KATZ’S p-ADIC MODULAR FORMS

b #t GROKRED

0. Introduction

p FRH LT 5. p-adic modular form DIRGHIE, ZRITHE M7 E
& F 12K 5 Dedekind @ C-BIEL ¢ DRFFRAE D p-%%:&é: L&
FEICREE T 5B X, Eisenstein $E D Fourier R D ERIAIC Z DRk
ESEIIN S Z & A5 modular form @ Fourier (R Z DY DD p-FE%
e LEBRICET AMHE AT 5 2 & 23% @ motivation & 725 T
W5,

% Z C modular form @ p-adic theory ZHERT 5 Hke L TURS
N7z e LT, modular form @ Fourier BEEA % p-HERLREL DK
e B LZD p-EMmR & LT p-adic modular form % EFHT 5 &
VN5 7z Serre [24] 1S K AREN 2 TFHE L p-EIR ETESER S WM ih
f% arithmetic moduli scheme 12 “growth condition” ZffL 729 AT
relative differential sheaf @ global section % & % Z & C p-adic modular
form ZE&RT 5 Katz [12) IS L 2BMAVRFEDO—OBFRbD L L
TREINTNS,

AT, TD DB Katz 12k ﬁfﬁﬂﬁé 7z p-adic modular form @

%Kowfiﬁ@ﬁ%%ytw A% Section 1 12TFEIC Katz [12] &

Gouvéa [7] & \iﬁﬁﬁﬂ:@ﬁ'b’ 13 Section 2 IZBWTEIT Goren
6] %%ﬂ%h%% Lﬁﬁ‘%”f” SETWREL BRI, R
& L CE Katz o—@# DX [12], [13], [14], [15], [16], [17] ZLT [18]

nEToND. —7:7'( Serre @ p-adic modular form {ZB8 L Tldk, A5
%%@ﬁlﬁ]ﬁ%ﬁ%@%‘ﬁﬁ% “Serre @ p ¥ modular FERITODWT” 25
FRL T2 &,

& 51T Section 3 TlE, ¥ ~—A 7 — )L TCOFHMH TN S Z &8 T
TR 5Tz Katz @ “generahzed p-adic modular function” DJEFK L,
Gouvea 1T & Y HERK S 17z generalized p-adic modular function i:ﬁ%
T % Galois REUIDWT [7] 2BFICL 2B/ LT,
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1. Elliptic case

p BRI T5H. Katz [12] IT & D “p-adic modular form” DERAL
%, Y/RD Observation IZH 6535 & 9 7 modular form % “Sfafiyic &
5A57 W) Bt 647hbhs:

Observation 1.1 (cf. [12, Appendix 1] and [23, Section 7.2]). ZZ T
V&, BREA C o modular form 2% “C _EoFgH kRO RHD 22
THEALOBE LHEL TSI X2 THET 5.

k288 e 5. LF5Sm b= {r € C|Im(r) > 0} Lo CAEIEHIR

B f P (weakly) modular form of weight k and level 1 TH 5 &%, H

SRR 7RI O RFRIRE SLy(Z) O D5 (ﬁ Z) AL T

AN = +afi(n)  (reb)
b . 2T “weakly” &1, f OEERESICBT SRS NI
DNTELELZRL TRV L 2EIRT 5.
IN6D f &, C LD lattice DRE {L = Zw ® Zw,| Im(22) > 0}
OB F T

FOAL)=X"*F(L) (AeC¥)
790 O L AEIEX
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ICEORIET B2 LAaonrd. (I, lattice DEA LOBK F TLo
FZ =B DA S weight k @ modular form f Z/ESITIE,

f(r) =F(ZraZ) (reb)

EThuE L)

EHIT, ZNB D lattice DES OB F &, C _LofEM ik £ &
ZD LD 0 TROAREWHTEAD R T O FASHDES {(E/c,w)}/~
Lo F T

F(E, ) = \*F(E,w) (AeCX)
A ISR R NS F

F(E,w) = F({ / wly € Hi(E,Z)})

L OFIET D b2 s. (GBI, MR e AEMO R DR T
MoRBFHOES OB F T LOKAEZIGZT DM lattice D
5 Lo F 21EHITIE,

F(L) :=F(C/L,dz) (z€C)
EThE k)

Z D & 91T modular form % “[ICE 65X 57 &) Z LICEIL
TAREMZ Z 213, modular form % “FgFIRIARD moduli scheme L dD
relative differential sheaf @ global section” & #7&TZ & THY (Re-
mark 1.1), & O8UE TEELRRA > M, moduli scheme T parametrize
Sh A MR OEFRIRE LT, C 2 Tldke <B4 2 nl#iR (FFiC,
p-adic ring A, I b HIRR[EH

A AN = liilnA/p”A

WAL A AHER) ICHRVFRAHZ MW TEHRTH S (cf. [6, Section
1.4]).

LAF, Section 1.1 T classical modular form @ a1y E= (it %
1TV, Section 1.2 IZBWT Katz's p-adic modular form with “growth
condition” DEFE /N T 5. Section 1.3 T, p-adic modular form
with growth condition A% classcal modular form o 72 9 IR A FRAREL
DL TER I NS “Katz's expansion” ZHA/T L, Section 1.4 IZHBWT,
Katz’s expansion Z V3% Z & T Serre [24] @ p-adic modular form %
Katz’s p-adic modular form with growth condition 1 & [F—HTZ 5
ZEEWERT 5.
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1.1. Classical modular forms

Z 2T, Katz [12, Section 1.2] iZ k% classical modular form D%
72 8t %, Gouvéa [7, Section 1.2] I > THATSH. N >5 &
k 2% e L, R % Z[+]-algebra &9 5.

Definition 1.1 (cf. [12, Section 1.2] and [7, Section L.1]). (1) A ZBsF
72 R-algebra & L, uy Z 1 O N FtRDL T A Lo finite flat 72 group
scheme &9 % (cf. [6, Section A.3.2)). Ejy & A L0, w %
E ED 0 TROARZEMDIEN, €L T v: uy — E[N] % finite flat 78
group scheme @ A-inclusion (ZD KD 7% % E LD arithmetic level
[y (N)-structure £¥3D) &2 & &, =D (Eja,w,t) % classical test
object of level N & kK&, ZZ T, E[N] i E @ N-torsion point D72
9" subgroup %7

(2) f A% classical modular form of weight k and level N defined over
R T® 5% &d, BFF72 classical test object (E)4,w,t) of level N IZfH
f(Ea,w,0) € A DT, IROMSDFEMZHT rule DT L%
VN

(i) 8 f(E/a,w,t) € A IF test object (Ej4,w,t) @ A-FRDEZER
WTEE 5;

(i) fEBD R-algebra OY¥ERTY o : A — A ITHL,

f(E ®a A//A’v 90*((")>7 L&A A/) = Qp(f(E/Av("J? L>>;
(iii) FEED X\ € A ITHL,
J(Eja, dw, ) = )\_kf(E/A,w, L);

(iv) (AATTOIEAINE) Z OUEH OFAFIT OV THRRBHIIC Ob-
servation 1.1 ICRHE L 7222 L /zuy:

Observation 1.2. Observation 1.1 BT (weakly) modular form
f b — CITHIRT 5, MRk & RAEHMDTEA DR TH (Ec,w) D
FEAH OB F 1, E¥Em h o5 7 2 OEE AFEM R (C/Zr @
Z,dz) COEZES b DITH > TS,

Lo T, f OERESICBILIRGENERSLZ LI, C Lo
kit

dt
(C/Z7 ® Z,d2) = (C* /¢, 7), zio t =PV (g = VI

WL T, C Lo Tate M (C* /¢, %) 2B B8 F(C* /%, &) % R
52 L ISHET .

22T, 1 OJFdR N FtR (y Z—2FET 5. Observation 1.2 I3
N5 C LD Tate Mk, TERE G, O E L T Laurent fE D227
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B R[Cw, +]((q7)) ECREUEL TH SN B group scheme
(Tate(q)

IR iRy eV

% arithmetic level Fl(N)—structure L uN — Tate(q)[N] ff& D Tate
object £ &5 T T T wean &1, L ITHRT S Tate(q) b OREHER
743 0 CRWAEWDTEATH L ( [12, Section 1.2] and [6, Section
4.5)). f N7z T NEDOHDOFRME (v) L1E, D arithmetic level

' (N)-structure ¢ fif & @ Tate object (Tate(q ) Wean, t) WAL,

f (Tate(q), wean, ) € RlGr, 1]

bz THADH. FHT, AL inclusion puy — G, MHFEIND
BEAER) 72 arithmetic level I'y (IV)-structure tean X9 2 fH

f(q) :== f(Tate(q), Wean: Lean) € R[q]

Z f D g-expansion & K 5.
(3) classical modular form f of weight k£ and level N defined over R
2079 R-module & M (R, k,N) &» <.

IR DEHIT, classical modular form 4% 9 9 A TEBELFAKEH T
H Y | g-expansion principle & 1IN b:

Theorem 1.1 (cf. [12, Theorem 1.6.1)). f € M(R,k,N) IZD2WT,
flg)=0THNIE f=0.

