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0. Introduction

p ����������� . p-adic modular form ����� � , !#"%$'&)(*!,+-�.
F "0/#�1� Dedekind � ζ- 2�� ζF �03�465 � p- 78��9:�*;�<=�?>@ "A26���CB#D*E , Eisenstein F��G� Fourier HJI=�?K*��LM"-N6�03*4

5JOQP1RS�UT=��$WV , modular form � Fourier X*�)N*�SY,��� p- 7��
9Z�6;\[?> @ "'26�1�CB]DG��^�_=�1�=T#��O=N6� motivation �C!=`\<a � .
NGT0b modular form � p-adic theory �Cc#dS�M��e69f�*;\<%gih
RS[ YA�8�];?< , modular form � Fourier HGIM� p- j]�UX]���,7=F
�k�0l=!8;'N#� p- j=mGno�-;0< p-adic modular form �\K=pS� �)�a `A[ Serre [24] "JqA�C+*�Jr#!0s*9:� , p- j�t*uJbQK*pvh?RJ[?w�xAyz � arithmetic moduli scheme " “growth condition” ��{o;\[8|�}6b
relative differential sheaf � global section �=�?�]T��~b p-adic modular
form ��K-pJ�S� Katz [12] "1q%�C���Jr#!,s69 �A�-�-O��J!�Y,�)��;
<Qg�h0R-< a � .��� b-� , NA�M|�� Katz "]q1��K6�6�MhCR-[ p-adic modular form �
�6�M"'� a < , �6��� . Q uG���*>G� Section 1 "Q<%�1" Katz [12] �
Gouvêa [7] � , ���*+6� . uG�0�*>M"6� Section 2 "Q� a <%�1" Goren
[6] �6NAR1�AR%�-� "G;0!�OiV����ih\�]< a [-�i� . ��!-l#" , ���U�
��;?<=� Katz �Q�6�M�\�#� [12], [13], [14], [15], [16], [17] N�;C< [18]
O��  MV~RS� . �*e]b , Serre � p-adic modular form "'2);�<=� ,

�6¡
¢�£ �0¤J¥A¦=§-¨��\�-© “Serre � p j modular ª-� "%� a < ” �?�« ;C< a [��J¬'[ a .
hGV0" Section 3 b1� , 1®U¯*°�±*¯'²Jb1�0³#´Sb�µ1RG�1T1��O#b
¬Q!�$�`A[ Katz � “generalized p-adic modular function” �0K#p�� ,
Gouvêa "Uq��¶c�·�h?R=[ generalized p-adic modular function "?{U¸
�1� Galois ¹6P)"A� a < [7] �C�*�M"G;\!�OvVº�-�o;0[ a .
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1. Elliptic case

p �C�]�:���S� . Katz [12] "1q6� “p-adic modular form” �0K#�-�
� , �G� Observation "��oV�RS�=q�|�! modular form � “ ���1rU" �
V�}U� ” � a |����J$vV����-RS� :

Observation 1.1 (cf. [12, Appendix 1] and [23, Section 7.2]). T-T?b
� , �-�-� . C u � modular form O “C u �0w�x�y z � @ À�� �-!
� £ >-uM�%2Q� ” � /! o;�< a �UT=�\"A� a <�"�#J�S� .
k ��½*�o���J� . u%$'&)( h := {τ ∈ C| Im(τ) > 0} uG� C- 5�*)+U2
� f O (weakly) modular form of weight k and level 1 b Û �G�\� , �
�*½��-t Z- X6�M��3�4 z ª!, SL2(Z) �.-�/M��0

(

a b
c d

)

"0/W;C< ,

f(
aτ + b

cτ + d
) = (cτ + d)kf(τ) (τ ∈ h)

��!J�UTU� . T-T\b “weakly” �0� , f �211n�3%4M"A�65]�87��:9 a "
� a <�;�<8�>=á;�< a ! a T=�Q�>/6?*�S� .
T�RWV?� f � , C uM� lattice � £ > {L = Zω1 ⊕ Zω2| Im(ω1

ω2
) > 0}

uG�%2'� F b
F (λL) = λ−kF (L) (λ ∈ C×)

�>@G[%�)Y,� ��O-2QX��
F (L) = ω−k

2 f(
ω1

ω2

)
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"UqG��/� =�1�UT#��O)�-$1� . ( � " , lattice � £ >*uG��2,� F bQuG�
;!<8� @G[A�)Y,��$�V weight k � modular form f �����6"*� ,

f(τ) := F (Zτ ⊕ Z) (τ ∈ h)

����R��1q a .)
hUVC" , T�R�VC� lattice � £ >6u��A2�� F � , C u���w xAy z E �
N6��uM� 0 b#! a����
	�� ª��M�*!6��G� @ À�� � £ > {(E/C, ω)}/∼=
uG�%2'� F b

F(E, λω) = λ−kF(E, ω) (λ ∈ C×)

�>@G[%�)Y,� ��O-2QX��

F(E, ω) = F ({

∫

γ

ω|γ ∈ H1(E,Z)})

"Jq � /� U���1TU��O��#$S� . ( � " , w�x�y z � �
��	�� ª-�M��!6�
G� @ À � � £ >-u �62Q� F bAu � ; <8� @ [%�8Y,��$iV lattice �£ >�u �%2Q� F �����6"*� ,

F (L) := F(C/L, dz) (z ∈ C)

����R��1q a .)

T��JqJ|�" modular form � “ �6�JrU"G��V�}=� ” � a |QTU�?"'2);
< � D#r#!�T=�0� , modular form � “ w�x%y z � moduli scheme u �
relative differential sheaf � global section” �Cl]!6��T=�Cb Û � (Re-
mark 1.1), T\� #!4-b����J!����JßMàÖ� , moduli scheme b parametrize
h�RG�?w�x6y z �0K#p-t��-;�< , C �%56bU�-!o�����A!����-t ( 3)" ,
p-adic ring A, �=!'�����! S! @ À

A ∼= A∧ := lim←−n
A/pnA

O,·#"U�1�$���*t ) "&%f�('S}=�=T#��O*b�¬%� 4=b Û � (cf. [6, Section
1.4]).)�*

, Section 1.1 b classical modular form � �=��rJ!'K#�U���
� a , Section 1.2 "�� a < Katz’s p-adic modular form with “growth
condition” ��K-pv�C���S��� . Section 1.3 bU� , p-adic modular form
with growth condition O classcal modular form �-!*��+-,�1Gn'F#�
�,ª�b�¹ih�RM� “Katz’s expansion” �C�=�:; , Section 1.4 "6� a < ,
Katz’s expansion ��. a �=T#��b Serre [24] � p-adic modular form �
Katz’s p-adic modular form with growth condition 1 � @ ��/1bM¬6�
T#�,�:"�©J�S� .
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1.1. Classical modular forms

T�T?bU� , Katz [12, Section 1.2] "Jq%� classical modular form �?�
�JrU!0K-�-�)� , Gouvêa [7, Section I.2] "��8`�<Q�-�J�S� . N ≥ 5 �
k �C½��:�6; , R � Z[ 1

N
]-algebra ���1� .

Definition 1.1 (cf. [12, Section 1.2] and [7, Section I.1]). (1) A ���*s
! R-algebra �%; , µN � 1 � N ���S�%!Q� A u�� finite flat ! group
scheme ���G� (cf. [6, Section A.3.2]). E/A � A u)�0w�x%y z , ω �
E u � 0 b#! a ����	�� ª�� , NG;C< ι : µN ↪→ E[N ] � finite flat !
group scheme � A-inclusion ( T,�1q1|�! ι � E uM� arithmetic level

Γ1(N)-structure � a | ) ���J�S�,¬ , �#�  (E/A, ω, ι) � classical test

object of level N �%q	� . T]T?b , E[N ] � E � N -torsion point �-!
� subgroup ��¹U� .

(2) f O classical modular form of weight k and level N defined over

R b Û �G�0� , �#sG! classical test object (E/A, ω, ι) of level N "05
f(E/A, ω, ι) ∈ A � Û <]O a , � ��
#�U�2;�<W� @M[�� rule �GTU�'�a | :

(i) 5 f(E/A, ω, ι) ∈ A � test object (E/A, ω, ι) � A-
@ ÀM������a <QK8Ä�� ;

(ii) -�/M� R-algebra ��Ù @ À ϕ : A→ A′ "0/o; ,

f(E ⊗A A
′
/A′ , ϕ∗(ω), ι⊗A A

′) = ϕ(f(E/A, ω, ι));

(iii) -�/M� λ ∈ A× "0/i; ,

f(E/A, λω, ι) = λ−kf(E/A, ω, ι);

(iv) ( �*°��'b=�2*�+-B ) T,��
����0� ;�< "%� a <�������� " Ob-
servation 1.1 "A2Q�o;0[0�����J;0[ a :

Observation 1.2. Observation 1.1 "�� a < (weakly) modular form
f : h → C ",/� U�G� , w8x%y z � ����	�� ª��M�-!%�� (E/C, ω) �@ À��*uG�%2,� F � , u%$'&!( h � 4 τ $�V K)Ä-��w)xAy z (C/Zτ ⊕
Z, dz) b#�058� %��UYQ�-"�!J`�< a � .
;Q[6O�`,< , f � 1�n'3%4)"�� 5#�.7v�89 a ���G�1TJ��� , C u��@ À

(C/Zτ ⊕ Z, dz) ∼= (C×/qZ,
dt

t
), z 7→ t = e2π

√
−1z (q := e2π

√
−1τ )

���á;�< , C uM� Tate y z (C×/qZ, dt
t
) "A� 5]��5 F(C×/qZ, dt

t
) �2�

�=T=�0"0/! U�S� .

T�T?b , 1 ��� � N � � ζN �\�=�"!0KJ�S� . Observation 1.2 "\P
R1� C uG� Tate y z � , �*9�, Gm �#Z�6;C< Laurent F��M�*!��
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t R[ζN ,
1
N

]((q
1

N )) u1bA+*�-�i;C<���V�RS� group scheme

(Tate(q)
/R[ζN , 1

N
]((q

1
N ))

, ωcan, ι)

� arithmetic level Γ1(N)-structure ι : µN ↪→ Tate(q)[N ] {8¬%� Tate

object �6q	� . T#T�b ωcan �0� , dt
t
"������G� Tate(q) u����=ÙSr

! 0 b#! a�����	�� ª-�Sb Û � (cf. [12, Section 1.2] and [6, Section
4.5]). f O�@M[%� � ¬	
�� �0� ;�< (iv) �?� , - /M� arithmetic level
Γ1(N)-structure ι {�¬Q� Tate object (Tate(q), ωcan, ι) "�/W; ,

f(Tate(q), ωcan, ι) ∈ R[ζN ,
1

N
][[q

1

N ]]

�C!J�UT=��b Û � . 3M" , �! �! inclusion µN ↪→ Gm $vV	��
Wh\R��
�-ÙJr=! arithmetic level Γ1(N)-structure ιcan "0/=�1��5

f(q) := f(Tate(q), ωcan, ιcan) ∈ R[[q]]

� f � q-expansion �Aq� .
(3) classical modular form f of weight k and level N defined over R� . ��!%� R-module � M(R, k,N) ��$á� .

�G�\K]�M� , classical modular form ��Ô|�|�}*b�����!�� � K��SbÛ � , q-expansion principle �%q��AR1� :

Theorem 1.1 (cf. [12, Theorem 1.6.1]). f ∈ M(R, k,N) "�� a < ,
f(q) = 0 b Û R � f = 0.

