) =

(y)∑

t�0

c′(tdiv(y)D(F/Q))W1(

[
y∞ 0

0 1

]
)Λ(x)

� �����

5
�����	��
�

� � � � � � � S @�B C�E<F ��� 1 )7S���9 / S�2 � ����� ��� � Hilbert

� * #�% � �
	 � Hecke �  � S � � � � ����� ��/ � � � � � ��� ��	��
� �
� �" � [2] ��� ��� ���4 ��� S � "
# ����� ��� �� � � G � @�BLC E<F ��� � ��� ��� � # 1 � K ⊂ G � C�E F � � 8�: 1� � � � K S�� � � ����
 � � (δ, Vδ) � �

8 � � � � � � � K � C�EGF � �� � 	 δ �9� �  � ����� Q [7] � � G,K )7S Haar 5
6 � � � dG(x), dK(k)� ��� ∫K dK(k) = 1
� ���$% ��� ��� �
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5.1 G )�S<�J� / � 9 / ψ  � � � �"� � � � � �$��SI� � T � {x1, · · · , xn} ⊂
G ��� ��� �@��� � � (ψ(x−1

i xj))i,j=1,··· ,n  �� ��� � Hermite
��� �

� �� � ��� � � S � �
1) ψ(x) = ψ(x−1),

2) |ψ(x)| ≤ ψ(1) ∀x ∈ G,

3) |ψ(x) − ψ(y)|2 ≤ 2 · ψ(1) · Re(ψ(1) − ψ(xy−1)) ∀x, y ∈ G

 P � � 8 � G S � � ��
 � � (π,Hπ) ���
� � � u ∈ Hπ �
� ! � ψπ,u(x) =

(π(x)u, u) (x ∈ G)
����� � � ψπ,u � G ) S���� � �$	�9 / � � ���

G S ���	��
 ��� (π,Hπ) ������� � {π(x)u | x ∈ G}  Hπ S ��� � 8
:
��� � � � ��� � u ∈ Hπ  ������ � � � � π ��	�
 ��� � & � � u ��	

��7����� � &1( � 7S�� 8 S � �������� � ��� 
3��

5.1.1 G S�	�
 � � πi (i = 1, 2) S�	�
���� � �
� ui

� � � � ψπ1,u1 =

ψπ2,u2

� 	�� π1

�
π2 � � �	��
 (�� � �����

3��
5.1.2 G )DS���� � �$	 9 / ψ ��� � � � ψ = ψπ,u

� � ����� � G

S�	�
 ��� π
� 	�
 �7����� u ������� ���

5.2 L1(G) � G ) S� � / �

(ϕ ∗ ψ)(x) =

∫

G

ϕ(xy−1)ψ(y)dG(y)

� � � � � Banach
N � � ��� H � ϕ∗(x) = ϕ(x−1)

��� 	�� ϕ 7→ ϕ∗ �
L1(G) )7S � � � � � � L1(G) � Banach ∗-

N � � ��� (π,Hπ) � G S � �
��
 � � � � ��� ϕ ∈ L1(G) �������

(π(ϕ)u, v) =

∫

G

ϕ(x)(π(x)u, v)dG(x) (∀u, v ∈ Hπ)

�
� Hπ )DS���� �  � π(ϕ) ∈ L(Hπ) � ��� � � ��� ��� � S � � ϕ 7→

π(ϕ) � Hilbert ��� Hπ ) S Banach ∗-
N
L1(G) S ∗- � � � � � �

{π(ϕ)u | ϕ ∈ L1(G), u ∈ Hπ}

� Hπ S ��� � 8�:
��� � � � Q &�(�� L1(G) S���� % � � � � ��� � � 2
� Hibert ��� H ) S L1(G) S���� % � ∗- � � ρ ������� � G S H ) S
���	� 
 ��� π � � � !�� ρ(ϕ) = π(ϕ) (∀ϕ ∈ L1(G))

� � ���
G S ��� ��
 ��� (π,Hπ) � ��� � � � ��� � � , � L1(G) S ∗- � � �
� � � �

�
� � � � ( � ����� � 0 � G S � � �	
 � � (πi, Hi) (i = 1, 2)