Remark 1.1. arithmetic level I'; (IV)-structure {55 & O#H HIHRIC RS
% R E® moduli scheme M;(N),g @ “minimal compactification” %
M;(N)p &2 2 &1T9 5 (cf. [12, Section 1.5] and [6, Section 4.6.3]).

fRE N > 5 @b &TlE, Mj(N)/r EIC “universal object” 234
U T relative differential sheaf w 2SFHEE I NS, Z D& X, R-module

M(R,k,N) I cohomology group H°(M;(N) g, w*) & ﬁ"ﬁ F—fH
1V, cohomological Z2i&am @A TE 4. LihdD Theorem 1.1 & Z D[F
—*ﬁ?@bf moduli scheme Mj(N), p ORMIAIMEE % H W TRE &
N % ([12, Section 1.6]).

1.2. p-Adic modular forms with growth condition

Katz’s p-adic modular form with growth condition %, Section 1.1
T - 7= classical test object 1T “p-EMRFIR” 2T MAZb D%
“p-adic test object with growth condition” & KT, ZNSITEE HTH
I rule & LTER/LEING. ZDZ &h 5, p-adic modular form with
growth condition I classical modular form # HAICEEZTHbD e L
EMbahd Z itk 5.
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AR, p>5 %% N>5%p LEVICHERBHLL, X5
modular form DEFHRIR R % p-ERRHIR

Ly = 1lim Z/p"Z

95, ZDEE, 7, 1 E Ly ]-algebra & 725 T2 Z LITHER.
%7 test object 1T “p-HERYRFIBR” ZAHTINA B 729DIT, g-expansion

yap)
2(p—1
Byafe) =1~ 2L S (S ey
p-1 n>1 0<dln
THA 6N 5 Eisenstein f# E, | of weight p—1 & X 5. ZZ T,
B,_1 & p—1#FH®D Bernoulli #{T&® ¥, Clausen-von-Staudt D EH
(cf. [25, Theorem 5.10)) 12 &V, HHEHL « WHEAEL T

Bp_lzfl?—Zé
q

LRENSG. ZZTCOMY, W (¢-Dlip—1) 258 q £ES.
TEY, B, i(q) €Z,]q] THHZ MDY, EBIC

E, 1(¢) =1 (mod p)

&5,

Remark 1.2. Z, L@ Eisenstein ## E, | of weight p — 1 @ ¢-
expansion 7%
E,1(g) =1 (mod p)

iz ) 26, B,y B “Hasse invariant” & KIENSEH p
DK Z/pZ LD classical modular form of weight p — 1 & Z,, E\%f
LETbOTHLZ ENENIPNDL. ZDZ &I, Seciton 2 TR X
212, Katz's p-adic modular form Z#&EAHK TR T AERICE
BERRA N b.

572 21T Hasse invariant & V9 modular form defined over Z/pZ
X, A2 p oM EERAY “ordinary” T® 5 A “supersingular” TH
LD e 522D THY, FEL <1F [12, Sections 2.0 and 2.1] %
ZHRL T2 &0,

ST, 0#7r € Z, ZEET L. “p-adic test object with growth
condition 17 ZEFKET L7720 D classical test object IZAHFINA 5 “p-
MR ZRHIR” &1k, (1) £ test object (Ea,w,t) & L TERE A W
p-adic Z,-algebra THS U DZFZHY L, (ii) & 51T Eisenstein &
WE, , COl E, (Ba,w) € AD “AICB 5 pEfHE 25r @ p-
EMEL Y BNSRBDORETEHRICT S, LstbDdTHS. K
REEICE 2,
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Definition 1.2 (cf. [12, Section 2.2] and [7, Section 1.2.1]). (1) 0 #

reZ, BET 5. A 2T p-adic Zy-algebra & L, Ejy 2 A £o

AR, w 2 B Lo 0 TROWAZEMSEX, €L T o py — E[N]

% E Lo arithmetic level T'y(N)-structure £ 95. EHICY € AT
YE, ((Eja,w)=r

B0 LY, DK (Ea,w,.,Y) % p-adic test object of level
N with growth condition r & &&. ZDEE Y & (Ejxw) ED r-
structure &> .

(2) k Z8E LT 5. f B p-adic modular form of weight k and
level N with growth condition r defined over Z, T& % &%, BFFx
p-adic test object (E/a,w,t,Y) of level N with growth condition r IZ
B f(Eqw,,Y) €A ZDTHN IROUDDGEMEZEHTZT rule D
END:

() M f(E/a,w,1,Y) € A test object (E/a,w,t,Y) D A-FHDZE
ERODTEE 5;

(ii) BB D p-adic Z,-algebra ORI o : A — A 1K L,

FE®@a Ay, 0" (W), e @4 A, o(Y)) = o(f(Eja,w,1,Y)).
ZZC BB YE, 1(Eu,w) =ric&b
p(Y)Epr(E®a Ay, o7 (w)) =7
LIRS, oY) 1 (E@a Ay ¢t (w) LD rstructure T 2

Z IR,
(iii) AEBD A € A< 1T L,
FE 4, 2w, t, WY ) = X FF(Eja,w,0,Y).
ZZC BRAYE, ((Ejaw)=712&Y
(NWTY)E, 1(Eja, \w) =7
s BB EMH, N 1F (B, w) E® r-structure TH S Z &I
R

(iv) (AT TOIERIME) R D arithmetic level T'y(N)-structure ¢
S _ ) y 1 —1 :
{55 & D p-adic Tate object (Tate(q)/ZpKN]((qW))A,wcan, t,rE, 1(q)7") i
XL,

f(Tate(q), Wean, ¢, 7 Ep-1(0) ™) € Zp[Cn][g™]

ERBHZETHD. ZZ7T, Ei(q) =1 (modp) THHZENH
E, 1(q) € Zy[q]* TH 2 Z IR, HFHI, HUERZR arithmetic level
[y (N)-structure tea, WXL T,

f(Q) = f(Tate(q)a Wean) Lean TEP—l(Q)_l) € Zp[[q]]
Z f @ g-expansion & 5.
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(3) p-adic modular form f of weight k£ and level N with growth
condition r defined over Z, £&D 729 Z,-module % M(Z,, k, N;r) &
<.

YR D proposition IZ & V| p-adic modular form with growth condition
I classical modular form % HARICEEL TW5H Z L0321 5:

Proposition 1.2. fEB®D 0#r € Z, IZX L T, 5
M(Zp7k7N> - M(ZINI{;?N;T)J

f = (f : (E/A,Ld, L,Y) = .f(E/Aa("J? L))
l& Z,-module @ injection TH 5.

Proof. classical modular form f OEFNS f e M(Z,, k,N;r) TH5b
e, B fs f B Zymodule DUERTL L 72 5 & 213 <Ihd
5. b1 f=0&%NUE, gexpansion Z& 5L 0= f(q) = flq). £-
C, Theorem 1.1 206 f=0 TH 5. O

1.3. Katz’s expansion

LR, p>5 238, N >5% p EHWITHEREY, k> 2 28K
5.

Remark 1.3. Section 1.1 & Section 1.2 Tl k 2EBOREK L L T
- 728, Z D Section %*5 1%, moduli scheme Mj (N) 7, £ relative
differential sheaf w @ global section IZX9 % “Base change theorem”
PREET H72DIC k> 2 YETSH. 2%V k£ > 2 o, £E®D
Zy-module R IZX L TR D AR RTINS 2
H°(M; (N)/r, w*) = H' (M (N)z,,0") ®z, R

(cf. [12, Theorem 1.7] and [6, Lemma 4.6.9]). Z @ Section ®FEHT
H 5 “Katz's expansion” Z#AT 59T, iEIHZAME L 2 2 v <
DR RDB, Z 6 DFEFICIEE T Z D Base change theorem 2%
DWHENTNDZ EITHERL TSz,

Z @ Section Tl¥, p-adic modular form with growth condition A%
classical modular form D72 FICRERALIDIE TR SN D “Katz’s ex-
pansion” ZHFEAL, TDZ 68PN S p-adic modular form with
growth condition OPFE &N DMEEAA L 721y,

a>1 %% LT 5. Eisenstein #F E, 1 D g-expansion A*

E,1(q) =1 (mod p)
THHZ NS, B, | {554
M(Zy,k+ (a—1)(p — 1), N) = M(Zp, k + a(p — 1), N),
f = Ep—lf
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13 injective 7% Z,-module DHEFRITH 5. classical modular form D7%
T M(Zy, k+(a—1)(p—1), N) & M(Z,, k+a(p—1), N) lZWVTIY finite
free 7% Z,-module TH Y, [12, Lemma 2.6.1] I & Y E, 1 {55 D cok-
ernel b finite free 72 Z,-module £72% (Z D Z &1, Igusa DEHIT K
Y M;(N)/z, £ quotient sheaf & L T whtale=b/E, _,(WkHa=DE-1)
\& Z,-flat TH Y, mod p I35 & skyscraper sheaf 127225 Z &> 53E)
nNg). LieB->7T, HL5EMAF A(Zy, k,a, N) FHEL T

M(Zyk+a(p—1),N)
= E, 1(M(Zy,k+ (a—1)(p—1),N)) ® A(Zy, k,a,N)
CHEHMSRTES. a=01Ix LTI,
A(Zy, k,0,N) := M(Z,, k, N)
LRERTNIL,
Lemma 1.3. fERDBE j > 0 1K L, Z,-module DFRE
@l A(Zy, kya, N)—=M(Zy, k + j(p — 1), N),

J J
> by Y EI,
a=0 a=0
2155,
Proof. j =0 ORFIEERICE VL. j>1 DRlE, £ 1<a<j I
X9 5 R B
M(Zy,k+ (j—a)(p—1),N)® A(Zp, k,j —a+1,N)
— By i(M(Zy, ki + (j — a)(p — 1), N)) @ A(Zp, k,j —a+1,N)
(=M(Zp,k+(—a+1)(p—1),N)),
f&g—Ey1f®g
PEREDEDLI T, ROLAEHRIEZELZLNTED, O
Z OEFINT growth condition r T “p-MERRER” DTS p-1E

St 2 B > 72 & D 72, p-E5Elii7R Z,-module DFEMZ1GSH Z L8 T
&5

Theorem 1.4 (cf. [12, Theorem 2.5.1 and Proposition 2.6.2], [7,
Propositions 1.2.5 and 1.2.6]). fE&®D 0 # r € Z, XL T, IRD5E
fii72 Z,-modules D5ERF| DL AN G SN 5!