Remark 1.1. arithmetic level Γ1(N)-structure {8¬Q�?w)xAy z "\/#�
� R uM� moduli scheme M1(N)/R � “minimal compactification” �
M∗

1 (N)/R �~$��?T-��"��#� (cf. [12, Section 1.5] and [6, Section 4.6.3]).� K N ≥ 5 � Y1�?bS� , M∗
1 (N)/R u�" “universal object” O��� < relative differential sheaf ω O���
ih�R�� . TQ���A¬ , R-module

M(R, k,N) � cohomology group H0(M∗
1 (N)/R, ω

k) � �  G" @ ��/8h
R , cohomological !����1O'& .#bG¬�� . u��M� Theorem 1.1 Y�TQ� @
��/�� �á;C< , moduli scheme M∗

1 (N)/R �\����r'B#DM� . a <����Mh
R1� ([12, Section 1.6]).

1.2. p-Adic modular forms with growth condition

Katz’s p-adic modular form with growth condition � , Section 1.1
b�v`A[ classical test object " “p- j1r#!��Sn ” �?{ 5��G}][�Y,�J�
“p-adic test object with growth condition” �,q8� , N�R8V�"C5 � Û <�O
| rule �6;C<QK]�-�8h\RS� . T��ST=��$WV , p-adic modular form with
growth condition � classical modular form � �  G"��! =�1�=Y��M��;
<,K-�]�8h\RS�UTU�?"6!=� .
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, p ≥ 5 �?�]� , N ≥ 5 � p ��� a "���!,½#�f��; , �M}S�

modular form �\K�p�t R � p- j-½��*t
Zp := lim←−n

Z/pnZ

���S� . T,�M�'¬ , Zp � Z[ 1
N

]-algebra ��!1`�< a �=T=�0"���/ .
Ä�� test object " “p- j#r-!��=n ” ��{ 5 �U}#�'[���" , q-expansion
O

Ep−1(q) = 1−
2(p− 1)

Bp−1

∑

n≥1

(
∑

0<d|n
dp−2)qn

bAÇS}8V�RS� Eisenstein F�� Ep−1 of weight p− 1 �C�S}J� . T�T?b ,
Bp−1 � p − 1 � �0� Bernoulli ��b Û � , Clausen-von-Staudt ��K��
(cf. [25, Theorem 5.10]) "JqG� ,

Û ��½�� x O	��
Z;C<

Bp−1 = x−
∑

q

1

q

��¹Wh\RS� . T�T\b=�� ∑

q � (q − 1)|(p− 1) !=�?��� q ����� . T
RU"JqM� , Ep−1(q) ∈ Zp[[q]] b

Û �=T=��O)�]$Z� , h1V?"
Ep−1(q) ≡ 1 (mod p)

�C!=� .

Remark 1.2. Zp u8� Eisenstein F=� Ep−1 of weight p − 1 � q-
expansion O

Ep−1(q) ≡ 1 (mod p)

�>@G[%��� a |'T#��$�V , Ep−1 O “Hasse invariant” �'q��AR1����� p
��� . Z/pZ uG� classical modular form of weight p− 1 � Zp u����
�Cu� �[SY'��b Û �UTU�CO�
S$�R�� . T'��T=�0� , Seciton 2 b��S�Jq
|C" , Katz’s p-adic modular form ���-��+6� . uJbQK-���=�S���G"$�
�S!#� �Gß8à?��!U� .
�*!-lU" Hasse invariant � a | modular form defined over Z/pZ
� , �#� p uM�0w�x�y z O “ordinary” b Û �'$ “supersingular” b Û
��$=��������ÇU}=�JY��Ab Û � , �o;J��� [12, Sections 2.0 and 2.1] �
� « ;�< a [��J¬A[ a .

h'< , 0 6= r ∈ Zp ��!'K�� � . “p-adic test object with growth
condition r” ��K-pS���6[��]� classical test object "�{ 5��G}J� “p-
j1rJ!���n ” �0� , (i) Ä�� test object (E/A, ω, ι) �6;�<%K-p]t A O
p-adic Zp-algebra b Û �=Y��6��5]��%f����; , (ii) hJV�" Eisenstein F
� Ep−1 b#�?5 Ep−1(E/A, ω) ∈ A � “A "'� 5]� p- j*{65 ” O r � p-
j*{*5vq���Y���h,!SY,�*��5#�C/ �M"Q�1� , � a `'[1Y,�Ab Û � . q��!�" "#�}�� ,



KATZ’S p-ADIC MODULAR FORMS 7

Definition 1.2 (cf. [12, Section 2.2] and [7, Section I.2.1]). (1) 0 6=
r ∈ Zp ��!\KU�1� . A ����sS! p-adic Zp-algebra ��; , E/A � A u��
w)x6y z , ω � E uM� 0 b#! a ����	�� ª�� , N�;C< ι : µN ↪→ E[N ]
� E uG� arithmetic level Γ1(N)-structure ���S� . h1V�" Y ∈ A b

Y Ep−1(E/A, ω) = r

�\!1�SYA�J�M�1� , 
#�� (E/A, ω, ι, Y ) � p-adic test object of level

N with growth condition r ��q�� . TA�)��¬ , Y � (E/A, ω) u�� r-
structure � a | .

(2) k �\½=� ���M� . f O p-adic modular form of weight k and

level N with growth condition r defined over Zp b
Û �M��� , �]s !

p-adic test object (E/A, ω, ι, Y ) of level N with growth condition r "
5 f(E/A, ω, ι, Y ) ∈ A � Û <�O a , �G� 
]�=�.;�<8� @M[A� rule ��T
��� a | :

(i) 5 f(E/A, ω, ι, Y ) ∈ A � test object (E/A, ω, ι, Y ) � A-
@ ÀG���

�� a <QK�Ä�� ;
(ii) -�/M� p-adic Zp-algebra �0Ù @ À ϕ : A→ A′ "0/W; ,

f(E ⊗A A
′
/A′ , ϕ∗(ω), ι⊗A A

′, ϕ(Y )) = ϕ(f(E/A, ω, ι, Y )).

T*T?b , 2'X�� Y Ep−1(E/A, ω) = r "JqG�
ϕ(Y )Ep−1(E ⊗A A

′
/A′ , ϕ∗(ω)) = r

��!J�JTJ��$WV , ϕ(Y ) � (E ⊗A A
′
/A′ , ϕ∗(ω)) u)� r-structure b Û �

T#�\"��/ ;
(iii) -�/M� λ ∈ A× "0/i; ,

f(E/A, λω, ι, λ
p−1Y ) = λ−kf(E/A, ω, ι, Y ).

T*T?b , 2'X�� Y Ep−1(E/A, ω) = r "JqG�
(λp−1Y )Ep−1(E/A, λω) = r

�0!S�STS��$áV , λp−1Y � (E/A, λω) u8� r-structure b Û �1TS�Q"
�!/ ;

(iv) ( ��° �'b1�2*%+-B ) -%/)� arithmetic level Γ1(N)-structure ι
{W¬�� p-adic Tate object (Tate(q)

/Zp[ζN ]((q
1
N ))∧

, ωcan, ι, rEp−1(q)
−1) "

/W; ,

f(Tate(q), ωcan, ι, rEp−1(q)
−1) ∈ Zp[ζN ][[q

1

N ]]

��!���T��?b Û � . TUTQb , Ep−1(q) ≡ 1 (mod p) b Û �GTS�\$áV
Ep−1(q) ∈ Zp[[q]]

× b Û �JTU�0"� / . 3 " , �=ÙJr=! arithmetic level
Γ1(N)-structure ιcan "0/W;C< ,

f(q) := f(Tate(q), ωcan, ιcan, rEp−1(q)
−1) ∈ Zp[[q]]

� f � q-expansion �Aq� .
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(3) p-adic modular form f of weight k and level N with growth

condition r defined over Zp

� . ��!'� Zp-module � M(Zp, k, N ; r) �
$o� .

�S� proposition "=qS� , p-adic modular form with growth condition
� classical modular form ���! M"��� i;C< a �JT=��O �]$1� :

Proposition 1.2. -�/M� 0 6= r ∈ Zp "0/i;C< , ���
M(Zp, k, N)→M(Zp, k, N ; r),

f 7→ (f̃ : (E/A, ω, ι, Y ) 7→ f(E/A, ω, ι))

� Zp-module � injection b Û � .

Proof. classical modular form f ��K�pJ$�V f̃ ∈M(Zp, k, N ; r) b Û �
T=�]� , ��� f 7→ f̃ O Zp-module ��Ù @ ÀÔ�?!J�JTU�0�%����"��#$
� . Y]; f̃ = 0 ��!�R � , q-expansion �S����� 0 = f̃(q) = f(q). q6`
< , Theorem 1.1 $vV f = 0 b Û � . �

1.3. Katz’s expansion) *
, p ≥ 5 ����� , N ≥ 5 � p � � a "0�G!0½�� , k ≥ 2 ��½����

�1� .

Remark 1.3. Section 1.1 � Section 1.2 bU� k �:- / �\½]���*;?<Û `'[AO , T�� Section $8V�� , moduli scheme M∗
1 (N)/Zp uG� relative

differential sheaf ω � global section "0/=�S� “Base change theorem”
�\¿ ���M�-[��J" k ≥ 2 � � K�� � . �MÄ�� k ≥ 2 ��� , - /8�
Zp-module R "0/o;C<��G� �! G! @ ÀJO'·�"1�S� :

H0(M∗
1 (N)/R, ω

k) ∼= H0(M∗
1 (N)/Zp , ω

k)⊗Zp R

(cf. [12, Theorem 1.7] and [6, Lemma 4.6.9]). T�� Section �,�AK*�JbÛ � “Katz’s expansion” ���-�J�G�	�6b , � �S��
��;�[������ a �
��$ ���M�'O , N%RiV\��� �1"�� � <)T'� Base change theorem O .a V�R]< a �UT=�0" ��/á;C< a [��U¬'[ a .

TA� Section b1� , p-adic modular form with growth condition O
classical modular form �%!A� +
, 1Jn�F*���\ª#bQ¹�h?RJ� “Katz’s ex-
pansion” ���]�:; , N-�MTU��$WV 
S$]R�� p-adic modular form with
growth condition �\B=DM� a � �-$�� ��;0[ a .
a ≥ 1 ��½������S� . Eisenstein F�� Ep−1 � q-expansion O

Ep−1(q) ≡ 1 (mod p)

b Û �JT=��$vV , Ep−1 � ���
M(Zp, k + (a− 1)(p− 1), N)→M(Zp, k + a(p− 1), N),

f 7→ Ep−1f
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�
injective � Zp-module �?Ù��?À�� Û�� . classical modular form �	�

M(Zp, k+(a−1)(p−1), N) � M(Zp, k+a(p−1), N)

�� ����� finite
free � Zp-module ����� , [12, Lemma 2.6.1] ����� Ep−1 � � ��� cok-
ernel � finite free � Zp-module ��� � ( ������� � , Igusa ���! "�#�
� M∗

1 (N)/Zp $ � quotient sheaf �	%�& ωk+a(p−1)/Ep−1(ω
k+(a−1)(p−1))�

Zp-flat �#�'� , mod p

 � � skyscraper sheaf �!� � �#�)(+*-,�(

� � ). %/.�0�1�& , � �3254"6�7 A(Zp, k, a, N) 098;:<%=&
M(Zp,k + a(p− 1), N)

= Ep−1(M(Zp, k + (a− 1)(p− 1), N))⊕ A(Zp, k, a, N)

� 254�>�? ��@ � . a = 0 ��A+%�& � ,

A(Zp, k, 0, N) := M(Zp, k, N)

�B��C 
 �ED ,

Lemma 1.3. F;G"�3H�I j ≥ 0 �/AJ% , Zp-module �;�/K
⊕j

a=0A(Zp, k, a, N)
∼
−→M(Zp, k + j(p− 1), N),

j
∑

a=0

ba 7→

j
∑

a=0

Ej−a
p−1ba

LNMO�
.