�
��� �  � T : H1 → H2 �������

T ◦ π1(x) = π2(x) ◦ T ∀x ∈ G ⇔ T ◦ π1(ϕ) = π2(ϕ) ◦ T ∀ϕ ∈ L1(G)
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� � ��� � S � � T ���DS � �������
	������� � (π1, π2)
��� � ��� �

π1

�
π2 � G � � � � 
 � � � � � � ��� 
�� � � � � ��� L1(G) � ∗- �� � � � ���	��
�� � � � � � ��� � � ��� �

G � ��� ���	��
 ��� � ���	��
�� ��� ����� � Ĝ
��� � �

5.3 eδ(k) = dim δ · tr δ(k−1) (k ∈ K)
��� � �
� ��! 	"�$#
��%�&'�)(�+* � �-, K ./��� �10)2
3 * ��� eδ ∗ eδ = eδ � � ��� G � ���	� 
54�

(π,Hπ) 3 �����
Hπ(δ) =

∑

T∈(δ,π|K)

ImT

� (π,Hπ) � δ- ��6�798 ��:�; � � π(eδ) � Hπ < , Hπ(δ) =+�>( ��?�@ �ACB+D�E
G �>F GIH�J1KMLN4�O (π,Hπ) � K =1�>P�Q π|K � K ��H�J1KMLN4
O �SR D ��T π|K 3 �CU D δ � 
 ��VMW m(δ, π|K) = dimC(δ, π|K)

��XZY T
0 < m(δ, π|K) <∞ R D �)[ T π W�	�\>] -δ ��F�G�H9JIK1L^4�O ��:�_ Ta`
��V

r = m(δ, π|K) = dimC Hπ(δ)/ dim δ

W π �cbed ��:�; 8
E 	�\)] -δ �cF�G�H�JIK'L54�O
�����MW Ĝ(δ)

��� �cf
� 3�g DcE
	�\>] -δ ��F�G�H�JIK
L54�O π ∈ Ĝ(δ) 3ch XZY

Φπ,δ(x) = π(eδ) ◦ π(x)|Hπ(δ) ∈ EndC(Hπ(δ)) (x ∈ G)

��� � Y T G .1� *ci Φπ,δ W π 3kj l9g D K- Kcm�n δ �ko *)i (spherical

function)
��:�; E p T

ψπ,δ(x) = (dim δ)−1trΦπ,δ(x) (x ∈ G)

� � � Y T f>q W π 3ajIl+g D K- K9m�n δ �ao r *9i (spherical trace

function)
��:�; E

5.4

L1(G, δ) = {ϕ ∈ L1(G) | eδ ∗ ϕ = ϕ ∗ eδ = ϕ}
s
L1(G) � Banach ∗- t 8�u W R g E�v X

(eδ∗ϕ)(x) =

∫

K

eδ(k)ϕ(k−1x)dK(k), (ϕ∗eδ)(x) =

∫

K

ϕ(xk−1)eδ(k)dK(k)

8 w5x�y G z|{~}��^�N�~� Lie ��� K z G �������������>�����5���Z�$���$�~��� π ∈ bG�
δ ∈ bK y|�a��� m(δ, π|K) ≤ dim δ � � ¡£¢ Harish-Chandra ��¤�¥ ¦¨§
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��� D�E p
L1(G, δ)o = {ϕ ∈ L1(G, δ) | ϕ(kxk−1) = ϕ(x) ∀k ∈ K}

=

{
ϕ ∈ L1(G)

∣∣∣∣
1) ϕ(kxk−1) = ϕ(x) ∀k ∈ K,x ∈ G

2) eδ ∗ ϕ = ϕ

}

s
L1(G, δ) � Banach ∗- t 8�u ��� D)E G .
����� �+��! 	 � R D ��� i�	��
�*�i	�� W Cc(G) � ��� ��T Cc(G)

s
L1(G) ����� R C- t 8�� i��� D�E�� f �

Cc(G, δ) = Cc(G) ∩ L1(G, δ), Cc(G, δ)
o = Cc(G) ∩ L1(G, δ)o

��� � E Cc(G, δ)
o W K- K>m�n δ � Hecke �����1� u � :�; 9

E
L1(G, δ) ���� s

L1(G, δ)o 3! #" q DkE Cc(G, δ), Cc(G, δ)
o
s�$&%

L1(G, δ), L1(G, δ)o

�'�	� R t 8 ��� ��� D�E
(π,Hπ) W G ��H�J
K'LN4�O(�Zg D ��T ϕ ∈ L1(G, δ) 3>h XSY πδ(ϕ) =