0= (Bp1 — 1) = (8020 M(Zp, k + alp — 1), N))" =M (Zy, k, Ni7) — 0

U H

Kr (®210A(Zp7k7a7 N))/\ ;) M(ZPJ{J’N, 7’).
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772U, S5—3H O LA O GAAIIER 5 INHE 2 H DAL HAR7R injection
THY, B k, 1

- - ba a def = a
[ Zba — (Z o7 17’ D (Ea,w, e, Y)HZba(E/A,w,L)Y )
a=0 a=0 - a=0

TEFKRIND Z,-module DHERBITH 5. Z 2T, Z,-module M 15}
LT,

M" = @nM/p”M
&M @ plESEiiftzxRd. &<, M(Z,, k, N;r) 135807 Z,-module
TH5.

Definition 1.3. p-adic modular form f € M(Z,, k, N;r) % RZI 54
ke W& D 3% b € (B2 A(Zy, k,a,N))" ZHNT

0 ba .
f=> o

a=0

ERLIEVDE f O Katz's expansion &FES. Katz's expansion &
growth condition r D& Y FITK 6T, Fi—MIC (82 A(Zy, k,a, N))"
DO HWTEREINS Z IR

Proof. £, fERDIC > 07 by € (B oM (Zp, k + a(p — 1), N))" W%t
L, ke ICEBH S b—alr“ W M(Zy, k,N;r) DIt CTHDZ L ERT.

a=0 B
ZNATRENTIR ST, K, BY Z,-module OHEFRITH 2 2 L I1EHT &0
TH5.
JBFF-7% p-adic test object (B4, w,t,Y) IZ2WT, A lJ p-adic ring T

DY, S by WS pERARLDTTH D Z L5,

o b [o.¢]
L N Eia,w,0,Y) = bo(E/q,w, )Y€ A
;Eﬁ_l (Eya ) ; (Eya,w,1)

MWEFED, & b, ¥ classical modular form T®H 5 Z & 7> 5 Definition
1.2 (2) O (i) & (i) FH 62 b, 1F weight & +a(p — 1) 225,
ERD X e A ITHL

o b o
Y E, dw, 1, \PTY) = ba(Ea, Aw, t)(AP7LY)?
> )= 2B e ) Y)
=\ Z bo(E/a,w, )Y
a=0

be .
= )\—k(z I5 r (E/A,W,L,Y)>
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L0, S (Gil) 2l END 2 e b DB. & BIT Z,[q] 2 p-adic
ring THLZ M6, FF (iv) BAZL
E'a

a=0 —p—1

r® e M(Zy,k,N;r)

THo. &C, ZOFATIIHE-INEITRINTH L Z LITROIO R
T, B §UEOD Ky MEAMERTHLZ L EZFEHL 12, BRARIT, F—
5”9 D5ERMEE, AEEDOBE n > 1 ITH L base ring Z Z/p"Z 1< base
change LU 7zF%, B9F
Z/p"Z-SCH — SETS,
S +— {Z/p"Z-morphism g : S — M{(N)z/p»z
with Y € g*(w' ")}
A 7. p"Z-scheme Spech*(N)/Z/an(Symm( P)V) TRIFRETH S Z

EMHEPND (Z 2T, VI dual sheaf 23R7). Z DFEHICEIT 45
HHIE [12, Sections 2.3-2.5] ZZBML T2 & 20,

T,k DHEETHLZ 2T L. L (@2,A(Zy, k,a,N))"
DICY o by IDWT

S

a
p—

LT — &ua@méﬁu D DD Y50 € (B M(Zy K +

a(p — 1), N))" BHHEL T

Zb = - Zsa

CRIND. FEOBEH n>1 ZEELEZLET, & a >0 1KLL
be = 0 (mod p") ZREIE, Theorem 1.1 (g-expansion principle) 2 &
DS b =020 k, WEHTH L Z LHOGFEH SN L. pAE5ElE
LDERICEY, HLER m > 1 PWEHEL TEBD a > m+ 1 ITKL

bo = 5. =0 (mod p")

&%, LIz23> 7T, mod p" T 2 Ob = (Ep1—7) Y 00 Sq D weight
k+ (m+1)(p—1)- b4y % BT AT

0= bm+1 - (Ep—lsm - Tsm-l—l) (mOd pn)
=—-E, 15, (modp")

£720,E, 1 =1 (mod p) THLINH
Sm =0 (mod p").
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—7, weight k +m(p — 1)-58% % L4 il

bm = p—1Sm—1 (I'IlOd pn)

LRV ERET A(Zy, k,m, N) € M(Z,,k+m(p —1),N) DE#EE
base ring Z,, % mod p" § % Z £I1K$ % Base change theorem I2& 1,
Sm—1 =0 (mod p")

THHZ DO,
by, =0 (mod p")
2195, ZOFm ek REIE, K a>0I1THL
b, =0 (mod p")
BELEND.
KRIC, k, DEFTHD Z L 2FHT 5. 200121, H—FIH D5
BINC L VAERDTT 3.7 50 € (D520 M(Zy, k+a(p—1), N))* ISHL,
D5 be (B2 AZy, k,a, N)) BELEL T

oo

b= Z Sq (mod (E,_1 — 1))

a=0
PrREEEN. £ a>01220WT, Lemma 1.3 12k Y
= Y Ej bj(a) with bj(a) € A(Zp, k,j, N)
i+j=a

EREDL. ZDLE L IOV p-lETb DERRIC L VT OFE
n>1I1CL, HBEEHE m, > 1 PEELTCa>m, +1 THNE

bj(a) € p"A(Zy, k,j,N)
25, LIzt AR

a=0 i+j=a
:Z Z{Ti"i_(Ep—l_r Z By 1) 3bi(a
a=0 i+j=a utv=i—1
S 3D SEGRETEEE) 3B SETOID I
a=0 i+j=a a=0 i+j=a utv=i-1
=Y 3 o) (mod (B 1)
a=0 i+j=a

=3O ribii+5)  (mod (Bt —1))

j=0 =0
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BT,
Wy o= r'b(i + j)
1=0

B A(Zy, k,j,N) O56E LTEEY

b:= i b;»
=0

R B (62 A(Zy, k,a, N)) DTECH 5. O

Corollary 1.5 (cf. [12, Corollary 2.6.3] and [7, Corollary 1.2.7]). Z,
INTO0#£ry=rry EVIBERH S & X, IRD 5Efiii78 Z,-module DHL
FHERT D70 T ARG 5N 5.