Proof. j = 0 ��P � ��CO���"�RQ+*)( . j ≥ 1 ��P � , S 1 ≤ a ≤ j �
A 
 � �/K#T5U
M(Zp, k + (j − a)(p− 1), N)⊕ A(Zp, k, j − a + 1, N)

∼
−→ Ep−1(M(Zp, k + (j − a)(p− 1), N))⊕ A(Zp, k, j − a+ 1, N)

(= M(Zp, k + (j − a+ 1)(p− 1), N)),

f ⊕ g 7→ Ep−1f ⊕ gLNVEW�XEY�Z[� �E�)� , \�] � �/K L�MO� �#�)0���@ � . �

���!��K"� growth condition r � “p- ^E_�� V�` ”
L/a#b ��0c* p- ^d	e#f L=g 1�.��[h�� , p- ^ d!e � Zp-module �;��K L=M�� �E�N0��

@ � :

Theorem 1.4 (cf. [12, Theorem 2.5.1 and Proposition 2.6.2], [7,
Propositions I.2.5 and I.2.6]). F�G�� 0 6= r ∈ Zp �Ai%3& , j"� de � Zp-modules � d!k�l �!� 
!m	n�o9p 0 M *)� � :

0→ (Ep−1 − r)→(⊕∞
a=0M(Zp, k + a(p− 1), N))∧

κr→M(Zp, k, N ; r)→ 0
⋃

‖

κr : (⊕∞
a=0A(Zp, k, a, N))∧

∼
−→ M(Zp, k, N ; r).
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���
.�� % , ��� l���������� T!U�� � >�!�"cL$# ] %'&)(+*', injection- �'� , T5U κr �

κr :

∞
∑

a=0

ba 7→ (

∞
∑

a=0

ba
Ea

p−1

ra : (E/A, ω, ι, Y )
def
7→

∞
∑

a=0

ba(E/A, ω, ι)Y
a)

- ��C/.3�10 Zp-module
��243 K - �50 . ��� - , Zp-module M �/A

%N& ,

M∧ := lim←−n
M/pnM

� M
�
p- ^ d9e!f L+6 
 . ��7 � , M(Zp, k, N ; r) � de , Zp-module- �50 .

Definition 1.3. p-adic modular form f ∈ M(Zp, k, N ; r)
L 3 KET!U

κr ����� ∑∞
a=0 ba ∈ (⊕∞

a=0A(Zp, k, a, N))∧
L98 � &

f =
∞

∑

a=0

ba
Ea

p−1

ra

� 6 %.�� � L f
�

Katz’s expansion �;:�< . Katz’s expansion �
growth condition r

� �E�>=[����*+? , @A��_E� (⊕∞
a=0A(Zp, k, a, N))∧��B L98 � &DCFEG.��10E�#�3�9H�G .

Proof. I�? , F�G �JB ∑∞
a=0 ba ∈ (⊕∞

a=0M(Zp, k + a(p − 1), N))∧ ��A
% , κr �#�K0NU ∑∞

a=0
ba

Ea
p−1

ra 0 M(Zp, k, N ; r)
� B - �L0#��� LNM 
 .

����0 M .��E.O,O*=D , κr 0 Zp-module
��243 K - �L0E���9��Q'* (- �50 .P�Q , p-adic test object (E/A, ω, ι, Y ) � a � & , A � p-adic ring

-
�c� ,

∑∞
a=0 ba 0 p- ^ d	e�f4�DB - �50E�#�N('* ,

∞
∑

a=0

ba
Ea

p−1

ra(E/A, ω, ι, Y ) =

∞
∑

a=0

ba(E/A, ω, ι)Y
a ∈ A

0�RI � , S ba 0 classical modular form
- ��0����N(J* Definition

1.2 (2)
� S�T

(i) � (ii) �!Q+*)( . ba � weight k + a(p − 1) �	(+* ,
F;G � λ ∈ A× �/AJ%

∞
∑

a=0

ba
Ea

p−1

ra(E/A, λω, ι, λ
p−1Y ) =

∞
∑

a=0

ba(E/A, λω, ι)(λ
p−1Y )a

= λ−k
∞

∑

a=0

ba(E/A, ω, ι)Y
a

= λ−k(

∞
∑

a=0

ba
Ea

p−1

ra(E/A, ω, ι, Y ))
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�$,<� ,
S�T

(iii) 0��". ./�40��#��0 Y ( 0 . .�*�� Zp[[q]] 0 p-adic
ring

- �A0E�#�)('* ,
S�T

(iv) �����i%
∞

∑

a=0

ba
Ea

p−1

ra ∈M(Zp, k, N ; r)

- �50 . .3& , � ��� Q - �9�L� l�� 0 d	k�l - �50#��� �	�[]�.Oh�
-
, �� l �9� κr 0 3 K�T�U - �L0���� L � QO%�. � . �K, ` � , �L�l/����d!k�� � , F�G � H�I n ≥ 1 �/A+% base ring

L
Z/pnZ � base

change %/.�� , � Q

Z/pnZ-SCH → SETS,

S 7→ {Z/pnZ-morphism g : S →M ∗
1 (N)/Z/pnZ

with Y ∈ g∗(ω1−p)}

0 Z/pnZ-scheme Spec
M∗

1
(N)/Z/pnZ

(Symm(ω1−p)∨)
- 6�� m�� - �50��

� (c*-,�(	� 0 ( �!� - , ∨ � dual sheaf
LN6 


). � �	� Q#��� 
 0��� � [12, Sections 2.3-2.5]
L���� %�& ��. ��@�.!� .

IJ? , κr 0#"�$ - ��0��&% L � Q�'40 . �#% (⊕∞
a=0A(Zp, k, a, N))∧��B

∑∞
a=0 ba �

a �!&
∞

∑

a=0

ba
Ea

p−1

ra = 0

%9,;��DJ�F� l �J��d�k#l �[� � , �F0 ∑∞
a=0 sa ∈ (⊕∞

a=0M(Zp, k +
a(p− 1), N))∧ 098;:i%N&

∞
∑

a=0

ba = (Ep−1 − r)
∞

∑

a=0

sa

% 6 .��'0 . F�G � H�I n ≥ 1
L�( � %.[�)% - , S a ≥ 0 ��A %

ba ≡ 0 (mod pn)
L M#Z D , Theorem 1.1 (q-expansion principle) ���

� ∑∞
a=0 ba = 0 0 Y ( � κr 0#"�$ - �50��% 0 � Q'.3�10 . p- ^ d!ef1� �;CO�E��� , �50�H;I m ≥ 1 098!: %N&F;G � a ≥ m+ 1 �3AJ%

ba ≡ sa ≡ 0 (mod pn)

% ,L0 . %=.90�1�& , mod pn
- ∑∞

a=0 ba = (Ep−1−r)
∑∞

a=0 sa

�
weight

k + (m+ 1)(p− 1)- � >�L�*�+ '��ED
0 ≡ bm+1 − (Ep−1sm − rsm+1) (mod pn)

≡ −Ep−1sm (mod pn)

%;,+� , Ep−1 ≡ 1 (mod p)
- �50('*

sm ≡ 0 (mod pn).
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���
� = , weight k +m(p− 1)- � >�L�*�+ ';�ED

bm ≡ Ep−1sm−1 (mod pn)

%$,<� ,
254 6 7

A(Zp, k,m,N) ⊂ M(Zp, k + m(p − 1), N)
� ��C %

base ring Zp

L
mod pn '�0���%��=A�'F0 Base change theorem ����� ,

sm−1 ≡ 0 (mod pn)- �50��% 0 Y ( � ,
bm ≡ 0 (mod pn)LNM 0 . � � ��� L�� ��� Z D , S a ≥ 0 �3AJ%
ba ≡ 0 (mod pn)

0 M *)�10 .
j�� , κr 0 k $ - �50#� % L � Q�' 0 . � � .!]�� � , �L� l/� ��dk�l �E�[� F;G ��B ∑∞

a=0 sa ∈ (⊕∞
a=0M(Zp, k+ a(p− 1), N))∧ �3A'% ,

�L0 b ∈ (⊕∞
a=0A(Zp, k, a, N))∧ 0�8;:i%N&

b ≡
∞

∑

a=0

sa (mod (Ep−1 − r))

LNM#Z D�� � . S a ≥ 0 � a �;& , Lemma 1.3 �����
sa =

∑

i+j=a

Ei
p−1bj(a) with bj(a) ∈ A(Zp, k, j, N)

% 6�Z 0 . � � % @ , S j � a �	& p- ^ d5e�f � �;C"�#�[� F;G � H;I
n ≥ 1 �/AJ% , �50�H�I mn ≥ 1 08;:i%�& a ≥ mn + 1

- ���ED
bj(a) ∈ p

nA(Zp, k, j, N)

%;,A0 . %/.�0[1�& ,
X 3 p

∞
∑

a=0

sa =

∞
∑

a=0

∑

i+j=a

Ei
p−1bj(a)

=
∞

∑

a=0

∑

i+j=a

{ri + (Ep−1 − r)(
∑

u+v=i−1

Eu
p−1r

v)}bj(a)

=
∞

∑

a=0

∑

i+j=a

ribj(a) + (Ep−1 − r)
∞

∑

a=0

∑

i+j=a

bj(a)(
∑

u+v=i−1

Eu
p−1r

v)

≡

∞
∑

a=0

∑

i+j=a

ribj(a) (mod (Ep−1 − r))

≡
∞

∑

j=0

(
∞

∑

i=0

ribj(i+ j)) (mod (Ep−1 − r))



KATZ’S p-ADIC MODULAR FORMS 13

��� �;& ,

b′j :=
∞

∑

i=0

ribj(i + j)

0 A(Zp, k, j, N)
�JB %	%�&�)I��

b :=

∞
∑

j=0

b′j

05\�]�0 (⊕∞
a=0A(Zp, k, a, N))∧

�JB - �50 . �

Corollary 1.5 (cf. [12, Corollary 2.6.3] and [7, Corollary I.2.7]). Zp� -
0 6= r2 = rr1 %���h ���E0��L0 %@ , j � d5e , Zp-module

� "
$ 243 K � , ' m	n�o9p 0 M *)�10 :

(⊕∞
a=0A(Zp, k, a, N))∧ ↪→ (⊕∞

a=0A(Zp, k, a, N))∧

κr2

∼=


y κr1

∼=


y

M(Zp, k, N ; r2) ↪→M(Zp, k, N ; r1),

f 7→ (f̃ : (E/A, ω, ι, Y ) 7→ f(E/A, ω, ι, rY )).

�;� - , � l��9� T5U��
∞

∑

a=0

ba 7→
∞

∑

a=0

raba

-�� 
c* �10 Zp-module
� "�$ 213 K - �A0 .