π(ϕ)|Hπ(δ)

s
Hilbert �9� Hπ(δ) �*)�+����,�-� R/. T ϕ 7→ πδ(ϕ)

s
Banach

∗- u L1(G, δ) � Hπ(δ) .
� ∗- 49O0� R DcE�1 3 ϕ ∈ L1(G, δ)o
R ,32

πδ(ϕ) ◦ π(k) = π(k) ◦ πδ(ϕ) ∀k ∈ K

��� D�E
π ∈ Ĝ(δ) ��g D ��T ψπ,δ

s
G .'�')�+ �4
�*ai#5 < , T ϕ ∈ L1(G, δ)o

3ch X�Y
ψ̂π,δ(ϕ) =

∫

G

ϕ(x)ψπ,δ(x)dG(x) ∈ C

��� � � T�6I�3798:��;Cg=<�>Z3)T ψπ,δ ?�@ s ψ̂π,δ

s
G �kF�G+H�J�K1L^4

O π W �	A:B U DDC
E	F

5.4.1 πi ∈ Ĝ(δ) (i = 1, 2) 3�h XZY TG6 s � � �4� DDC
1) π1 � π2

s H�JIK
L�� � T
2) ψπ1,δ = ψπ2,δ T
3) Cc(G, δ)

o . � ψ̂π1,δ = ψ̂π2,δ.

(π,Hπ) ∈ Ĝ(δ) ��b d9W r ��g D � T Hπ(δ)
s
K �k4�O0� XZY s (δ, Vδ)

� r HI��(a2I��� 6 ��� DkE�� f � ��J,K Hπ(δ) =
⊕r

Vδ W!J	L�M37 g D �
EndK(Hπ(δ)) = {T ∈ EndC(Hπ(δ)) | T ◦ π(k) = π(k) ◦ T ∀k ∈ K}

s�N4O u Mr(C) ����JGK"d q D>EGP�Q T f ����J	K W�M�7 XSY � � E ϕ ∈
L1(G, δ)o 3ch XZY

Φ̂π,δ(ϕ) =

∫

G

ϕ(x)Φπ,δ(x)dG(x) = πδ(ϕ) ∈ EndK(Hπ(δ))

9v ∈ Pf (F ) y������ G = GL2(Fv), K = GL2(Ov)
� �$� � δ = 1K z K �*RTS � 1UWVYXYZ �\[^] � Cc(G, δ)o _ 4.1 � ¤^` �ba Hv

y�wdc)� �'egf�z Hilbert hjilk^m y��on¡ Hecke pWqYr'sTtvu ¡xw�� §
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�*� � � T Φ̂π,δ(ϕ) ∈ Mr(C) �Z0 Y

tr Φ̂π,δ(ϕ) = ψ̂π,δ(ϕ) (ϕ ∈ L1(G, δ)o)

��� D�E�1 3 Cc(G, δ)
o 3�PCQ XZY

Φ̂π,δ : Cc(G, δ)
o →Mr(C)

s ��?
C- � i�� � 6���� ��� D>E 7�� < ,�o�r *�i ψπ,δ

s
G ./����7 ���
C*)i ��� D ��T
	'3'61�'7	8&� 7 .�� L C

E	F
5.4.2 G .
���	7 �G��
C*ai ψ 3ch XZY

1) ψ ∗ eδ = ψ < L���
� k ∈ K 3ch XZY ψ(kxk−1) = ψ(x) (x ∈ G),

2)
��?