(O30 A(Zy, k0, )Y — (624 A(Zy, k0, N))

/ﬁrz’él /ﬁrl%l

M(Zy,, k,N;ry) — M(Z,, k,N;r),

f=(f:(EawY)— f(EawrY)).
22T, —HHDOEHI

Z be — Zr“ba
a=0 a=0
THEAS6N% Z,module DHEHFHERBTH 5.
2, r ez ThE, B
M(Zy, k, N;ro)——M(Z,, k, N;r1)
2155, SHIUERD 0 £ 71 € Z, I L T, Z,-module O Ht
M(Zy,k,N;r) — M(Z,,k,N;1)

"ELNS.
Proof. p-E5Eii{t DFEFK L Theorem 1.1 (g-expansion principle) 1< &
0, H—3HOBBRPEGHERTH 5 2 L Wb 5. O

Katz’s expansion % fiv>C, p-adic modular form with growth condi-

tion r IZX9 % g-expansion principle ZFEHT 5 Z L8 TE 5

Corollary 1.6 (cf. [12, Proposition 2.7.2] and [7, Proposition 1.2.10]).
EBED0£reZ, 225, bL fe M(Z,k N;r) 2 f(q) =0 ThHh
X f=0.
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Proof. Corollary 1.5 128} % Z,-module @ Hi5fAE[EHY
M(Zy,k,N;r) — M(Z,,k,N;1),
ff
IZB T g-expansion & & 1ulE
( ) ( (Q)7 Wean s bean Ep—l(Q)_l)
= ( <Q)7 Weans bean TEp—l(Q)_l)
f(a)
THHEDS, IROPE r=1 ﬁ/’i—_’b‘fi‘«\.

o0

23 by € (B2 ,A(Zy, kya, N))" 75:}33‘«\72 f @D Katz’s expansion &
L CHlizd € g-expansion & & % &, Z,[q] WT

> bu(q)Eya(q) " =0.

p-EI L DERIC LY, (EBOBE n > 1 I L THEIEE m, > 1
WAL C,

> bu(@)Ep1(0) =0 (mod p")
&0, :@:ez»_fa

Z ba(@)E)" *(q) =0 (mod p")

155 DT, Base Change theorem (Remark 1.3) & g-expansion princi-
ple (Theorem 1.1) I &YV, M(Z/p"Z,k +m,(p — 1), N) N T

Zb Byt =

L 72785 T, Base change theorem & Lemma 1.3 ICkV, FED n>1
XL

Zb“ =0 (mod p")
PRSI, (2 A(Zy, k,a, N))N IZBWNWT

> b=

a=0
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LRBDT =0 Cb. 0

1.4. Serre’s p-adic modular forms & DRFFH

Z Z T, Katz’s expansion (Theorem 1.4) Z > % Z & T, Serre @
p-adic modular form ([24], KERELDORM KR DI 2SO Z &) W
Katz @ p-adic modular form with growth condition 1 & F—f{TX 5
ZeEITS. bbb,

Theorem 1.7 (cf. [12, Proposition 2.7.2] and [7, Proposition 1.2.12]).
FERMEREL f(q) € Z,[q] \C2WT, IRD D DEAMIIFME:

(i) 5 fe M(Z,,k,N;1) WEIEL T, f D g-expansion I& f(q) T
Hiohsd,

(i) fEEOEE n > 11K LT, pr ! TEVYINLEH LB m, > 1
£ gn € M(Zy, i+ ma(p — 1), N) 2L T

f(q) = gnl(q) (mod p").

L 72%%57C, Serre @ p-adic modular form of weight k and level N
defined over Z, & Katz @ p-adic modular form of weight & and level
N with growth condition 1 defined over Z, E[A—fT 5 Z LN T&E 5.

Proof. (1)= (ii) Y o ba € (B2 GA(Zy, k,a, N))* Z T f D Katz’s

expansion 7%

00 b,
a=0 —p—1

THEAONTWE LT 5. ptEEHtOERICL VEROE n > 112
FLT, HEE m, > 1 DEEL BB o > m,, + 112201 T

b € P"M(Zyp,k+a(p—1),N)
o> T0b. m, Z pt ! TEHIVYINDL LHITKREL L STEBE,

E:bEWT“EMJ%k+n%@—1LN)
LBl

IOk @)=Y b Epa(@)" (mod p)

THY, E,1(q) =1 (mod p) THHZ LNH

n—1

E, 1(¢)? =1 (mod p")

&y, &<
E, 1(¢)™ =1 (mod p")
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THHDT

f@)E}i%@ﬂ%q@VWﬂ:ng (mod p").

(ii)=(i) &M (ii) ITBWT classical modular form g, of weight k +
mu(p—1) Z, BE 1 > 1 ZHT weight &k + (m, +p" H(p—1) ®
IR BATY LOOT, AN SAE

classical modular form g, )|

BOBR n>11THLT
My < Myt
ThHHERELTE. oL E
A, i=mp —my, >0
& BT,
9n1(0) = 9n(@) Ep1(9)>" = gnra(a) — gu(9)
= f(g) = f(g) =0 (mod p").
L 72485 T, g-expansion principle IZ & Y
In+1 — gnEpA—nl € p"M(Zp, k + mp1(p — 1), N)
Y, (@X_(M(Zyp, k+m(p—1),N))" Ot
hi=gi+ (g2 — G EXY) + (95 — g2E0%)
+ o (o — gnBpm) + -
MEE 5. Theorem 1.4 DFF—F|H DOAERFRY
(®re—oM (Zp, k +m(p — 1), N))" =M (Zy, k, N; 1)

I2&kD h D% he M(Zy,k,N;1) £BE, Z®D g-expansion & & 1
mod p" § I,

h(q) = g1(@) Ep-1(q) ™™ + (92(q) — 91 (@) B ) E,
+ o+ (90(9) = Gn-1(0) Epi(q)* ) Ep-1(g)™™  (mod p™)
= gn(q)Ep-1(g)™""
= 9u(q)
= f(g) (mod p")
LI B DT, L[] WT

WEHN5. O
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Remark 1.4. Corollary 1.7 2RI L TW»5 & 912, Katz [12, Chapter
4] & growth condition 1 {5 & OFFFHIARD arithmetic moduli scheme
DFAFE% | universal elliptic curve D p-FgEda U NG EEDétale RGICE
FI&¥5Z LT, Serre [24] 12k 5 “weight DINHKIERL” (cf. AL
DEMKIC L DD Section 1.4 DEH 2) O 72 BFEE 52 7=
([12, Theorem 4.5.1]).

ZDZ &5, p-adic modular form with growth condition 1 @ ¢-
expansion DEFIAICOWT p-Ig& ke L-AREICET A HEMNES
v ([12, Corollary 4.5.3]), 8 72AEk F 12K 9 % Dedekind @ ¢-Bf
B Cr OFRED p-HEE2EL LIARICHET MEZHFHNS Z Lib
352 LMW TES (cf. [12, Remark 4.4.4 and Example 4.5.4]).

2. Hilbert case

Z 2T, BEMRBUR o “Katz's p-adic Hilbert modular form” 12
DT, FEIT [6] 1> TR L 72w,

F 2R ABARe L, TOIRKREE g >2 295 Op 2 F D
BRIR, d 2HH, D 2ERE TS £/, F & F © Galois PG,
Op B TODEHIREL , 01,...,0, B F O F NOHOIALRIKE T 5.
Section 1 CHEE L 7=z Q L@ Katz’s p-adic modular form OFG% F
EAMEERT 59 AT, Q L TOMEBRZRRT HEICIKRD Z A F — R
A Mo T2 LITHERL

(i) N >4 EWIRIED Y &, Z[+]-algebra R IZH L, classical mod-
ular form of weight k € Z and level N defined over R @729 R-module
M(R, k, N) %%, arithmetic level 'y (N)-structure gy — E[N] IR 5
R £ moduli scheme M;(N),g @ minimal compactification My (N),r
E @ relative differential sheaf w @ global section @7%9 R-module
HO(M;(N) /g, w¥) & BRRICA—HTE S (Remark 1.1). Z DFE—HIC
£ U, classical modular form 1ZX19 % g-expansion principle (Theorem
1.1) X Base change theorem (k > 2 @ & ¥, Remark 1.3) % M;(N)/x
DATHYVLMEE 2 O TRE T E 5.

& ICHEZLRMRA ¥ M, compactified moduli scheme M (N) _EiZ
universal object ZE U, Z Z M & relative differential sheaf w 2356 1
52 L THA (cf. [12, Section 1.5] and [6, Section 4.6.3]);

(i) p>5 EWIREDY &, Z/pZ LD classical modular form T&H
% “Hasse invariant” %, Z, E~Fpb P 7 classical modular form &
L C Eisenstein ## E, ; 2’Hh 5. & <IT g-expansion A%

E, 1(¢) =1 (mod p)

iz Y 2 L ISEIEIRARA Y N TH D (Remark 1.2).
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Ao S EZAREE F Lo —bd 5z 2icondl,
WD X HITELETE D!

(i) F O5% ideal ¢ Z—2[ETS. N >5 28I L, 1 O
N FiR (v 2—2¢ 5. R & Op[Cn, 2 )-algebra &9 5.

Definition 2.1 (cf. [18, Section 1.0], [6, Section 3.5] and [11, Sec-
tion 4.1.1]). (1) 8D R-algebra B L c-polarized Hilbert-Blumenthal
abelian variety A,p = (A/p,i,A) &1, real multiplication & FiInsd
BR& L T D injection
i:Op — End(A,p)

ZFFD, c-polarization A\ 2 7z B D abelian variety A T&H - T,
ZDJFE[ITHBIT B cotangent space w A ¥ locally free O ®7 B-module
ofrank 1 25 DDZ L THD.