%�7 � , r ∈ Z×
p

- ���#D ,
3 K

M(Zp, k, N ; r2)
∼
−→M(Zp, k, N ; r1)LNM 0 . .�*=��F�G � 0 6= r ∈ Zp �/AJ%�& , Zp-module

� "�$
M(Zp, k, N ; r) ↪→M(Zp, k, N ; 1)

0 M *)�10 .

Proof. p- ^ d;e�fG� ��C % Theorem 1.1 (q-expansion principle) ���
� , �5� l���� T5U�0#"�$ 243 K - �50E�% 0 Y ( 0 . �

Katz’s expansion
L$8 �	& , p-adic modular form with growth condi-

tion r �/A'40 q-expansion principle
L � Q�'10#�%N0 - @ 0 :

Corollary 1.6 (cf. [12, Proposition 2.7.2] and [7, Proposition I.2.10]).
F!G � 0 6= r ∈ Zp

L %�0 . ��% f ∈M(Zp, k, N ; r) 0 f(q) = 0
- �9�

D f = 0.
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���
Proof. Corollary 1.5 � � b 0 Zp-module

� "�$ 243 K
M(Zp, k, N ; r) ↪→M(Zp, k, N ; 1),

f 7→ f̃

��� �;& q-expansion
L %)�ED

f̃(q) = f̃(Tate(q), ωcan, ιcan, Ep−1(q)
−1)

= f(Tate(q), ωcan, ιcan, rEp−1(q)
−1)

= f(q)
- �509('* ,

� ]	('* r = 1 %��!�i%=&"� � .

f =

∞
∑

a=0

ba
Ea

p−1L
∑∞

a=0 ba ∈ (⊕∞
a=0A(Zp, k, a, N))∧

L;8 ��. f � Katz’s expansion %
%N&���� - q-expansion

L % 0 % , Zp[[q]]
� -

∞
∑

a=0

ba(q)Ep−1(q)
−a = 0.

p- ^ d	e�f4� ��C"���"� , F�G � H�I n ≥ 1 �/A+%�&��50=H;I mn ≥ 1
08;: %�& ,

mn
∑

a=0

ba(q)Ep−1(q)
−a ≡ 0 (mod pn)

%;,+� , � � � % ('*
mn
∑

a=0

ba(q)E
mn−a
p−1 (q) ≡ 0 (mod pn)

LNM 0 � - , Base change theorem (Remark 1.3) % q-expansion princi-
ple (Theorem 1.1) ���[� , M(Z/pnZ, k +mn(p− 1), N)

� -
mn
∑

a=0

baE
mn−a
p−1 = 0.

%�.50�13& , Base change theorem % Lemma 1.3 �E�[� , F;G � n ≥ 1
�3AJ%

mn
∑

a=0

ba ≡ 0 (mod pn)

0 M *)� , (⊕∞
a=0A(Zp, k, a, N))∧ ��� �!&

∞
∑

a=0

ba = 0
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%;,A0 � - f = 0
- �L0 . �

1.4. Serre’s p-adic modular forms �������
�;� - � , Katz’s expansion (Theorem 1.4)

L;8 �A0�� % - , Serre
�

p-adic modular form ([24], �	��
� �������4� ��� L ��� � �)% ) 0
Katz

�
p-adic modular form with growth condition 1 % 3 �� - @ 0

� % L � Q�'10 . '�, Y � ,

Theorem 1.7 (cf. [12, Proposition 2.7.2] and [7, Proposition I.2.12]).� p _��	��I f(q) ∈ Zp[[q]] � a �!& , j � � a � S�T � 3�� :
(i) �L0 f ∈ M(Zp, k, N ; 1) 08!:<%N& , f

�
q-expansion � f(q)

-
� 
 *)�10 ;

(ii) F�G � H;I n ≥ 1 ��AJ%N& , pn−1
-�� ���E�105�50NH�I mn ≥ 1

% gn ∈M(Zp, k +mn(p− 1), N) 08�:i%�&
f(q) ≡ gn(q) (mod pn).

%.�0[1�& , Serre
�

p-adic modular form of weight k and level N
defined over Zp � Katz

�
p-adic modular form of weight k and level

N with growth condition 1 defined over Zp %
3 ���'F0�� % 0 - @K0 .

Proof. (i)⇒ (ii)
∑∞

a=0 ba ∈ (⊕∞
a=0A(Zp, k, a, N))∧

L 8 �!& f
�

Katz’s
expansion 0

f =

∞
∑

a=0

ba
Ea

p−1-�� 
 * �;&��50)% 'F0 . p- ^ d�e�f � �!C[�#��� F!G � H	I n ≥ 1 �
A+%�& , �50=H;I mn ≥ 1 098�:<%�& F�G � H;I a ≥ mn + 1 � a �!&

ba ∈ p
nM(Zp, k + a(p− 1), N)

%;,�1 & ��0 . mn

L
pn−1

-�� � �E�10E��h=��!�@�7#%1�& ��@ ,

gn :=

mn
∑

a=0

baE
mn−a
p−1 ∈M(Zp, k +mn(p− 1), N)

% � 7 .

f(q) =

∞
∑

a=0

ba(q)Ep−1(q)
−a ≡

mn
∑

a=0

ba(q)Ep−1(q)
−a (mod pn)

- �'� , Ep−1(q) ≡ 1 (mod p)
- �A0E� % ('*

Ep−1(q)
pn−1

≡ 1 (mod pn)

%;,+� , %�7 �
Ep−1(q)

mn ≡ 1 (mod pn)
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���
- �50 � -

f(q) ≡

mn
∑

a=0

ba(q)Ep−1(q)
mn−a = gn(q) (mod pn).

(ii)⇒(i)
S5T

(ii) � �&��& classical modular form gn of weight k +
mn(p − 1)

L
, H�I l ≥ 1

L 8 �!& weight k + (mn + lpn−1)(p − 1)
�

classical modular form gnE
pn−1l
p−1 � g ��� 
!& �;��� � - ,

� ]!('* F
G � H�I n ≥ 1 �/AJ%�&

mn < mn+1- �50 %��;�i%�& � � . � � %9@
∆n := mn+1 −mn > 0

% � b D ,

gn+1(q)− gn(q)Ep−1(q)
∆n ≡ gn+1(q)− gn(q)

≡ f(q)− f(q) = 0 (mod pn).

%3.50�1�& , q-expansion principle �����
gn+1 − gnE

∆n
p−1 ∈ p

nM(Zp, k +mn+1(p− 1), N)

%;,+� , (⊕∞
m=0M(Zp, k +m(p− 1), N))∧

�JB

h := g1 + (g2 − g1E
∆1

p−1) + (g3 − g2E
∆2

p−1)

+ · · ·+ (gn+1 − gnE
∆n
p−1) + · · ·

0 �)I�0 . Theorem 1.4
� �5� l�� ��243 K

(⊕∞
m=0M(Zp, k +m(p− 1), N))∧

κ1−→M(Zp, k, N ; 1)

���O0 h
� U L h̃ ∈ M(Zp, k, N ; 1) % �"@ , � � q-expansion

L %��
mod pn ';�ED ,

h̃(q) ≡ g1(q)Ep−1(q)
−m1 + (g2(q)− g1(q)E

∆1

p−1)E
−m2

p−1

+ · · ·+ (gn(q)− gn−1(q)Ep−1(q)
∆n−1)Ep−1(q)

−mn (mod pn)

= gn(q)Ep−1(q)
−mn

≡ gn(q)

≡ f(q) (mod pn)

%;,A0 � - , Zp[[q]]
� -

h̃(q) = f(q)

0 M *)�10 . �
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Remark 1.4. Corollary 1.7 0 M�� %N&��L0���h�� , Katz [12, Chapter
4] � growth condition 1 �'@ ��������	G� arithmetic moduli scheme��
 � "�L , universal elliptic curve

�
p- � W�� �J� > " � étale ����8 . Z 0E�% - , Serre [24] �E� 0 “weight

����� �� ” (cf. ��� 
�������� ��� 0 ��� � Section 1.4
� �� 2)

����� _A,�� � L � 
�.
([12, Theorem 4.5.1]).
� � � %�(J* , p-adic modular form with growth condition 1

�
q-

expansion
� ��I���� a ��& p- � L�� %�%�. X 3 �!��''0 ��� 0 M *�

([12, Corollary 4.5.3]), �! ,#";I�$ F �/A'10 Dedekind
�
ζ- �

I ζF
�#%�&����

p- � L�� %;% . X 3 � ��'40 �'� L�(*) 0,+&%���-8 '10*+% 0 - @O0 (cf. [12, Remark 4.4.4 and Example 4.5.4]).

2. Hilbert case

+�+ - � , .�/�";I�$ $
�

“Katz’s p-adic Hilbert modular form” �a �!& , 01� [6] �32 1�&54 � %/.�� .
F
L .�/6"�I6$ %�% , � ��7 !�j�I L g ≥ 2 %�''0 . OF

L
F
�

H�I68 , d
L:9 � p , D

L�;�< %�''0 . I!. , F̃
L
F
�

Galois =?> ,
OF̃

L � � H�I�8 %!% , σ1, . . . , σg

L
F
�
F̃ @ � # ]�% ` k $ %�'10 .

Section 1
- 4�A %/. Q $

�
Katz’s p-adic modular form

�  � L F

$ @
7'B '40 h�
 - , Q $ -

�  � L�C�D '40��!�/j � ��E�01FHGJIKMLON %$,�1�& ��.,+%�� H�G %/.�� :

(i) N ≥ 4 %��ch �;� �MP % , Z[ 1
N

]-algebra R �/AJ% , classical mod-
ular form of weight k ∈ Z and level N defined over R

� ,#' R-module
M(R, k,N) 0 , arithmetic level Γ1(N)-structure µN ↪→ E[N ] �=A 'F0
R $

�
moduli scheme M1(N)/R

�
minimal compactification M ∗

1 (N)/R

$
�

relative differential sheaf ω
�

global section
� ,!' R-module

H0(M∗
1 (N)/R, ω

k) %O( *Q� 3 � � - @ 0 (Remark 1.1). + � 3 � �Q�RMS
, classical modular form �/A '10 q-expansion principle (Theorem

1.1) T Base change theorem (k ≥ 2
� %@ , Remark 1.3 U L M∗

1 (N)/R�3��� _5, �6� L98 �!& � Q - @ 0 .
%�7V� V�W ,HI KXLON � , compactified moduli scheme M ∗

1 (N) $ �
universal object Y � , �1+3(J* relative differential sheaf ω 0 M * �
0�+% -�Z 0 (cf. [12, Section 1.5] and [6, Section 4.6.3]);

(ii) p ≥ 5 %���h �!� �,P % , Z/pZ $
�

classical modular form
-6Z

0 “Hasse invariant”
L

, Zp $ @\[ � $Q] . classical modular form %
%N& Eisenstein ��I Ep−1 0 g � 0 . %A7V� q-expansion 0

Ep−1(q) ≡ 1 (mod p)

L ��. '^+% 0 V�W ,HI KXLON -�Z 0 (Remark 1.2).
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���
� $

� �HE L .6/�"�I�$ F $
�  � @ %+��� f ''0*+&%�� a ��&�� ,

j � R h������ - @ 0 :

(i) F
� > I ideal c

L � a( � '40 . N ≥ 5
L H�I %;% , 1

��� �
N 	�
 ζN

L � a % 0 . R
L
OF̃ [ζN ,

1
dN

]-algebra %�'10 .