C- � i�� � 6���� ω : L1(G, δ)o → Mr(C) � ��� Y T���
� ϕ ∈
L1(G, δ)o 3ch XZY ω(ϕ∗) = ω(ϕ)∗ < L

∫

G

ϕ(x)ψ(x)dG(x) = trω(ϕ)

� 7 .�� L
R ,32>T ψ = ψπ,δ < Labed'� r

R D
π ∈ Ĝ(δ) �����Cg DcE

[ ��� ] �����13 s�� �� , q�!#"�$ �4� D ��T�%�&I� R D('�) s
* L U,+ @ E
b.-�/10�2�3&< D�3�4 41��5
687d� � DcE

5.5 913#: X��<;�= D <�>Z3cT π ∈ Ĝ(δ) �kb d'� 1 �(>.?:� � 3k`.@ �� DcE f ��>�? ψ̂π,δ = Φ̂π,δ

��� D < ,
ψ̂π,δ : L1(G, δ)o → C

� C- � i � � � 6��
� � R . T Cc(G, δ)
o 3�PCQ XZYBA ��? ��� DcE�p ψπ,δs 61�k2 8�C�D W,E ! g C

F�G
5.5.1 π ∈ Ĝ(δ) ��bed�� 1

R ,32
∫

G

ψπ,δ(kxk
−1y)dK(k) = ψπ,δ(x) · ψπ,δ(y) (x, y ∈ G)

��� D�E
1 3 Cc(G, δ)

o ��H�I�J0� A ��K
3 *�� XZY @ DDC
F�G

5.5.2 1) Cc(G, δ)
o �.H.I R ,'2�T���/� π ∈ Ĝ(δ) �)b"d s 1

�
� D T
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2) �� � π ∈ Ĝ 3�h X>Y m(δ, π|K) ≤ 1
R ,,2 L1(G, δ) � �G� s

L1(G, δ)o 3,J��+g DcE�� 3 Cc(G, δ)
o
s H�I ��� DcE

� 3 δ � K � 1 6���4�O���>�?I3 s
F�G

5.5.3 dim δ = 1 �#� [ TG6 s � � ��� DDC
1) .��� π ∈ Ĝ 3�h XZY m(δ, π|K) ≤ 1,

2) L1(G, δ) � �'� s L1(G, δ)o 3,J��+g D T
3) L1(G, δ)o

s H
I T
4) Cc(G, δ)

o
s H�I .

5.6
f�f � s � 3 δ = 1K � K �	��
 R 1 6���4�O���>�?MW,& B+D 10

E

Cc(G,K) = Cc(G,1K)o = {ϕ ∈ Cc(G) | ϕ(kxk′) = ϕ(x) ∀k, k′ ∈ K}

�*� [ T G .���9� i	�9�	
C*ai ω � ϕ ∈ Cc(G,K) 3ch XZY

ω̌(ϕ) =

∫

G

ϕ(x)ω(x−1)dG(x)

�*� � E
E��

5.6.1 0
� R @ ��
C*ai ω : G→ C �
ω̌(ϕ ∗ ψ) = ω̌(ϕ) · ω̌(ψ) ∀ϕ, ψ ∈ Cc(G,K)

W,E ! g � [ T ω W G .�� K 3 * g D�� o *ai � :�; E

G .�� K 3 * g D�� o *ai � �	 W Ω(G,K) ��� �cf �k3�g DcE
F�G

5.6.2 ω ∈ Ω(G,K) 3ch XZY
1) .��� ϕ ∈ Cc(G, ) 3ch XZY ϕ ∗ ω = ω ∗ ϕ = ω̌(ϕ) · ω,

2) 
��� x, y ∈ G 3Zh X�Y
∫

K

ω(xky)dK(k) = ω(x) ·ω(y).
� 3 ω(1) = 1.