(2) R-algebra B L@ c-polarized Hilbert-Blumenthal abelian vari-
ety Ajp = (Ap,i,\) ICH L, Op-action & W[#272 finite flat 7 group
scheme @ B-inclusion

(¢ iy @2 D s A[N]
% Ap L arithmetic level Ty (N)-structure & &5

Z D& E | arithmetic level T'y (V)-structure 1 & @ c-polarized Hilbert-
Blumenthal abelian variety % parametrize 3% R _[® moduli scheme
M (N)/r WEAET S (cf. [18, Section 1.0]). M;(N),r @ compactifica-
tion & U C, minimal compactification M;(N) & toroidal compactifi-
cation My (N)* D238 Y, —#IZ M7 (N) EIZiE universal object
VAT, Mi(N)* LI universal object W4ETL L. 2D Z 6,
F9 M (N)* _EIT relative differential sheaf w'* SFEEINT, HA
Ay )

My(N)jz — M{(N)r

T w ZHLHTZ & T M(N)/r EIT ample 72 relative differen-
tial sheaf w 2155 Z LMW TE 5. Z D global section @729 R-module
HO(M;(N),r,w”) A% “classical c-polarized Hilbert modular form of par-
allel weight & € Z and level N defined over R L [E—fHINhdH b D
ICHHE 9 5. (toroidal compactification IZ2VNTIE [22] %, minimal
compactification & DOBJEICDOWTIE [4] B L <& [11, Section 4.1.4]
(i) Q _LoM5H & FEERIC, L p Lo abelian variety A% ordinary 7>&
I MBI % 5 X 5 “Hasse invariant” & KIENHEE p _E D classical
Hilbert modular form H of parallel weight p — 1 3£ T 5.
CNEER 0 ~NFFHL LT BHERICIE global section @7%9 module 12
*9"% Base change theorem (cf. Remark 1.3) Z8MH T 5728, M;(N)
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ET W=D A¥very ample 12725 SV m 2 K& 5TH
VN2 9 A C Hasse invariant O%F H™ Z#b LiFAZ Lickd. ok
212 L THeb LB 7z parallel weight | := m(p — 1) @ classical Hilbert
modular form E; %, Section 1 T® Eisenstein #3 E, | & RA% DX
H %1 L % modular form & L TEHMT L. & <IC “g-expansion” A%

E(¢g)=1 (mod p)

%729 Z LITYER (of. [11, Section 4.1.6]).

BT, FISd 5 Dedekind @ ¢ BIEL ¢ ORERE C-(1 — 1) A3
p-integral TRV & EF(2lX, B & LT g-expansion 2K CHZ 6N 5
Siegel 1T & U %% S 117z Eisenstein fHE of parallel weight [

Bl =1+ 3 (S (#0r/0) e

CF(l'_l)ueo; ()CeCOr
EHNWSZ N TED (of. [5, Section 3]). ZI T,
Of :={v e Oploi(v) >0, i=1,...,9}

THY, ZD g-expansion & g HOER L FHOERFO oA L
A7 BRI

qV = 6271'\/_71((71(V)Tl"l‘“"‘l‘ag(’/)Tg) ((Tla s 77—9) € b XX h)

Thxaehd.

LAEDEZEDY & T, Section 2.1 Tl [6, Section 5.1] ZZ&1 clas-
sical c-polarized Hilbert modular form D22 ERALZ LTV, Sec-
tion 2.2 IZBWT [6, Section 5.6] 12— T Katz’s p-adic c¢-polarized
Hilbert modular form with growth condition DEZTEMHNT 5. Z L
T Section 2.3 T Q LA LFEERIC, Katz’s p-adic c-polarized Hilbert
modular form A% Katz’s expansion #® 6, ZH % VT Serre {RD p-
adic Hilbert modular form %% Katz’s p-adic Hilbert modular form with
growth condition &[F—fHT&E 5 Z & ZHNT 5.

AT H O /2% “parallel weight” @ Hilbert modular form 724
Z# D (“non-parallel weight” DIRWFITDUWNTIL [6, Section 5.1] &
SOz &),

2.1. Classical Hilbert modular forms

R % OplCn, g )-algebra &9 5.
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Definition 2.2. R-algebra B IXfL, d € B* T#® A6 B-algebra
D[EH

g
OF ®Z BL}HBa

i=1
r=a®b— (0;(x) = 0;(a)b)]_,

PME6ND. Z ORBEBEHRHCHIR L T, Fr O & B - 72 HEYER
e LT

Norm : (Of ®z B)* — B*,

T H oi(z)

EERTD.
N>5 28 L, F o5 ideal ¢ Z—O/ET 5.

Definition 2.3 (cf. [18, Section 1.2]). (1) B ZFF7% R-algebra &
L,uy 1D N FERD2ZT B Lo finite flat 72 group scheme &9
%. Ajp % B LE® cpolarized Hilbert-Blumenthal abelian variety, w
% wy, P B-basis, TLC

Ly @z D7 A[N]

% Ap Lo arithmetic level I'y(N)-structure &35 &, 2606
2% =M (A5, w,1) & classical c-polarized Hilbert test object of level
N & &5,

(2) k 2B L 5. f DS classical c-polarized Hilbert modular form of
parallel weight k and level N defined over R T& % & 1%, JFTF72 classical
c-polarized Hilbert test object (A/p,w, ) of level N IXMH f(A/p,w,1) €
B & T IRO=D DM 2723 rule DZ & &2

(i) 8 f(A)p,w,t) € B & test object (4,5,w,1) O B-FADOZEZER
WTEE 5;

(i) fEBD R-algebra O¥ERFMY o : B — B I L,

f(A ®B B}B’?@*(w% L @B B,) = Sp(f(A/Baw> L));
(iii) fEBD X\ € (O @z B)* 1T L,
f(A 5, dw, 1) = Norm(/\)_kf(A/B,w,L).

(3) classical ¢-polarized Hilbert modular form of parallel weight &
and level N defined over R £KD729 R-module % M(R,k, N) &
<.
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Remark 2.1. “Kocher’s principle” 12 & Y | Q _| Definition 1.1 (2) (iv)
THERL 72 “D AT TOIEANE 1220 TS, F_RiZBWTTEBINIC
fiti7z S d Z LITHER (cf. [18, (1.2.13)]).

Definition 2.4. f € M(R,k, N) &X' L T, standard c-polarized Tate
object

(Ic(g>/R((c*1;A))7 Wean, Lcan)
(Z D object DIEFKITDWTIL [6, Section 5.2] #BMHOZ &) TOfl

f(a) € Rlg"|v € (¢71)*]
% f @ g-expansion & k5. 2T, BRIER Rq"|v € (¢71)T] DI
(=153
=1, ¢¢ =¢* (v, Ve
THEA6NA.

Theorem 1.1 & F#kIC, classical c-polarized Hilbert modular form 2
XL TY g-expansion principle DKL T 5

Theorem 2.1 (cf. [18, (1.2.16)]). f € M(R,k,N) IZ2>WT, L
flg)=0THNIE f=0.

2.2. p-Adic Hilbert modular forms

Z Z T, Goren [6, Section 5.6] DERALITHE D FE T Katz's p-adic
c-polarized Hilbert modular form with growth condition O#E/ %9 5.

WOTp L LTN>s & p EEVCHEREK LTS 1 DR
W N Tk Gy &L,

L= F((w)
EBL. MHEOID pld L THEMTL BRET S (DO LIEZW
507C, p S L TR L R 2R TLAT 0BG % FRARICERT 5 2
EMTEDL. FHME 5] 2Bz k). &I, L OBHIR O O p-
5L O, 13 Op[Cy, g ]-algebra & 725 Section 2.1 ICASRIDZE
22T 7= Hasse invariant H O H™ (Z 2T m 134K S REBH)
% O, E~Frb EJ 7z classical Hilbert modular form of parallel weight
l:=m(p—1) % F, £¥5%. &<
E(q)=1 (mod p)

THDHILIHER. ZORMDOY & T, Section 1.2 & FRRIC:

Definition 2.5 (cf. [6, Section 5.6.1]). (1) 0 # r € O, ZREHET
%. B ZBF7% p-adic Opalgebra &L, Ap & B L@ cpolarized
Hilbert-Blumenthal abelian variety, w % w 4,, P B-basis, LT

iy @2 D AN]
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% A/p Lo arithmetic level T'y(N)-structure &34, S6I2Y € BT
YE(A/pw)=r

b0 ey, WO (A5 w,,Y) % p-adic c-polarized Hilbert
test object of level N with growth conditionr & X5 ZD&X Y %
(Ag,w) LD r-structure £ 5.

(2) k 2L LT 5. f B p-adic c-polarized Hilbert modular form of
weight k and level N with growth condition r defined over O, T 5 &
(&, T2 p-adic c-polarized Hilbert test object (A,p,w,t,Y) of level
N with growth condition r IZfH f(A,z,w,t,Y) € B 2 & TN KD
=ODFMEZT rule DI 2 END:

(i) 8 f(A/p,w,,Y) € B & p-adic c-polarized Hilbert test object
(A/Bv W, L, Y) D B—Iﬂﬁ!@%%%b\“{ﬁ;i %);

(ii) FEBD p-adic O -algebra OHERFM . B — B ITH L,

f(A®p By, ¢"(w), e ®p B',0(Y)) = o(f(A/p,w,1,Y)).
ZZT, BB YE(A)pw) =rickY
p(Y)E(A®p Bjp, ¢ (w)) =7
L8265, oY) 1 (A®p B, ¢*(w)) LD r-structure T 5

ZLICHEE;
(iii) fEBD X\ € (O @z B)* 1TH L,
(A5, Aw, ¢, Norm(\)'Y) = Norm()\)_kf(A/B, w, L, Y).
ZZC BN YE (A w) =r itk
(Norm()\)lY)El(A/B, Aw) =7
L% 286, Norm(\)'Y 14 (45, \w) LD r-structure TH2 Z &
kg;@]\)‘—adic c-polarized Hilbert modular form f of weight k& and level

N with growth condition r defined over O, 2K D729 O,-module %
M(O,, k, N;7) <.