Definition 2.1 (cf. [18, Section 1.0], [6, Section 3.5] and [11, Sec-
tion 4.1.1]). (1) F	G � R-algebra B $

�
c-polarized Hilbert-Blumenthal

abelian variety A/B = (A/B , i, λ) %9� , real multiplication % R D � 0
8 %!%=& � injection

i : OF ↪→ End(A/B)L [ a , c-polarization λ 0\� ��. B $
�

abelian variety A
-'Z 1�& ,

� ��� E,� � b 0 cotangent space ωA/B
0 locally free OF⊗ZB-module

of rank 1 %$,A0 P���� +% -�Z 0 .
(2) R-algebra B $

�
c-polarized Hilbert-Blumenthal abelian vari-

ety A/B = (A/B , i, λ) � AJ% , OF -action % m5n , finite flat , group

scheme
�
B-inclusion

ι : µN ⊗Z D
−1 ↪→ A[N ]L

A/B $
�

arithmetic level Γ1(N)-structure % R < .

+ � %3@ , arithmetic level Γ1(N)-structure �"@ � c-polarized Hilbert-
Blumenthal abelian variety

L
parametrize ' 0 R $

�
moduli scheme

M1(N)/R 08!:&' 0 (cf. [18, Section 1.0]). M1(N)/R

�
compactifica-

tion %;%3& , minimal compactification M ∗
1 (N) % toroidal compactifi-

cation M1(N)tor
� � a 0 Z S , ��X� M∗

1 (N) $ � � universal object
�/8�: Z ? , M1(N)tor $ � universal object 0HY � 0 . + � +)% (+* ,
I�? M1(N)tor $ � relative differential sheaf ωtor 0���,R. � & , (+*
,�$

M1(N)tor
/R →M∗

1 (N)/R-
ωtor

L�� %���' + % - M∗
1 (N)/R $ � ample , relative differen-

tial sheaf ω
LNM 0�+ % 0 - @ 0 . � � global section

� ,#' R-module
H0(M∗

1 (N)/R, ω
k) 0 “classical c-polarized Hilbert modular form of par-

allel weight k ∈ Z and level N defined over R” % 3 ���. � 0 PD�
���� !'G0 . (toroidal compactification � a ��& � [22]

L
, minimal

compactification % � ���� a ��&�� [4]
P %47;� [11, Section 4.1.4]L����

.)
(ii) Q $

�  � % 3�� � , �	I p $
�

abelian variety 0 ordinary (��
h ( � 9 � L � 
A0 “Hasse invariant” % R D � 0���I p $

�
classical

Hilbert modular form H of parallel weight p− 1 098;:)'40 .
+ � L ��I 0 @H[ � $Q] 0��X��� global section

� ,�' module �
A ' 0 Base change theorem (cf. Remark 1.3)

L � 8 ' 0�.!] , M∗
1 (N)
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$ - ωm(p−1) 0 very ample � ,A0)7!*��6�/H�I m
L ! @�7�% 1�& �

��.�h�
 - Hasse invariant
� � Hm

L [ � $!] 0�+ %3�O,50 . � � R
h��"%=& [ � $^] . parallel weight l := m(p − 1)

�
classical Hilbert

modular form El

L
, Section 1

- �
Eisenstein ��I Ep−1 %

3��'���
� L�� � 0 modular form %!%N&�� 8 '40 . %�7V� “q-expansion” 0

El(q) ≡ 1 (mod p)

L ��. '^+%�� H�G (cf. [11, Section 4.1.6]).
� , ` � , F �/A&'10 Dedekind

�
ζ � I ζF

��%J&��
ζF (1− l) 0

p-integral
- ,�� %�@H��� , El %�%=& q-expansion 0	j - � 
+* � 0

Siegel � RXS�� CR. � . Eisenstein ��I of parallel weight l

El(q) = 1 +
2g

ζF (1− l)

∑

ν∈O+

F

(
∑

(ν)⊂c⊂OF

(](OF/c))
l−1)qν

L$8 �F0'+% 0 - @ 0 (cf. [5, Section 3]). +�+ - ,

O+
F := {ν ∈ OF |σi(ν) > 0, i = 1, . . . , g}

-�Z S
, + � q-expansion

L
g 	 ��
�� $�����

� 2\< �
$
� �9I %` , ' ��� p �

qν = e2π
√
−1(σ1(ν)τ1+···+σg(ν)τg) ((τ1, . . . , τg) ∈ h× · · · × h)

-�� 
c* � 0 .
� $

� ��� �1P % - , Section 2.1
- � [6, Section 5.1]

L � �X� clas-
sical c-polarized Hilbert modular form

����� _�, � p f L�� � , Sec-
tion 2.2 � �&��& [6, Section 5.6] �#2 1�& Katz’s p-adic c-polarized
Hilbert modular form with growth condition

� � C L 4 � '40 . �"%
& Section 2.3

-
Q $

��� X % 3�� � , Katz’s p-adic c-polarized Hilbert
modular form 0 Katz’s expansion

L P � , � � L$8 �	& Serre � � p-
adic Hilbert modular form 0 Katz’s p-adic Hilbert modular form with
growth condition % 3 � � - @ 0*+% L���� '40 .
��� - ���!" � .!] “parallel weight”

�
Hilbert modular form � bL�� h (“non-parallel weight”

� � � =X� a ��&�� [6, Section 5.1]
L

��� � +% ).

2.1. Classical Hilbert modular forms

R
L
OF̃ [ζN ,

1
dN

]-algebra %�'10 .
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���
Definition 2.2. R-algebra B � A<% , d ∈ B× -'Z 09(<* B-algebra�O3 K

OF ⊗Z B
∼
−→

g
∏

i=1

B,

x = a⊗ b 7→ (σi(x) := σi(a)b)
g
i=1

0 M * � 0 . + �O3 K L ";I " �����O%N& , S�� > � <cL g 19. " 213
K %!%=&

Norm : (OF ⊗Z B)× → B×,

x 7→

g
∏

i=1

σi(x)

L � C '10 .

N ≥ 5
L H�I %!% , F

� > I ideal c
L � a( � '10 .

Definition 2.3 (cf. [18, Section 1.2]). (1) B
L PLQ , R-algebra %

% , µN

L
1
�
N 	�
 � , ' B $

�
finite flat , group scheme % '

0 . A/B

L
B $

�
c-polarized Hilbert-Blumenthal abelian variety, ωL

ωA/B

�
B-basis, �[%�&

ι : µN ⊗Z D
−1 ↪→ A[N ]L

A/B $
�

arithmetic level Γ1(N)-structure %�'10 %�@ , + � *)(+*
,L0�� a�� (A/B , ω, ι)

L
classical c-polarized Hilbert test object of level

N % R < .
(2) k

L H	I % '�0 . f 0 classical c-polarized Hilbert modular form of

parallel weight k and level N defined over R
-�Z 0)%N� ,

POQ , classical
c-polarized Hilbert test object (A/B , ω, ι) of level N � � f(A/B , ω, ι) ∈

B
L Z &�0 � , j � � a � S�T L ��.�' rule

� +% L �'h :
(i)
�

f(A/B, ω, ι) ∈ B � test object (A/B , ω, ι)
�
B-
3 K � ;�L	�

�	& � I�0 ;
(ii) F�G � R-algebra

� 243 K ϕ : B → B′ �/AJ% ,

f(A⊗B B
′
/B′ , ϕ∗(ω), ι⊗B B

′) = ϕ(f(A/B , ω, ι));

(iii) F�G � λ ∈ (OF ⊗Z B)× �3AJ% ,

f(A/B , λω, ι) = Norm(λ)−kf(A/B , ω, ι).

(3) classical c-polarized Hilbert modular form of parallel weight k
and level N defined over R

k $ � ,�' R-module
L

M(R, k,N) %
( 7 .
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Remark 2.1. “Köcher’s principle” � R1S , Q $ Definition 1.1 (2) (iv)- W \c%�. “ ����� - ������� ” � a �!&5� , F $ �����!&5�G(
	�_��
�[.F. � 0'+%��9H;G (cf. [18, (1.2.13)]).

Definition 2.4. f ∈ M(R, k,N) �/A %=& , standard c-polarized Tate

object

(T
c
(q)/R((c−1 ;∆)), ωcan, ιcan)

( + � object
� � CQ� a �;&A� [6, Section 5.2]

L���� � +&% )
- ���

f(q) ∈ R[[qν |ν ∈ (c−1)+]]L
f
�
q-expansion % R < . +�+ - , ����I�8 R[[qν|ν ∈ (c−1)+]]

� �
� �

q0 = 1, qνqν′

= qν+ν′

(ν, ν ′ ∈ (c−1)+)-�� 
c* � 0 .

Theorem 1.1 % 3�� � , classical c-polarized Hilbert modular form �
A+%�& P q-expansion principle 0����)'10 :

Theorem 2.1 (cf. [18, (1.2.16)]). f ∈ M(R, k,N) � a ��& ,
P %

f(q) = 0
-6Z � D f = 0.

2.2. p-Adic Hilbert modular forms

+�+ - � , Goren [6, Section 5.6]
� � p f �� h � - Katz’s p-adic

c-polarized Hilbert modular form with growth condition
� ��� L 'F0 .� ]5& p

L � I %	%N& N ≥ 5
L
p %�� ��� � ,3H;I %�' 0 . 1

���
�
N 	�
 ζN

L � a ( � % ,

L := F̃ (ζN)

% � 7 . ��" � .;] p � L
-�� � '10 %�� � '10 (

P h�� % � � L��
05];& , p 0 L

-�� >�� % ,A0���� - ��� �  � L 3�� � CFE�'10,+
% 0 - @ 0 . � � � [5]

L � � � + % ). %F7�� , L
� H�I�8 O � p-

^ d;e�f Op � OF̃ [ζN ,
1

dN
]-algebra %$,�0 . Section 2.1 �! )0�" � �

�X� � � . Hasse invariant H
� � Hm ( +�+ - m ��# > !�@J,3H�I )L

Op $ @ [ � $!] . classical Hilbert modular form of parallel weight
l := m(p− 1)

L
El % '10 . %A7V�

El(q) ≡ 1 (mod p)-6Z 0*+%�� H�G . + � ��� �1P % - , Section 1.2 % 3�� � :

Definition 2.5 (cf. [6, Section 5.6.1]). (1) 0 6= r ∈ Op

L�( � '
0 . B

L P5Q , p-adic Op-algebra %�% , A/B

L
B $

�
c-polarized

Hilbert-Blumenthal abelian variety, ω
L
ωA/B

�
B-basis, �[%�&

ι : µN ⊗Z D
−1 ↪→ A[N ]
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L
A/B $

�
arithmetic level Γ1(N)-structure % 'F0 . .E*�� Y ∈ B

-

Y El(A/B , ω) = r

%9, 0 PK� L % S , �
a �

(A/B , ω, ι, Y )
L
p-adic c-polarized Hilbert

test object of level N with growth condition r % R < . + � %�@ , Y
L

(AB, ω) $
�
r-structure %��ch .

(2) k
L H�I % '10 . f 0 p-adic c-polarized Hilbert modular form of

weight k and level N with growth condition r defined over Op

-6Z 0 %
� ,
P�Q , p-adic c-polarized Hilbert test object (A/B, ω, ι, Y ) of level

N with growth condition r � � f(A/B , ω, ι, Y ) ∈ B
L Z &�0 � , j �

� a ��S�T L ��. ' rule
� +&% L �ch :

(i)
�

f(A/B , ω, ι, Y ) ∈ B � p-adic c-polarized Hilbert test object

(A/B , ω, ι, Y )
�
B-
3 K � ;�L�� �!& � I�0 ;

(ii) F�G � p-adic Op-algebra
��243 K ϕ : B → B′ �3AJ% ,

f(A⊗B B
′
/B′ , ϕ∗(ω), ι⊗B B

′, ϕ(Y )) = ϕ(f(A/B , ω, ι, Y )).