	'3 fSq ,���J���� � o *ai W � A:B U DkE���� T
F�G

5.6.3
��
C*ai

ω : G→ C �������
1) .��� k, k′ ∈ K 3ch XZY ω(kxk′) = ω(x) T < L ω(1) = 1,

2) .��� ϕ ∈ Cc(G,K) 3ch XZY ϕ ∗ ω = λϕ · ω (λϕ ∈ C)

W,E ! g R ,32 ω ∈ Ω(G,K)
�4� DcE

10 e������ y �����o_"!Zy [10] s$#�%Z�ve � §
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F�G
5.6.4 0

� R @ ��
C*ai ω : G→ C �)2 8�C�D
∫

K

ω(xky)dK(k) = ω(x) · ω(y) ∀x, y ∈ G

W,E ! g R ,32 ω ∈ Ω(G,K)
�4� DcE

Cc(G) 3����IWW7�� X Y����	��
�� 3�g D�E "� �9��!�� 7 t 8�� ? M ⊂ G

3ch X�Y
CM (G) = {ϕ ∈ Cc(G) | suppϕ ⊂M}

s 5���� |ϕ|M = supx∈M |ϕ(x)| 3 * X�Y �9� Banach

�� � R DcE&� f �

Cc(G) =
⋃

M⊂G;compact

CM (G) = inj lim
M⊂G:compact

CM (G)

3����13���
W���� X�Y�������
�� ��g D � �4� DSE Cc(G,K) 3 s ��h����
W ACB DcE
F�G

5.6.5 ω ∈ Ω(G,K) 3ch XZY ω̌ : Cc(G,K) → C
s ��
 ��� DcE

	'3
F�G

5.6.6 C- � i�� � 6��
� λ;Cc(G,K) → C � �9? < L �9
 R ,*2�T λ =

ω̌
R D

ω ∈ Ω(G,K) ����J����Cg DcE
1 3

F�G
5.6.7 K � G � ���Z!�� 7! �t 8 # R ,'2�T��� � C- "�# �.� λ :

Cc(G,K) → C
s ��
 ��� DcE

$ 9
3 � o *ai � G ��H�JIK'L54�O�� *�% W ;�=�Y � � E π ∈ Ĝ(1K) �
b-d 1 � � [ T π �>4�O 
&� Hπ 3G� U D K- '	(*) � 7+� s 1 6�� ���D>E&� f ��, d 1 � K- '	(�) � 7+� u ∈ Hπ 3ch XZY ωπ(x) = (π(x)u, u)

(x ∈ G) �*� � �.- 5.1 /���0&1
W � @ q 2 ωπ = ψπ,u
��� D�2 T�3�4 5.5.1

�53	4 5.6.4 < . ωπ ∈ Ω(G,K)
��� . T < L ωπ

s
G .�� ��7 ��*�i �� DcE

	�3 ω ∈ Ω(G,K) ����7 � R ,o2�T�3�4 5.1.2 3�< . G �76�8�4�O (π,Hπ)

� , d 1 ��6*8	) � 79� v ∈ Hπ � ��� Y ω(x) = (π(x)v, v) � R DcE f �
� [ π ∈ Ĝ(1K) < Labed s 1

�
v ∈ Hπ

s
K- '�(�) � 79�-� R DcE

5.7 δ
s
K ��F�G�H�JIK
L54�O0� XZY T P�Q T π ∈ Ĝ(δ)

s bed 1
�4�

D �5:G7Cg DcE "���6	� 7	8&� 7 .�� L C
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E	F
5.7.1 π ∈ Ĝ(δ)

s bed 1 �Zg D>E f � � [ G ���� ��H�J
K'L54�O
(σ,E) 3>h XSY T � � π- � 6�7�8 E(π) � � � δ- � 6�7 8 W E(π; δ) ��gD �

E(π; δ) = {u ∈ E | σ(ϕ)u = ψ̂π,δ(ϕ)u ∀ϕ ∈ Cc(G, δ)
o}

� R D�E
G � ��� Z(G) ����t 8�� A ⊂ Z(G) W � . T G ����t�� � Γ ⊂ G

s
A W� at�� � � XZY  �� ��g D>E�	 � Y Γ/A

s
G/A ��
��t� � ��� . T

Γ
s H�J�������\�6 ��� D>E ρ W γ � 1 6�����O(�Zg D)E f � � [�� 6CK

{A,Γ, ρ, π, δ} ��jCl�g D G ������	# D � 
�� W36	�&<:>��'7��Cg D C
E��

5.7.2
��
��ai

f : G→ Vδ

����� Y ���
1) .��� γ ∈ Γ �ch XZY f(γx) = ρ(γ)−1f(x),

2)

∫

Γ\G

|f(x)|2dΓ\G(ẋ) <∞,

3) .��� k ∈ K �ch XZY f(xk) = δ(k−1)f(x),

4) .��� ϕ ∈ Cc(G, δ)
o �ch XZY

∫

G

f(xy−1)ϕ(y)dG(y) = ψ̂π,δ(ϕ) · f(x)

W�� ! g A � �	 W Ǎδ(Γ\G, ρ, π) ��� � E
�9��) � 79� 
�� Ǎδ(Γ\G, ρ, π)

s �"!