Remark 2.2. Remark 2.1 ¥ F#RIC “Kocher’s principle” 12490, Q k
Definition 1.2 (2) (iv) TER L 7z “h AT ToOIERIME" I25WTE, F
FIZBOTIIEBMNICHE - SN D120, EO0FE2 T TH 5B 2 LIciE
& (cf. [6, Proposition 5.6.6(2)]).

Definition 2.6. standard p-adic c-polarized Tate object
(T () /0, (1.8~ > Wean, Leans TE1(q) ™)
T feM(O,, k,N;r) Dfiz e >/-bD%
f(a) € Oylg"lv € (¢7)7]



KATZ’S p-ADIC MODULAR FORMS 23
EBX, f D g-expansion & K5

g-expansion principle (Theorem 2.1) IZ & Y, Proposition 1.2 & [d]
BEIC classical c-polarized Hilbert modular form & H I p-adic c-
polarized Hilbert modular form with growth condition 1@ & SN b:

Proposition 2.2. fER®D 0#£7r € O, IZXL T, BH
M(O,, k,N) — M(O,, k, N;r),
[ (f (A/Bv("J?L? Y)— f(A/BaW>L>)
1% Op-module ® HHHEFRRTH 5.

2.3. Katz’s expansion R U p-adic Hilbert modular forms a la

Serre & DREF%R

arithmetic level I'; (NV)-structure fif & @ Hilbert-Blumenthal abelian
variety IZ8 9 % O, E® moduli scheme M;(N),o, @ minimal com-
pactification M} (N)o, LT, w* A% very ample 12785 < 6 WITHEEE
EZRELLSTEL. ZDe X Remark 1.3 £ [FEHBRIC Base change
theorem DRALY 5. 7o b AEED Opmodule R ISH L, HIARKR
kit

H°(M;(N)p. ") = HY (M (N)jo,,u") @0, R

BRSNS (of. [11, Section 4.1.4]).

a>1%2BHET5H.

E(q)=1 (mod p)
THHNS, E 554
M(O,, k + (a — 1)I, N) — M(O,, k + al, N),
f = Ef
1% O,-module DHEGHEFRITH V) | Section 1.3 & [FRRIZ, & 2 EFA T
A0, k,a,N) C M(O,, k + al, N)
MHAEL
M(O,, k + al, N) = E(M(O,. k + (a — 1), N)) & AO,, k,a, N)
CHEHFMORTED. a=0 D& EITIE
A0, k,0, N) := M(O,, k, N)

L EFRT UL, Theorem 1.4 & [FERIC p-adic c-polarized Hilbert modular
form with growth condition @ Katz’s expansion 25FET 5 Z & 2%
b
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Theorem 2.3 (cf. [6, Propositions 6.7 and 6.8]). fE&® 0 £ r € O,
WXL C, IRD5EfZR Op-module DR 1H{ SN 5.

0 - (El - T) %(@(ﬁOM(Opu k + Cl,l, N))/\&M(Opv k? Na T) - 0
U H
Kyt (@EOZOA(OZU k7a7 N))/\ L) M(OP7 k7Na T)J

72121, B—3H DL D BEARITER 5 INFE 2 O IA L H AR injection
THY, BB K, 1T

— - ba a def > a
Ky Zba — (Z E—lar : (A/B,w,L,Y)HZba(A/B,w,L)Y )
a=0 a=0

a=0

TEHZENS Opmodule DHERBITH 5.
&I, M(O,, k, N;r) 135878 Op-module TH 5.

Definition 2.7. Y7 b, € (§22,A(0,, k,a, N))» ZHWT p-adic c-
polarized Hilbert modular form f € M(O,, k, N;r) ZRBER k, 1T

E L))
[e%¢} ba .
f:;E—laT

ERLIZVDE f O Katz's expansion & £ 5. Katz's expansion 1%
growth condition r @ & Y HIZ L ST F—HIC (82 A(O,, k,a, N))"
DO HWTEEINS Z IR

Katz’s expansion % >, Corollary 1.5 X Corollary 1.6 & Rk
p-adic c-polarized Hilbert modular form with growth condition O
ZAEHTHZ & TE 5!

Corollary 2.4. O, W T 0#ry =1r; WO BHERH B L & IRD 58
ffi7% O,-module DHIHHHEFRI D70 T AHANAIME SN 5

(@EO:OA(OP’ k’ a, N))A — (EBEO:OA(OP’ k’ a, N))A

~ ~
/QTQZJ/ K/lel

M(Op> k? N; TQ) — M(Op> k> N; 7’1),

f = (f : (A/B7W7L7Y> = f(A/B7w7L> TY))
22T, —SIEOEHI

i be — i 7D,
a=0 a=0

THEA6N% Opmodule DHEFHERITH 5.
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12, r e 0F THIE, [
M(O,, k, N;rp)~sM(O,, k, N; )
2155, EHIHERD 0#£r € O, IZHL T, Opmodule DHGF
M(O,, k, N:7) — M(O,, k, N; 1)
BREoND.

Corollary 2.5 (cf. [6, Corollary 5.6.10]). fEBD 0 #£r € O, & 5.
bL feMO,,k N;r) M f(q) =0 THHE f=0.

& 512, Theorem 1.7 & FFRIC:

Corollary 2.6 (cf. [6, Theorem 6.12]). JTERXHVFRIL f(q) € O,[¢"|v €
(c™HT] 122N T, IRD =D DFRMBTFMHE:

(i) &5 feM(O,k,N;1) BFLEL T, f D g-expansion & f(q) T
5i216N5;

(ii) FEBOEH n > 1ITHL T, pn ! THIVYINDH 5BE m, > 1
Y gn € M(O,, k +myl, N) BEEEL T,

f(@) = gn(q) (mod p").

Remark 2.3. Andreatta-Goren /& [1, Definition 10.8] I8 >T, Corol-
lary 2.6 @ &t (ii) % © T, p-adic c-polarized Hilbert modular form a
la Serre of weight k and level N Z5EFKL T 5. ZDFEMKT Corollary
2.6 I¥ p-adic c-polarized Hilbert modular form & la Serre of weight k
and level N 1 Katz’s p-adic c-polarized Hilbert modular form of weight
k and level N with growth condition 1 & [E—tH &5 Z L FRL T
W5 (cf. [1, Theorem 11.11]).

3. Appendix

ZZ T, B~ —RA 7 — )V TCOFHE TN S Z L 3T M- 7z Katz
@ “generalized p-adic modular function” DEFH L, Gouvea 1T &V ##
B% & 17z generalized p-adic modular function I\ % Galois Z=REIC
DWW [7] ZBFIT LR SR L 72\, £ Section 3.1 T Katz [14,
Section X] 12 & U ERAAL & 17z generalized p-adic modular function &
DUNT [7, Section L.3] ¥ TR L , Section 3.2 1IZ8BWT [7, Chapter
I] IZHED JE T, Gouvea IZ &5 Katz @ generalized p-adic modular
function XIS % Galois RILOHERBIEL RN T 5.

3.1. Generalized p-adic modular functions

p>5 BFEM N >5% p CEHWICHELREH, m >0 2EBHLT5.
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Definition 3.1 (cf. [14, Section X] and [7, Section 1.3.1]). (1) A
BFF7 p-adic Z,-algebra & L, E/4, % A FOfHERR, ¢ & E
trivialization, 3725 A _E® formal group D [FEH

%
D

¢ E5Gy,
ZTL T v pyym — E[Np™| Z E L@ arithmetic level I'y(Np™)-
structure TH > T B HFHE I N5 B

Hypm EG,,
AYEBAZ: inclusion £R2bDETDH. ZDLE, =DM (Eja, 0,0) Z A
LD trivialized elliptic curve with arithmetic level T'y(Np™)-structure
L E& 22T, B X E ®D zero-section 123> 7= formal completion,

G 13 formal multiplicative group Z#7.
(2) f A% holomorphic generalized p-adic modular function of tame

level N defined over Z, TH D ElE, HLHH m > 0 ZREELLD
& T, BFFR p-adic Z,-algebra A & € D _E O trivialized elliptic curve
(E)a, ¢, ) with arithmetic level I'y(Np™)-structure (ZfH f(E )4, ¢,¢) €
AZHTHO, ROZDDFEMZEZT rule DZ &V

(i) fE f(E/a, p,0) € A ¥ trivialized elliptic curve (E/a, p,1) @ A-
FRDEEROTEE 5;

(ii) FEBD p-adic Z,-algebra OHEFRRY ) : A — A ITXFL,

f(E@a Ay, p@a At @a A') = U(f(E/as 9,0));
(iii) (A AT TOIEAIE) Z,((¢))" LEFKR S/ trivialized Tate curve
(Tate(q) /z, (@) » Peans Lean) WXL,
f(q) :== f(Tate(q) /z,((@)"» Peans Lean) € Zyp[q]
Cixdh. ZOfE% f D g-expansion & LS5 I Z T,

Qean : Tate(q)" — G

V& Tate(q) 28 G, PFE L THAOGNS Z LICHRKT S Tate(q) Lo
BEAERY 72 trivialization. & 1T, f @ g-expansion 12N T

f(q) € 4Zy[q]

Lixb e &, f & generalized p-adic cuspidal modular function T %
),

(3) holomorphic generalized p-adic modular function f of tame level
N defined over Z, £KD22Y Z,-module & M (Z, N) &»<. %7z
generalized p-adic cuspidal modular function 2*567%%% M (Z,, N) ®
Z,-submodule % S(Z,, N) &M< Z&IZ¥ 5.
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Remark 3.1. (1) holomorphic generalized p-adic modular function %
EFRT HBRIT, test object & L T trivialization

¢: E-5Gn
& A[#7R arithmetic level T'y(Np™)-structure ZHWTW5Z &5,
Definition 3.1 (2) 1ZREE L 7285 m > 0 ITKFEL RN Z & 3b» 5.