+J+ - , ��� p Y El(A/B , ω) = r � RMS
ϕ(Y )El(A⊗B B

′
/B′ , ϕ∗(ω)) = r

%$,F0*+)% (+* , ϕ(Y ) � (A ⊗B B′
/B′ , ϕ∗(ω)) $

�
r-structure

-'Z 0
+ %��9H�G ;

(iii) F�G � λ ∈ (OF ⊗Z B)× �3AJ% ,

f(A/B , λω, ι,Norm(λ)lY ) = Norm(λ)−kf(A/B , ω, ι, Y ).

+J+ - , ��� p Y El(A, ω) = r � RXS
(Norm(λ)lY )El(A/B , λω) = r

%;,A0*+% ('* , Norm(λ)lY � (A/B , λω) $
�
r-structure

-�Z 0*+%
�$H�G .

(3) p-adic c-polarized Hilbert modular form f of weight k and level
N with growth condition r defined over Op

k $ � ,�' Op-module
L

M(Op, k, N ; r) %N( 7 .

Remark 2.2. Remark 2.1 % 3 � � “Köcher’s principle” � R1S , Q $
Definition 1.2 (2) (iv)

- W \+%/. “ � � � - �!� ��� ” � a ��&A� , F

$ �����	&L�4( 	�_6�	��.�. � 0�.!] , � a � SOT � b -�Z 06+ %��$H
G (cf. [6, Proposition 5.6.6(2)]).

Definition 2.6. standard p-adic c-polarized Tate object

(T
c
(q)/Op((c−1;∆))∧, ωcan, ιcan, rEl(q)

−1)-
f ∈M(Op, k, N ; r)

��� L %1�. P�� L
f(q) ∈ Op[[q

ν|ν ∈ (c−1)+]]
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% ��@ , f
�
q-expansion % R < .

q-expansion principle (Theorem 2.1) � R^S , Proposition 1.2 % 3� � classical c-polarized Hilbert modular form � (N* � p-adic c-
polarized Hilbert modular form with growth condition �3>�� . � 0 :

Proposition 2.2. F�G � 0 6= r ∈ Op ��AJ%�& , T5U
M(Op, k, N)→M(Op, k, N ; r),

f 7→ (f̃ : (A/B , ω, ι, Y ) 7→ f(A/B , ω, ι))

� Op-module
� "�$ 243 K -'Z 0 .

2.3. Katz’s expansion ��� p-adic Hilbert modular forms à la

Serre � �����
arithmetic level Γ1(N)-structure �c@ � Hilbert-Blumenthal abelian

variety � A'40 Op $
�

moduli scheme M1(N)/Op

�
minimal com-

pactification M ∗
1 (N)/Op $ - , ωk 0 very ample ��,F0R7!*	�*�/H�I

k
L !c@)7 %91�& � 7 . + � %5@ Remark 1.3 % 3 � � Base change

theorem 0���� '40 . '�, Y � , F�G � Op-module R � A<% , ( *G,3 K
H0(M∗

1 (N)/R, ω
k) ∼= H0(M∗

1 (N)/Op , ω
k)⊗Op R

0 M * � 0 (cf. [11, Section 4.1.4]).
a ≥ 1

L H�I %�'10 .

El(q) ≡ 1 (mod p)
-6Z 09('* , El � T5U

M(Op, k + (a− 1)l, N)→M(Op, k + al, N),

f 7→ Elf

� Op-module
� "�$ 2�3 K -�Z S , Section 1.3 % 3�� � ,

Z 0 2 4�6�7
A(Op, k, a, N) ⊂M(Op, k + al, N)

08;: %�&
M(Op, k + al, N) = El(M(Op, k + (a− 1)l, N))⊕ A(Op, k, a, N)

% 254�>�? - @ 0 . a = 0
� %@?� �

A(Op, k, 0, N) := M(Op, k, N)

% � C�' � D , Theorem 1.4 % 3�� � p-adic c-polarized Hilbert modular
form with growth condition

�
Katz’s expansion 098�: '10,+&% 0 Y

(F0 :
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Theorem 2.3 (cf. [6, Propositions 6.7 and 6.8]). F�G � 0 6= r ∈ Op�3AJ%=& , j ��d	e , Op-module

� m	n�o9p 0 M * � 0 :

0→ (El − r)→(⊕∞
a=0M(Op, k + al, N))∧

κr−→M(Op, k, N ; r)→ 0
⋃

‖

κr : (⊕∞
a=0A(Op, k, a, N))∧

∼
−→ M(Op, k, N ; r),

.�� % , ��� l���������� T!U�� � >�!�"cL$# ] %'&)(+*', injection-6Z S
, T5U κr �

κr :
∞

∑

a=0

ba 7→ (
∞

∑

a=0

ba
Ea

l

ra : (A/B , ω, ι, Y )
def
7→

∞
∑

a=0

ba(A/B , ω, ι)Y
a)

- � C/. � 0 Op-module
��243 K -'Z 0 .

%�7V� , M(Op, k, N ; r) � d	e , Op-module
-�Z 0 .

Definition 2.7.
∑∞

a=0 ba ∈ (⊕∞
a=0A(Op, k, a, N))∧

L�8 �;& p-adic c-
polarized Hilbert modular form f ∈ M(Op, k, N ; r)

L 3 KET!U κr �RMS

f =

∞
∑

a=0

ba
Ea

l

ra

% 6 %. PD� L f
�

Katz’s expansion % R < . Katz’s expansion �
growth condition r

� % S =1� R *+? , @A��_'� (⊕∞
a=0A(Op, k, a, N))∧��B L98 �!&DCFEG. � 0'+%��9H�G .

Katz’s expansion
L 8 ��& , Corollary 1.5 T Corollary 1.6 % 3�� ,

p-adic c-polarized Hilbert modular form with growth condition
� ���

L � Q�'10'+% 0 - @ 0 :

Corollary 2.4. Op

� -
0 6= r2 = rr1 %��ch�����0 Z 0 %�@ , j � de , Op-module

� "�$ 243 K � ,�' m5n�o9p 0 M * � 0 :

(⊕∞
a=0A(Op, k, a, N))∧ ↪→ (⊕∞

a=0A(Op, k, a, N))∧

κr2

∼=


y κr1

∼=


y

M(Op, k, N ; r2) ↪→M(Op, k, N ; r1),

f 7→ (f̃ : (A/B , ω, ι, Y ) 7→ f(A/B , ω, ι, rY )).

+J+ - , � l��9� T5U��
∞

∑

a=0

ba 7→
∞

∑

a=0

raba

-�� 
c* � 0 Op-module
� "�$ 213 K -�Z 0 .
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%�7V� , r ∈ O×
p

-6Z � D ,
3 K

M(Op, k, N ; r2)
∼
−→M(Op, k, N ; r1)LNM 0 . .�*���F�G � 0 6= r ∈ Op �/A<%�& , Op-module

� "�$
M(Op, k, N ; r) ↪→M(Op, k, N ; 1)

0 M * � 0 .

Corollary 2.5 (cf. [6, Corollary 5.6.10]). F�G � 0 6= r ∈ Op

L % 0 .P % f ∈M(Op, k, N ; r) 0 f(q) = 0
-�Z � D f = 0.

.�*3� , Theorem 1.7 % 3�� � :

Corollary 2.6 (cf. [6, Theorem 6.12]).
� p _�� �	I f(q) ∈ Op[[q

ν|ν ∈
(c−1)+]] � a �!& , j � � a �9S�T � 3 � :

(i)
Z 0 f ∈M(Op, k, N ; 1) 098!:<%=& , f

�
q-expansion � f(q)

-
� 
 * � 0 ;

(ii) F�G � H;I n ≥ 1 ��AJ%N& , pn−1
-�� S � � 0 Z 0NH�I mn ≥ 1

% gn ∈M(Op, k +mnl, N) 08;:i%=& ,

f(q) ≡ gn(q) (mod pn).

Remark 2.3. Andreatta-Goren � [1, Definition 10.8] � ���& , Corol-
lary 2.6

� S T
(ii)
L P 1N& , p-adic c-polarized Hilbert modular form à

la Serre of weight k and level N
L � C<%)&��50 . � � G�� - Corollary

2.6 � p-adic c-polarized Hilbert modular form à la Serre of weight k
and level N � Katz’s p-adic c-polarized Hilbert modular form of weight
k and level N with growth condition 1 % 3 ��� -�� 0�+ %��30 B��	�
�A0 (cf. [1, Theorem 11.11]).

3. Appendix

+H+ - � , 
���G��� G�� -���� ����� ��� +�%�� � �������! Katz�
“generalized p-adic modular function”

� �#"%$
, Gouvêa � R!S C&(' �  

generalized p-adic modular function ��)+*�, � Galois -/.�01#2 �
[7] ��3�450 � � �7698�: �  2 . ;�< Section 3.1

�
Katz [14,

Section X] 0>=@?BA#C#D '!E  generalized p-adic modular function 01F2 �
[7, Section I.3] 0�G � ��HJI7� , Section 3.2 0�K 2 � [7, Chapter

III] 0�LNMPO � , Gouvêa 0Q= � Katz
�

generalized p-adic modular
function 0�)>*�, � Galois -�. ��R &FS ��8T:�, � .

3.1. Generalized p-adic modular functions

p ≥ 5 ��U#V , N ≥ 5 � p
$XW 2 0YU ��Z V , m ≥ 0 � Z V $ , � .



26 ������� �	��
���
Definition 3.1 (cf. [14, Section X] and [7, Section I.3.1]). (1) A ���� �

p-adic Zp-algebra
$ �

, E/A � A � ��������� , ϕ � E
�

trivialization, , ����� A � � formal group
��� �

ϕ : Ê
∼
−→Ĝm,

! ���
ι : µNpm ↪→ E[Npm] � E � � arithmetic level Γ1(Np

m)-
structure

�#" � �
ι
� 6%$�& '�E � ')(

µNpm ↪→ Ê
∼
−→Ĝm

�+*-, � inclusion
$ � �/. � $ , � . 0 � $ � , 1 1�2 (E/A, ϕ, ι) � A

� � trivialized elliptic curve with arithmetic level Γ1(Np
m)-structure$ =�3 . 0/0 � , Ê 4 E

�
zero-section 0�G �� formal completion,

Ĝm 4 formal multiplicative group � -�, .
(2) f � holomorphic generalized p-adic modular function of tame

level N defined over Zp

�5" � $ 4 ,
" � Z V m ≥ 0 �76 A �  .$ �

,
�8� �

p-adic Zp-algebra A
$ ! � � � trivialized elliptic curve

(E/A, ϕ, ι) with arithmetic level Γ1(Np
m)-structure 0:9 f(E/A, ϕ, ι) ∈

A � " � � 2 , ; � 1 1 �=<�>@?BA  , rule
� 0 $ ? 2 M :

(i) 9 f(E/A, ϕ, ι) ∈ A 4 trivialized elliptic curve (E/A, ϕ, ι)
�
A-�C� �EDF?�G 2IH A ; � ;

(ii) J�KML p-adic Zp-algebra L N �E� ψ : A→ A′ 0 OQP ,

f(E ⊗A A
′
/A′ , ϕ⊗A A

′, ι⊗A A
′) = ψ(f(E/A, ϕ, ι));

(iii) ( R�S8T � LBU)V7W ) Zp((q))
∧ �/A " '�E  trivialized Tate curve

(Tate(q)/Zp((q))∧ , ϕcan, ιcan) 0 OQP ,

f(q) := f(Tate(q)/Zp((q))∧ , ϕcan, ιcan) ∈ Zp[[q]]$ � �
. 0�L=9 ? f L q-expansion

$ =E3 . 0�0 � ,

ϕcan : Tate(q)∧
∼
−→ Ĝm

4 Tate(q) � Gm LEX $ P H)Y[Z 6 E � 0 $ 08\B]Q, � Tate(q) �^L_ N5` � trivialization.
' 6Y0 , f L q-expansion 0 1+27H

f(q) ∈ qZp[[q]]$ � � $�a
, f
?

generalized p-adic cuspidal modular function
�5" �

$ 2 M .
(3) holomorphic generalized p-adic modular function f of tame level

N defined over Zp b/c L � , Zp-module
?