(f, g) =

∫

Γ\G

(f(x), g(x))δdΓ\G(ẋ)

� � X Y ��� Hilbert

�� � R DSE Vδ �$#�h 
�� W V ∗

δ � X Y T��!� R pairing

W 〈v, α〉 = α(v) ��g DcE f ⊗ α ∈ Ǎδ(Γ\G, ρ, π) ⊗C V
∗
δ �ch XZY

Ff⊗α(x) = (dim δ)−1/2〈f(x), α〉 (x ∈ G)

�x7���g D�E&% �'�aO IndG
Γ ρ

−1 ��7 8 5.7.1 W)(G��g D �NT � � f⊗α 7→ Ff⊗αs �9� Hilbert

�� � *"� ���
Ǎδ(Γ\G, ρ, π) ⊗C V

∗
δ →̃ (IndG

Γ ρ
−1)(π̌; δ̌)

W,+ B D f �*�.- DcE f�f � π̌, δ̌
s�$ %

π, δ �"/ 0��O ��� D�E

5.8 4 1���23 W�T n = 1 4 _ ω = 1 � :97 � Q �)T ��O 5(� � ��% �
& B Y � DcE
GA

s ���76�8:9 � 7 � � T K = K∞ ×Kf

s � � 6�8;9 � 7$t� � ���DkE
Γ = F×

AGF

s
GA ���>t�� � � T GA � �'� F×

A W� >t�� � � X�Y  <� E
ρ = 1Γ

s ��
 R 1 6�����O0� X <�> E δ = δn ⊗ δf
s
K � 1 6�����O ���. T δf = 1Kf

s ��
 R 1 6�����O ��� D�E n = (nv)v∈P∞(F )

s
1 ≤ nv ∈ Z

�5:97+g DcE
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v ∈ P∞(F ) ��g D)E G1
v = SL2(R) �cF�G1H�J1K'L ��O π+

v

�
π+

v |Kv =
⊕

0≤k∈Z δnv+2k � R D A �G����J����Cg D - nv > 1
R � 2 SL2(R) �����


��� O ��O�T nv = 1
R � 2 limit of discrete series [9]

2�E
G+

v = R×
>0 ×G1

v5�� � - R×
>0

s ���	� i � R g�
�� � 2 T R×
>0 �

� s ��
 ��� D � XkY π+
vW G+

v �kF�G+H�J�KIL&��O �� , g D�E f �=� [ Gv �kF�GCH�J+K1L ��O πv�4��� Y
πv |G+

v
= π+

v ⊕ π̌+
v

R D ���'W A L Gv �ZF�GCH�J�K
L&��O πv ���
J��.�Cg D - π̌+

v

s
π+

v �"/�0�9O 2�E π+
v , πv �,��O 
�� W $ % H+

v , Hv �
g D � δv = δnv - ����� � Hv(δv) = H+

v (δv)
s

1 6 � 5�� � T , d 1 ��) �
79� uv ∈ Hv(δv) W'J4L�M�7 XZY � � E
v ∈ Pf (F ) ��h X Y s πv ∈ Ĝv(1Kv) W�J�L � DZE Cc(Gv , δv)

o = Cc(Gv ,Kv) =

Hv

s H�I 5�� � T m(1Kv , πv|Kv ) = 1
�G� D - 3�4 5.5.3

2 E
πv �$��O 
�� Hv

� � U D Kv- '�(�) � 7 � s 1 6�� 5�� � T , d 1 � ) � 7 � uv ∈ Hv(1Kv)