£IBE9 5 level 122V T “tame level N” EFFT 5 DIEZT DD TH 5.
(2) B m > 1 12OV, arithmetic level T'y (Np™)-structure

Py — E[NP™]

£ & O HIRR E 12T 2 Z, £ED moduli scheme M* ™ (Np™) 5 13,
Katz-Mazur [19] 1T & Y EFK S L7z level Ty (Np™)-structure 5 & OFF
FIHEFRICXT % moduli scheme M; (Np™)/z, @ open subscheme & 72—
TBY, M=R(Np™) 5 1 cusp ZHHIIIA S Z & TH{ SN S scheme
M(Np™)z, V& My(Np™),z, @ minimal compactification M} (Np™),z,
IC affine open subscheme & L CHE&EINDS. 22T, B n >0 1%
L affine scheme
M(Np™)z, ®z, L] p" 7

DEFEE M, £B<.

—J m =0 ORE, My (N)z, ®z, Z/p"Z 7*5 supersingular point
R Z & THO6ND affine scheme DEFEERE LT M, ZEHKT S
Z & T, holomorphic generalized p-adic modular function D729 Z,-
module M(Z,,N) %

M (Zy, N) = lim lim M,
EHMINCERILT B 2 e AYTE D (of. [7, Section 1.3.1]).

holomorphic generalized p-adic modular function 12X L T¥H g-expansion
principle ($FRAZT 5

Theorem 3.1 (cf. [7, Theorem 1.3.1]). f € M(Z,, N) IZ2WT,
flg)=0THNE f=0.

> >

Z ZC, classical modular form & holomorphic generalized p-adic
modular function DRIRITDWNTELL 7z,

k 2EH LT 5. Section 1 T, p & HWITHEL level 2 B D classical
modular form Z#-7zA%, Z ZTlE m > 0 Z[EE L, Definition 1.1 &
FEARIC, arithmetic level T'y (Np™)-structure

L g EIND™)
% Y D classical test object (E/a,w,t) ZHWTERSND classical

modular form of weight k& and level Np™ defined over Z, D72 Z,-
module M(Z,, k, Np™) Z$h>. S6IT f € M(Zy, k, Np™) IZDWT,



28 Ik 3t GikHE)

< @ g-expansion A%
f(a) € aZ,[4q]
ERDBYDE cusp form LW, TNSDIRY M(Z,, k,Np™) s D
Zy-submodule % S(Z,, k, Np™) &2 <.
p-adic Z,-algebra A @ trivialized elliptic curve (E,4,¢,t) with
arithmetic level T'y (Np™)-structure 25, Gy, _ OEEHER) 2 RZEW ST
XL % p THERL E RISERL EREMNTEN o (4L) P56

1+t 1+t

hod. 2oz ehs, Z,module DAERERY
¢k : M(vak7Npm) - M(ZP7N>
dt

= (B, 00) — f(E/Aw*(l—H)M))

AYEFR S 1, g-expansion principle (Theorem 1.1) 12 & Y Z,-module O
B R7 BHAE [T o0 73 9 mTHA R

¢ 1= BploPk : DpeoM(Zy, k, Np™) — M (Zy, N)
@EO:OS(ZZH k? Npm) - S(ZP’ N)
215,

Definition 3.2. Q, % Z, DRk (pEHUE) & L, &k > 0 28K
T5.

k k
My(Zy, Np™) :={)_ f; € Bf_oM(Qy, 5, Np™)| Y fi(a) € Z,[a]}
5=0 §=0
% module of divided congruences of weight k and level Np™ defined
over Z, & &,
M(Z,,Np™) = lii>nkMk(Zp, Np™)

% ring of divided congruences of level Np™ defined over Z, & k..
cusp form (X L T ® FERIC,

Si(Zy, Np™) := {f € ®}_yS(Qp, 3, Np™)| f(a) € Zy[a]}

S(Z,, Np™) = @kSk(Zp,Npm)
EREHRTD.
f € M(Z,, Np™) ICH L, BEHARBHE>0& n>1Zehlid

p"f € B M(Zy, j, Np™)
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THY, o(p"f) € M(Z,,N) & 7% . L7=M>7TC, g-expansion principle
(Theorem 3.1) Ik YV, f € M(Z,,N) C

fla) = fla)
LRDBH DM E—DHEEL, 2D &6 Z,-module D H AR ES
HERIA 0D 23 PTH,
a:M(Z, N)— M(Z,, N)

U U

o S(ZpaN> — S(ZP7N)

nELHND.

ROEHIX, classical modular form A% holomorphic generalized p-
adic modular function D72 FZERNTBNT p-ENAHDOEIR T dense T
HLHZLEFRTLHLDOTHY “Katz's density” & KiIhd. ZDRE
HIX Section 3.2 T Galois RINEHERL T 2 BRICARE 25 H 2 K727

Theorem 3.2 (cf. [13, Theorem 2.2], [7, Propositions 1.3.7 and 1.3.9]).
FomEIcBN T, o & g oBIFZENEN M(Z,,N) & S(Z,,N)
ICBWT p-EMNAH D FEIR T dense TH 5.

Remark 3.2. N > 5 % p E HEWIIHRRBE, kL 2B L T5. Defi-

nition 1.2 CiEF S N7z p-adic modular form with growth condition &
holomorphic generalized p-adic modular function ¥, Z,-module ® H

AR BAGTE R
M(Zy, k,N;1) = M(Z,, N)
fr=((Era,p0) —

dt dt

f(E)a, 90*(1—“)7 L, Ep1(E)a, 90*(1—“))_1))

TH/RfTT NS, 22D ¢ 1F arithmetic level T'y(N)-structure % f
TIN5,
3.2. Galois &R

% 9", holomorphic generalized p-adic modular function {ZfJBET 5
Galois RILOMEK 2 B RS ENC, TN HI/EH T S Hecke algebra (2D
WTEET D,

p>5BFTH N>5% p EHVICHERERHET 5.

G(N):=2Z; x (Z/NZ)*
&BL. (z,y) € GIN), f € M(Z,,N) LT trivialized elliptic curve
(E)a, ¢, ) with arithmetic level T'y (N )-structure {Z%f L T

(2, ) [)(Eja, @,0) = f(Epa,x g, ye)
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LREFKRTHI LT, GIN) D M(Z,,N) E~OERMEE 5. ZDfE
M (z,y) & diamond operator £ &5, T2 T, a7t I& o N OFHE
SNb E EDHET compatible 7% arithmetic level T'y(p™)-structure
(m>1) OFNT 27" € X DM ZHEL THR 5N 5 trivialization, yu 1&
py LDy e (Z/NZ)* DEAKRGERN6FEEENS E O arithmetic
level I'y(N)-structure TH 5.

B om >0 Z2EET L. BHE>0ICHLT,

My(Zy, Np™) :={f € &5_,M(Qy, j, Np™)|f(q) € Zy[q]}
EB¥,

LREFT L,

THHZ 6, Theorem 3.2 12k Y M'(Z,, Np™) ® M(Z,,N) I8
W dense &725.