M(Zp, N)
$ �ed

. ;  
generalized p-adic cuspidal modular function

� 6 � � M(Zp, N) L
Zp-submodule

?
S(Zp, N)

$ �ed 0 $ 0 , � .
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Remark 3.1. (1) holomorphic generalized p-adic modular function
?

A " , ��� 0 , test object
$ P H trivialization

ϕ : Ê
∼
−→Ĝm$���� �

arithmetic level Γ1(Np
m)-structure

?�� 2�H�2 � 0 $ � 6 ,
Definition 3.1 (2) 4�6�A P  �Z V m ≥ 0 0��
	 P � 2 0 $ � ��� � .
)>*�, � level 0 1T2�H “tame level N”

$�� , � L/4 ! L  � ��" � .
(2)
Z V m ≥ 1 0 1+2IH , arithmetic level Γ1(Np

m)-structure

µNpm ↪→ E[Npm]

) a L �M� �=� E 0=O�, � Zp ��L moduli scheme Marith(Npm)/Zp 4 ,
Katz-Mazur [19] 0@= ? A " '�E  level Γ1(Np

m)-structure ) a L ����=� 0:O�, � moduli scheme M1(Np
m)/Zp L open subscheme

$ �F�
H K ? , Marith(Npm)/Zp 0 cusp

? )���� Z � 0 $ ��� 6 E � scheme
M(Npm)/Zp 4 M1(Np

m)/Zp L minimal compactification M ∗
1 (Npm)/Zp0 affine open subscheme

$ P H���� '�E � . 0�0 � ,
Z V n ≥ 0 0CO

P affine scheme

M(Npm)/Zp ⊗Zp Z/pnZ

L�� _�� ? Mn,m

$ K d .��� m = 0 L�� 4 , M∗
1 (N)/Zp ⊗Zp Z/pnZ

� 6 supersingular point? G d 0 $ � � 6 E � affine scheme L�� _�� $ P H Mn,0

? A " , �
0 $ � , holomorphic generalized p-adic modular function L � , Zp-
module M(Zp, N)

?

M (Zp, N) = lim←−n
lim−→m

Mn,m$"!�# `>0!ATCTD>, � 0 $ � � a � (cf. [7, Section I.3.1]).

holomorphic generalized p-adic modular function 0 O@P H . q-expansion
principle 4 &�$ , � :

Theorem 3.1 (cf. [7, Theorem I.3.1]). f ∈ M(Zp, N) 0 1>28H ,
f(q) = 0

��" E&%
f = 0.

0#0�' , classical modular form
$

holomorphic generalized p-adic
modular function L�(�)(0 1T2IH 4�*eP  2 .
k
? Z V $ ,,+ . Section 1 '/4 , p

$9W 2 0	U � level
? . 1

classical
modular form

?�-(�� � , 0�0.'�4 m ≥ 0
? 6�AQP , Definition 1.1

$
��/ 0 , arithmetic level Γ1(Np

m)-structure

ι : µNpm ↪→ E[Npm]
? . 1

classical test object (E/A, ω, ι)
?�� 2�H A " '�E + classical

modular form of weight k and level Npm defined over Zp L � , Zp-
module M(Zp, k, Np

m)
?0- M .

' 6�0 f ∈ M(Zp, k, Np
m) 0 1+2�H ,
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���
! L q-expansion �

f(q) ∈ qZp[[q]]$ � + . L ? cusp form
$ 2�2

,
! E 6EL � , M(Zp, k, Np

m) s L
Zp-submodule

?
S(Zp, k, Np

m)
$ �ed

.
p-adic Zp-algebra A �@L trivialized elliptic curve (E/A, ϕ, ι) with

arithmetic level Γ1(Np
m)-structure

� 6 , Ĝm �+L
_ N5` �������	� O

C dt
1+t

?
ϕ '�
 a� P E � 0���� P  �������� O�C ϕ∗( dt

1+t
) � � 6E + . 0�L 0 $ � 6 , Zp-module L N �E�

φk : M(Zp, k, Np
m)→M(Zp, N)

f 7→ ((E/A, ϕ, ι) 7→ f(E/A, ϕ
∗(

dt

1 + t
), ι))

��A " '!E , q-expansion principle (Theorem 1.1) 0>= ? Zp-module L
* , ���	� N � � L � , ����� C

φ := ⊕∞
k=0φk : ⊕∞

k=0M(Zp, k, Np
m) ↪→M(Zp, N)

⋃ ⋃

⊕∞
k=0S(Zp, k, Np

m) ↪→ S(Zp, N)
? � + .

Definition 3.2. Qp

?
Zp L�X c (p- �TV c )

$ P , k ≥ 0
?!Z V $

, + .

Mk(Zp, Np
m) := {

k
∑

j=0

fj ∈ ⊕
k
j=0M(Qp, j, Np

m)|
k

∑

j=0

fj(q) ∈ Zp[[q]]}

?
module of divided congruences of weight k and level Npm defined

over Zp

$ =�� ,

M(Zp, Np
m) := lim−→k

Mk(Zp, Np
m)

?
ring of divided congruences of level Npm defined over Zp

$ =�3 .
cusp form 0 O P H . ��/ 0 ,

Sk(Zp, Np
m) := {f ∈ ⊕k

j=0S(Qp, j, Np
m)|f(q) ∈ Zp[[q]]}$

S(Zp, Np
m) := lim−→k

Sk(Zp, Np
m)

? A " , + .

f ∈M(Zp, Np
m) 0 O P , ��� ��Z V k ≥ 0

$
n ≥ 1

? $ E,%
pnf ∈ ⊕k

j=0M(Zp, j, Np
m)
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' " ? , φ(pnf) ∈M(Zp, N)
$ � + . P  � � H , q-expansion principle

(Theorem 3.1) 0>=5? , f̃ ∈M(Zp, N) '
f̃(q) = f(q)$ � + . LJ�  �� � 1 	��eP , 0�L 0 $ � 6 Zp-module LM* , �����

N � � L � , ��� � C
α : M(Zp, N) ↪→M(Zp, N)

⋃ ⋃

β : S(Zp, N) ↪→ S(Zp, N)

� � 6 E + .
; L�A�� 4 , classical modular form � holomorphic generalized p-

adic modular function L � ,�����0 K 27H p- ��	�
�L=K� ' dense '" +[0 $ ?���� , + . L ' " ? “Katz’s density”
$ = %/E + . 0�L�A

�+4 Section 3.2 ' Galois -F. ?�R & , + � 0����#` ����� ?��  , :

Theorem 3.2 (cf. [13, Theorem 2.2], [7, Propositions I.3.7 and I.3.9]).
��L ��� � C50 K 27H , α

$
β L ( 4 ! E�� E M(Zp, N)

$
S(Zp, N)

0 K 2�H p- ��	�
^LCK���' dense ' " + .

Remark 3.2. N ≥ 5
?
p
$ W 2 0�U ��Z V , k

?YZ V $ , + . Defi-
nition 1.2 '�A " '!E  p-adic modular form with growth condition

$
holomorphic generalized p-adic modular function 4 , Zp-module LM*
, ����� N � �

M(Zp, k, N ; 1) ↪→M(Zp, N)

f 7→ ((E/A, ϕ, ι) 7→

f(E/A, ϕ
∗(

dt

1 + t
), ι, Ep−1(E/A, ϕ

∗(
dt

1 + t
))−1))

'�(�)T)�� 6 E + . 0/0�L ι 4 arithmetic level Γ1(N)-structure
?��

27H�2 + .

3.2. Galois ���
; < , holomorphic generalized p-adic modular function 0�)�*#, +

Galois -J.+L R & ?! #" +%$50 ,
! E 6 0'& � , + Hecke algebra 0 127H 4�*>, + .

p ≥ 5
? U#V , N ≥ 5

?
p
$XW 2 0YU ��Z V $ , + .

G(N) := Z×
p × (Z/NZ)×$ K d . (x, y) ∈ G(N), f ∈M(Zp, N)

! P H trivialized elliptic curve
(E/A, ϕ, ι) with arithmetic level Γ1(N)-structure 0 O P H

(〈x, y〉f)(E/A, ϕ, ι) := f(E/A, x
−1ϕ, yι)
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���
$ A " , +50 $ ' , G(N) L M(Zp, N) ���[L�& � ��A�;�+ . 0�L�&� U 〈x, y〉 ? diamond operator

$ =E3 . 0/0 ' , x−1ϕ 4 ϕ
� 6 $�&'!E + E �ML W 2 0 compatible

�
arithmetic level Γ1(p

m)-structure
(m ≥ 1) L � 0 x−1 ∈ Z×

p L &
��?�� P H � 6 E + trivialization, yι 4

µN ��L y ∈ (Z/NZ)× L * , � & ��� 6�$I& '�E + E ��L arithmetic
level Γ1(N)-structure ' " + .Z V m ≥ 0

? 6�A�, + .
Z V k ≥ 0 0 O P H ,

M ′
k(Zp, Np

m) := {f ∈ ⊕k
j=1M(Qp, j, Np

m)|f(q) ∈ Zp[[q]]}$ K a ,

M ′(Zp, Np
m) := lim−→k

M ′
k(Zp, Np

m)$ A " , E&% ,

1 = lim
n→∞

Epn

p−1

' " +50 $ � 6 , Theorem 3.2 0�=5? M ′(Zp, Np
m)
.

M(Zp, N) 0�K27H
dense

$ � + .���
, m ≥ 1

$�� A�, + . l
?

Np
?�� 6 � 2 U�V , q

?
Np L

U
	�V $ , + . T
(j)
l

$
U

(j)
q
? ! E �/E UTV l

$
q 0�O>, + classical

modular form M(Qp, j, Np
m) 0�& � ,,+ Hecke operator

$ P , module
of divided congruences M ′

k(Zp, Np
m) �+L Hecke operator

?

Tl := ⊕k
j=1T

(j)
l , Uq := ⊕k

j=1U
(j)
q$ A " , + (classical modular form �+L Hecke operator L!A " 0 1T2H 4 [12, Section 1.11] � [7, Section II.1]

? 3��L[0 $ ). � � ' , * ,� �	�
M ′

k(Zp, Np
m) ↪→M (Zp, N)

0>=5? M(Zp, N) �ML daimond operator
?
M ′

k(Zp, Np
m) 0:$�& P H

K a , M ′
k(Zp, Np

m) �ML Hecke algebra T ′
k

?
EndZp(M

′
k(Zp, Np

m)) �
' Tl (l - Np)

$
Uq (q | Np)

! P H diamond operator '�� &�'�E  
Zp-subalgebra

$ P H A " , + .
' 6Y0 , 0�L�� &�� L M � Uq (q | Np)?�� ? G 2)H ����P�� Zp-subalgebra T ′

k
? ?

restricted Hecke algebra �
= 3 .
j < k 0 OQP H , ��� ')(

T ′
k → T

′
j , T ′

k
?
→ T ′

j
?