W'J4L4M�7 XZY � � E
{πv}v∈P (F ) � {uv}v∈Pf (F ) �

� g D P1Q�� 8�� � ! 11π
s

GA �)F+G
H�J'K'L � O �&� . m(δ, π|K) = 1 � R . T H =

⊗′
v∈P (F )Hv �!� � ��T

H(δ) = C
⊗

v∈P (F ) uv

��� DcE d � �
ψπ,δ(x) =

∏

v∈P (F )

ψπv,δv (xv) (x ∈ GA)

� R DZE J���T � Y � v ∈ Pf (F ) �Zh X Y Cc(Gv ,Kv)
s

1 W A L - Kv � Gv

��� U D � J �ki�2�� � T � q W 1v ∈ Cc(Gv , δv)o �l� � �5T {Cc(Gv , δv)
o}v∈P (F )

� {1v}v∈Pf (F ) �
� g D � i�� P�Q�� 8�� � !'s Cc(GA, δ)

o ����� R t��
�� � R D�� � T � �76<8:9 � 7 � �������# D �'7�� 5.7.2 ��� U D ���
4)
s��

v ∈ P (F ) �ch g D Cc(Gv , δv)
o �'�4� ���! d q DkE � �')+Q,��"

v ∈ Pf (F ) � � U D �4�4� 4.1
� ;�=�!

Hecke �������3�4�
W�+ B+D�E�# Q
�$" v ∈ P∞(F ) �G� U D ��� s T Gv � � * q 2 π̌v- ������ � δ̌v- �����
� �	%Cg D f �>W ;�=�Y @ DcE � f�& � T π+

v �	'���� � � u ∈ H+
v (δm)

s
(X+−X1)u = −

√
−1m ·u �$* � �9� DZE J!��T [X+−X−,W+] = 2

√
−1W+5!� � T u ∈ H+

v (δm) (m ∈ Z)
R � 2 W+u ∈ H+

v (δm−2) � R D)E < � Y
u ∈ Hv(δv) = H+

v (δv)
R � 2 W+u = 0

�	� D - π+
v |Kv =

⊕
0≤k∈Z δnv+2k

5
� � 2 E /'0���O��=>^L q 2 u � π̌v � δ̌v- �'����� �* =" q�q 2 W−u = 0 �R DSE < � Y 7�� 5.7.2 � � � 4) � # ����" � � U D � � s T � v ∈ P∞(F )

�ch X�Y Gv � � W−f = 0 W,E ! g f �	� R . T Ǎδ(Γ\G, ρ, π)
s

Hilbert

� ��# D � � R D f ����( �+D�E 	 � Hilbert � ��# D Φ � Fourier )& ��
11{Hv}v∈P (F ) �+*-,�.0/c�-13254 N

v∈P (F ) Hv �-6����+7�8:9 � � v ∈ Pf ; �9�� wv = uv
� ��¡ ⊗v∈P (F )wv �=<c¡|���?>?@ ¢ ebf's {Hv}v∈P (F ) � {uv}v∈Pf (F )

; �^n ¡3*5,A.+BACD/��E1F2�4 �HG?I�J ¦ _ GA �3RLKZ� pvq ; ���$�+M ¤�����N �AO320P
|⊗v∈P (F )wv| =

Q
v∈P (F ) |wv| ; ��� �RQ Hilbert >=@ls|� n wZ� �RS^�HT3U=V N′

v∈P (F ) HvW ; GA �YX5ZE[]\ XdZ z^� Z �?^N¡�§!egfvs {πv}v∈P (F ) � {uv}v∈Pf (F ) ; �dn ¡HBEC�/�51H2Y4 �LGD_ §+` πv zba5cZ�����FB?C5/S�51L2+4�d:a5c���� ¡|§+e ; GA �Ra5c?X5Z?[A\XjZ _HfAg �ha�c?XDZ?[A\ XjZ {πv}v∈P (F ) �RB?C5/Z�51H2+4 � � ¡ [3] §
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#0� ψπv ,δv ��� ���� # � ��� 7.� 5.7.2 � ��� 4) � # �G��" �����	���
� ��E ! d q � f �!�'-
���� � 6�� � GA � ���	��5 � � > � � * q 2 �
��	# D � Hecke �4��� � *���M�) �ai �4� � f � s�� � ��� @�� ��� ���
�������
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