F,m>1&WETS. | % Np 2ESROEM, ¢ & Np
FHRE L TE. TV & UV 22nEnHEH 1 & ¢ 1ISHT B classical
modular form M(Q,, j, Np™) IZEH$ % Hecke operator & L, module
of divided congruences M} (Z,, Np™) @ Hecke operator %

h=ah 1Y, U, =at uY

LTEFKT 5 (classical modular form @ Hecke operator DEZRIC DY
Tl [12, Section 1.11] % [7, Section I1.1] D Z &), — 5T, HA
73 HL I
M;(Zp, Np™) — M (Z,, N)
\2& Y M(Z,,N) Lo daimond operator % M| (Z,, Np™) IZFHE L T
BE, M/ (Z,, Np™) E® Hecke algebra 7, % Endg (M (Z,, Np™)) N
T T, (It Np) &U, (¢| Np) L T diamond operator CAEK S N7z
Z,-subalgebra & L CEZEKRT S. 618, ZOEBRD S B U, (¢ | Np)
ZHLY BRONTHER L 72 Z,-subalgebra 7, % restricted Hecke algebra &
L5
§ < kIZHL T, HIBRE

7;/ N /Z;/’ z];/* _ 7}/*
WEL, Th o DfmiRe L TR 65 M (Z,, Np™) LD Hecke al-
gebra

T :=lim 7/, T*:=lim 7,”
k —k

l3 p-adic Z,-algebra TH Y, T DIEM % g-expansion 2@ L T Z,[q] k
ICHE T T g-expansion COMFHICE L TR e 22 5.
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Theorem 3.2 \2& Y M'(Z,, Np™) & M(Z,, N) IZBWT dense T
HHMS, T & T OEFITBERIC M(Z,, N) FITIERShS. T &
I IZREF SN/ Hecke algebra & restricted Hecke algebra & ZH 2
T(Z,, N) & T*(Z,,N) &< Z &IT¥ 5. [EFRIC, cusp form D728§ 22
[él S(Z,, N) L@ Hecke algebra T'o(Z,, N) & restricted Hecke algebra
T4(Z,,N) Z2EFKT 5. 25D Hecke algebra (IHHHAMMRDAAHIC
L T compact TH 5 Z &ITHE.

classical cusp form S(Z,, k, Np™) & ZNI/EH S % Hecke algebra
T0(Zy, k, Np™) iZK L C “duality theoerm” A3KAZT 5, §72 B cusp
form f @ g-expansion

Zan )q" € qZy[q]

n>1
BT 5 g DR ai(f) ZAHNVWTESNS pairing
To(Zyp, k, Np™) x S(Zy, k, Np™) — Ly,
(T, f) = ar(fIT)

PIERLTH D Z 25 (cf. [9, Theorem 5.3.1]), Theorem 3.2 1 & Y
Theorem 3.3 (cf. [7, Corollary I11.1.3]). {R®D Z,-module DFEHAE
5N 5:

S(Zp> N);) Homcont,Zp-mod(TO(Zpa N)a Zp)
[ (gp: T — ai(f|T)).
Z ZC “cont.Z,-mod” 137 Z,-module DHEFA 2K .
51T, ZOEBUCBWT ¢ H Z,-algebra ODUERRIE bz L & f
MY normalized 7% eigenfunction, 2F Y ay(f) =1 TH 5B & 9 72 Hecke
algebra T'o(Z,, N) N ® Hecke operator £ CIZXd % [A] e[l A BI T

HLZEMWEMETH L. ZD& X, a)(f|T) V& f D Hecke operator T
XY S REAHE —HT 5.

LAF, Gouvéa [7, Section ITI] 1T & U #EEL S #1172 generalized p-adic
cuspidal eigenfunction f of tame level N defined over Z, I %
Galois R pp IZOWTEEET 5. “f ISHBET 57 &) FEET Galois
FH

ps: Gs — GLa(Zy)
2 Np ZE| SN2 TORK KL T
Trace(py (Froby)) = ay(f|T3)

BT BEWRT S 22T, SE Np OFRRE L HERFHEAE oo B
5 HEMBEEDOERES, Gs 1T S DRI Q Fofk Galois
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YLK D Galois #, Z L T Frob; € Gg 1 F3FRE 1 12815 Frobenius Jt
2R

CNETHEY, p>5 2FBKEL, N >5 % p EHEWICHEREK
45 k>0 %’f%ﬁ[ L, 73 (Zy, k, Np) % classical cusp form @iﬁ
9 22[M S(Z,, k, Np) Ll f’]fﬁﬁ §~ % restricted Hecke algebra & 9 HiE
T4(Z,, N) DERIZED

TS(Z N) = liink%*(zpv k, Np)
5.

f € S(Z,,N) %Z normalized 7% generalized p-adic cuspidal eigen-
function &9 %. Theorem 3.3 IZ & U, #fie/e Z,-algebra OHE[FHY

o Ti(2,,N) — 7,
T, Hecke operator T' € T(Z,, N) 1Zh L
¢5(T) = ar(f|T)
LB YDMVELET S, ¢y & mod p TEEMRZ, — Z/pZ DER%E
o5 To(Zy, N) — Z/pL

& BUIE, Z/pZ \IIBERAHEAS A 5 TB Y TH(Z,, N) WITSHRABIR O
PAHE ANT DT, HEBH k> 2 WEEL T, TR j >k
22NV ¢f 1E 75(Z,y, j, Np) 2REHT 5. Z0EH&%

¢; : 1) (Zy, j, Np) — L/ pZ
& B, #iZe Galois =
pr: Gs — GLo(Z/pZ)
T, Np ZE|5 2 ToRM LISk L
Trace(py(Froby)) = ¢;(T;")
2729 b DBEFEIET S (cf. [10, Theorem 3.26]). Z @ Trace DAL
>k IHREET, f @ Hecke operator IZX9 A[EAEL mod p L7z
LbOPSHEEDZ LIER. 2%, o1& fISABEYT % mod p Galois
FHTHDL. AT, py 1 THEHBHITH 5 L RET .
m; = ker ¢y, m; = ker ¢; (j > k)
EBFIE, my & my lEThTh Ty(Z,,N) & 17(Z,, j, Np) DK
ideal TH Y, [7, Lemma I11.4.9] I & Y
TS(ZZH N)Qf = llank%*(va.% Np)m]-

&7%. —JC classical modular form @ “newform” DOIFH (cf. [21,
Section 4.6]) 1IC& Y, j > k12T T (Zy, j, Np)m, 1T Z/pZ ZRIR
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1’;!22: THARED p-adic REERIMESR Oy, ..., O, ODEFHOESIRE
A TSE

1,(Zy, 3, Np) .<—>HO

Z @ injection & O; Z L ITHR L“C?%'ﬂ%h%) Z,-algebra DYERRY
¢i  T5(Zyp, Jj; Np)m; — Oi
WXL T, i CTRER R Galois =3
pii: Gs — GL2(O;)
T, Np 2E| 6002 ToORK 1 ITHL
Trace(p;,(Froby)) = (7"

272 O OMEIET S (cf. [10, Theorem 3.26]). “Chebotarev’s den-
sity theorem” (cf. [9, Theorem 1.3.1]) IC &V, 216 D Galois KRELD

[EE =
i = Hpj’i : GS — GLQ(H Ol)
i=1 i=1

D Trace DEIIFERDERTH S T (Zy, j, Np)m, WCEEND Z EDDODD
¢; o Trace(p;) = Trace(py)
THY py IFTHEXBEHTH L ERHEL TS DT, Galois R p; 1
pj: Gs — GLo(75(Zyp, j, ND)m,)

2RI L DA D (cf. [3, Théoreme 2]). Z D Galois RIAD
J>kICET AR E & 52 & T, IROEHMBMFELNS:

Theorem 3.4 (cf. [7, Theorem II1.5.6]). f € S(Z,, N) % normalized
7% generalized p-adic cuspidal eigenfunction &9 %. f IZfHd % mod
p Galois 2
pr: Gs — GLo(Z/pZ)

AT CTH L CIRET . DL &,

T(pfu N) = TB(ZIN N)l/‘t\lf
& BUFIE, Galois I

P Gs — GLo(T(py, N))

T, Np 2E| 602 ToORE 1 IS L T

Trace(p™(Froby)) = T,

Zii 7z U, FERAEAD reduction map T'(py, N) — Z/pZ & DERLDS py
CEMEL 725 L DFAET 5.
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& <1Z, Theorem 3.3 IC kY fITH L THT % Z,-algebra OHEFHY
by 6 HRISHEE S W S HEERY
¢f . T(ﬁf,N) — Zp
& DERK
pri=dpop™: Gg — GLy(Z,)
X, Np ZEIS 02 ToR 11T L T
Trace(py (Froby)) = a1 (f1T})
/2 d 2 eSO, fITHNET S Galois B L > TS,

Remark 3.3. Theorem 3.4 DI T, A ZRERIEAS Z/pZ T¥H 5 p-adic
7% Noether JGFTER & L T Galois &

P GS — GLQ(A)

C reduction map A — Z/pZ & DERRD py LEMETHELDEERD.
ZDED p D A-FMESEE oy D A ND deformation & W, Mazur
20] IC &V universal deformation ring R(pg, S) & TIND universal
deformation

P 1 Gy — GLo(R(py, S))
MPRER S N7z, 2 2T “universal” & WD FHED, p; DFFTFR deforma-
tion
p:Gs— GLy(A)
IZXF L T, p-adic Z,-algebra OUERFHY
o R(py, ) — A

T popV A p LRMEL DY DN E—DFHETHI L EFIKT 5.
Theorem 3.4 12K Y p-adic Z,-algebra OAEFHY

R(ﬁf75) HT(ﬁf’N)

T, P L DEES prod L EMEL 725 b OWEET B 2 LIS BN,
Gouvéa |3 Z DHEFRIDPFEIITH 5, b b “p; DFFTF/R deformation
13449 generalized p-adic cuspidal eigenfunction (A 57 & FARL
7z ([7, Question IIL5]). & OFAEIE Gouvea-Mazur [8] X Bockle [2], €
U CEEF [26], [27] IS & > THER ISR S N TG,

Z DT RE  REREUE o Hilbert modular form DEEITERAL
U232 5 Z 1, FFHEICBREOHETSH 5.
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