� � � ,
! E 6BL �!�" �#�7P H � 6 E + M ′(Zp, Np

m) ��L Hecke al-
gebra

T := lim←−k
T ′

k , T ? := lim←−k
T ′

k
?

4 p-adic Zp-algebra ' " ? ,
! L�& �+? q-expansion

?%$ P H Zp[[q]] �0:$�&Q, E&% q-expansion '#L�	�
(0�(FP H � /&' �)(&+ .
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Theorem 3.2 0�=(? M ′(Zp, Np
m) 4 M(Zp, N) 0/K 2�H dense '" +�� 6 , T � T ? L�& � 4[* ,�0 M(Zp, N) �50 ����� E + .

! L>=
M 0!A���� E � Hecke algebra � restricted Hecke algebra

? ! E�� E
T (Zp, N) � T ?(Zp, N) ��� d 0��Y0�,,+ .

� / 0 , cusp form L ( , �
� S(Zp, N) �+L Hecke algebra T 0(Zp, N) � restricted Hecke algebra
T ?

0(Zp, N)
? A��>, + . 0 E 6BL Hecke algebra 4 �!�" ��L 	�
 0�(

P H compact ' " +50 ��0
	�K .
classical cusp form S(Zp, k, Np

m) � ! E 0�& � , + Hecke algebra
T0(Zp, k, Np

m) 0=O P H “duality theoerm”
� � $ ,,+ , , ( �[� cusp

form f L q-expansion

f(q) =

∞
∑

n≥1

an(f)qn ∈ qZp[[q]]

0 K&�
+ q L�)�V a1(f)
? � 2IH � 6 E + pairing

T0(Zp, k, Np
m)× S(Zp, k, Np

m)→ Zp,

(T, f) 7→ a1(f |T )
���� D ' " + 0 ����6 (cf. [9, Theorem 5.3.1]), Theorem 3.2 0Q=5?
Theorem 3.3 (cf. [7, Corollary III.1.3]). ;+L Zp-module L � � � �
6 E + :

S(Zp, N)
∼
−→Homcont.Zp-mod(T 0(Zp, N),Zp)

f 7→ (φf : T 7→ a1(f |T )).

0�0 ' “cont.Zp-mod” 4 &' ( Zp-module L N � �@? ->, .
��6Y0 , 0EL �C� 0 K 27H φf

�
Zp-algebra LCN �C� � (
+#0 � � f�

normalized ( eigenfunction,
1 ; ? a1(f) = 1 ' " +�=@M�( Hecke

algebra T 0(Zp, N) ��L Hecke operator b H 0EO�, + � � 6�� ( V '" +[0 � � � 9 ' " + . 0�L � a , a1(f |T ) 4 f L Hecke operator T
0CO�, +)6���9 � ��� , + .
� �

, Gouvêa [7, Section III] 0�= ? R ��� E � generalized p-adic
cuspidal eigenfunction f of tame level N defined over Zp 0�)Q*�, +
Galois -J. ρf 0 1#2�H HFI ,,+ . “f 0 )�*J,,+ ” � 2 M���� 4 Galois
-F.

ρf : GS → GL2(Zp)�
Np

?�� 6 ( 2 b H L�U#V l 0 OQP H
Trace(ρf (Frobl)) = a1(f |Tl)? A �/, 0 � ? K��#, + . 0�0 ' , S 4 Np L�U 	�V ����� U�� ∞ �

6�( +
���#U�� L�� ����� , GS 4 S L�� �	��� ( Q �ML! �" Galois
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���
� "+L Galois � ,

! P H Frobl ∈ GS 4�U�V l 0�K ��+ Frobenius �? ->, .
0 E ;�' $ ? , p ≥ 5

? U+V �/P , N ≥ 5
?
p � W 2 0�U
( Z V

� , + . k ≥ 0
?YZ V ��P , T ?

0 (Zp, k, Np)
?

classical cusp form L(
,��� S(Zp, k, Np) � 0�& � , + restricted Hecke algebra �	, E,% ,
T ?

0(Zp, N) L�A��(0�=�?
T ?

0(Zp, N) = lim←−k
T ?

0 (Zp, k, Np)

� ( + .
f ∈ S(Zp, N)

?
normalized ( generalized p-adic cuspidal eigen-

function � , + . Theorem 3.3 0�=�? ,
&�' ( Zp-algebra LEN � �

φf : T ?
0(Zp, N)→ Zp

' , Hecke operator T ∈ T ?
0(Zp, N) 0 O P
φf(T ) = a1(f |T )

� ( + . L � 	��Q, + . φf � mod p , + ')( Zp → Z/pZ L���� ?

φ̄f : T ?
0(Zp, N)→ Z/pZ

��K&� % , Z/pZ 0I4�����	�
 ���
	 H K ? T ?
0(Zp, N) 0I4 �!�" ��L

	�
 ? � E H�2 +IL�' ,
" + Z V k ≥ 2

� 	��eP H , b H L Z V j ≥ k
0 1�2�H φ̄f 4 T ?

0 (Zp, j, Np)
?�� \�, + .

! L ')( ?

φ̄j : T ?
0 (Zp, j, Np)→ Z/pZ

� K&� % ,
&' ( Galois -�.

ρ̄f : GS → GL2(Z/pZ)

' , Np
?�� 6 ( 2 b H L�U#V l 0 O P

Trace(ρ̄f (Frobl)) = φ̄j(T
(j)
l )

?BA ��, . L � 	��Q, + (cf. [10, Theorem 3.26]). 0�L Trace LE9M4
j ≥ k 0 ��	�T< , f L Hecke operator 0 O�, +�6���9 ? mod p P �. L�� 6 A ;�+ 0 ��0
	�K .

1 ; ? , ρ̄f 4 f 0�)Q*�, + mod p Galois
-F. ' " + .

� �
, ρ̄f 4��/O���� ' " + � � A>, + .

mf := ker φ̄f , mj := ker φ̄j (j ≥ k)

�YK � % , mf � mj 4 !
E �/E

T ?
0(Zp, N) � T ?

0 (Zp, j, Np) L " "
ideal ' " ? , [7, Lemma III.4.9] 0Q=5?

T ?
0(Zp, N)∧

mf
= lim←−j≥k

T ?
0 (Zp, j, Np)mj

�)(,+ . ��� ' classical modular form L “newform” L���� (cf. [21,
Section 4.6]) 0@=5? , j ≥ k 0 1+2�H T ?

0 (Zp, j, Np)mj 4 Z/pZ
?����
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c ��,,+ � ���[L p-adic ( � �#)79 � O1, . . . ,Or L����+L�� �
� ���

(  + :

T ?
0 (Zp, j, Np)mj

↪→

r
∏

i=1

Oi.

0EL injection
?
	

Oi � ��0 ��! P H � 6 E + Zp-algebra LEN �C�

φi : T ?
0 (Zp, j, Np)mj

→ Oi

0COQP H ,
&' ' � � ( Galois -F.

ρj,i : GS → GL2(Oi)

' , Np
?�� 6 ( 2 b H L�U#V l 0 O P

Trace(ρj,i(Frobl)) = φi(T
(j)
l )? A � , . L � 	��>, + (cf. [10, Theorem 3.26]). “Chebotarev’s den-

sity theorem” (cf. [9, Theorem 1.3.1]) 0�=5? , 0 E 6BL Galois -#.ML
���

ρj :=
r

∏

i=1

ρj,i : GS → GL2(
r

∏

i=1

Oi)

L Trace L 9 4
� � � ' " + T ?
0 (Zp, j, Np)mj

0 � ; E +�0�� � � �
+ .

φ̄j ◦ Trace(ρj) = Trace(ρ̄f )

' " ? ρ̄f 4��/O�� � ' " + � � A P H�2 +7L ' , Galois -#. ρj 4
ρj : GS → GL2(T

?
0 (Zp, j, Np)mj

)
? � \�, + 0�� � � � + (cf. [3, Théorème 2]). 0 L Galois -T.FL
j ≥ k 0�(#, + ��! " � ? � +#0 ��' , ;+L!A�� � � 6 E + :

Theorem 3.4 (cf. [7, Theorem III.5.6]). f ∈ S(Zp, N)
?

normalized
( generalized p-adic cuspidal eigenfunction � ,&+ . f 0���/,&+ mod
p Galois -�.

ρ̄f : GS → GL2(Z/pZ)

4 �/O�� � ' " + � � A�, + . 0�L
� a ,

T (ρ̄f , N) := T ?
0(Zp, N)∧

mf

� K&� % , Galois -�.
ρmod : GS → GL2(T (ρ̄f , N))

' , Np
?�� 6 ( 2 b H L�U#V l 0 O P H

Trace(ρmod(Frobl)) = Tl? A ��P ,
��� c � L reduction map T (ρ̄f , N)→ Z/pZ �:L
�� � ρ̄f

� � 9 �)( + . L � 	���, + .
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� d 0 , Theorem 3.3 0�=�? f 0 O P H �T< + Zp-algebra L N � �

φf �76I* , 0=$�&�� E +:N � �

φf : T (ρ̄f , N)→ Zp

�:L!� �
ρf := φf ◦ ρmod : GS → GL2(Zp)

4 , Np
?�� 6 ( 2 b H L�U#V l 0 O P H

Trace(ρf (Frobl)) = a1(f |Tl)

? A �/, 0 � � � � ? , f 0  �#, + Galois -�. �)( 	 HT2 + .

Remark 3.3. Theorem 3.4 L ��� ' , A
? ��� c � Z/pZ ' " + p-adic

( Noether ��� � �IP H Galois -#.
ρ : GS → GL2(A)

' reduction map A→ Z/pZ � L���� � ρ̄f � � 9�' " + . L ? 4 Z + .
0ELQ=@M�( ρ L A-

� 9�� ? ρ̄f L A �5L deformation � 2#2 , Mazur
[20] 0�= ? universal deformation ring R(ρ̄f , S) � ! E �5L universal

deformation

ρuniv : GS → GL2(R(ρ̄f , S))
� R � � E � . 0�00' “universal” � 2 M�� � 4 , ρ̄f L

��� ( deforma-
tion

ρ : GS → GL2(A)

0COQP H , p-adic Zp-algebra L N � �

ϕ : R(ρ̄f , S)→ A

' ϕ◦ρuniv
�
ρ � � 9 ��(�+ . L � � � � 1 	��+,,+�0 � ? K�/,,+ .

Theorem 3.4 0�=5? p-adic Zp-algebra LEN �C�

R(ρ̄f , S)→ T (ρ̄f , N)

' , ρuniv �:L���� � ρmod � � 9 �)(&+ . L � 	���, + 0 ��0�( + � ,
Gouvêa 4�0CLBN �:� � �B� ' " + , ,�( �5� “ρ̄f L

�I� ( deformation
4
	>< generalized p-adic cuspidal eigenfunction 0� �/, + ” ����QP
� ([7, Question III.5]). 0 L��� 4 Gouvêa-Mazur [8] � Böckle [2],

!
P H���� [26], [27] 0Q= 	 H � � `�0������ E HT2 + .
0�L��� ? , ������V c �^L Hilbert modular form L���� 0!A+CTD

P���� ?�� �&+ 0 �:4 ,
��� 0! �#" 2�$�% ' " + .
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