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1 Eisenstein � � � � ������ ��!#"%$
[1]
��&

4 ' ��(*),+.-0/�1243658789
F
$;:0<*= >

[F : Q] = n ? !
GL+(2, F ) = {γ ∈ GL(2, F ) |det(γ) >> 0}@ /BADCBEGF0/H1I>J�8�K+L!

>> 0
��! 26M CONQP*RG/H1 ? �S� TVUW!0XHY

GL+(2, F ) ⊃ SL(2, F )
+.-[Z\!

GL+(2, F )
�

Hilbert ].^4_0`
Hn = {z = (z1, z2, . . . , zn) ∈ Cn |Im(zi) > 0 for any 1 ≤ i ≤ n}

$
componentwise

$Ka#b#RG/�18:QcdZ\!
α =

(

a b

c d

)

∈ GL+(2, F )
Te!

z = (z1, z2, . . . , zn)
$;:#<8=;!

α(z) =
(

(a1z1 + b1)(c1z1 + d1)
−1, . . . , (anzn + bn)(cnzn + dn)−1

)

�8�K+V!
ai, bi, ci, di, (1 ≤ i ≤ n)

��!
a, b, c, d

�
i fhg �Hi8j > F � R k��l m�n%oIC

1 fpgKq[r n fpg c�+0s�tGR,/ ? +0-0/S1vu8w xSy%��!
ji(α, z) = cizi + di (1 ≤ i ≤ n),T @ /z16c;{H!

Hn ] �}|8N%� >�~6�0�;�K� ?L� 7 f
T

k = (k1, . . . , kn) ∈
Za
T

α ∈ GL+(2, F )
$;:#<*=�!

f |kα
@ /

Hn ] � � 7 CK!
(f |kα)(z) = f(α(z))

n
∏

i=1

ji(α, z)−ki,

1



T t � R./.T ! |kα �}! GL+(2, F )
�Wa*b T @�� =v<4/B1 > :4c Z\!

(f |kα1)|kα2 =

f |k(α1α2). ?� =;!��%���
	 @
parabolic subgroup P

C�� Y�$zt � +%Uv/�1
P(F ) =

{

γ ∈ GL(2, F )

∣

∣

∣

∣

∣

γ =

(

∗ ∗
0 ∗

)}

,

�� =V!4���0$�:8<�=6�
Eisenstein � 7 CB!�� � k = (k1, . . . , kn) ∈ (2Z)n�����#!

E(z, s; k, Γ) =
∑

γ∈(P(F )∩Γ)\Γ

n
∏

i=1

(

Im(zi)
s−ki/2ji(γ, z)−ki |ji(γ, z)|−2s+ki

)

,

Te!Lt � RG/.�.T��8+%U�/H1 @�� !
Γ
��!

SL(2, F )
���������*AG+0-#/H1> �V�

Γ
�! "�$# � <%�&�#!*|#N��

k ∈ Zn
$v:#<*=Lt � + U8/�1 ? �V�� 7 �S! Re(s) > 1

+�'!(*),+.-./!0.1QR,/H1 cv{S!8t � � Z X�Y#!
E(z, s; k, Γ)|kγ = E(z, s; k, Γ),

�*!.R&2.=G�
γ ∈ Γ

$�/  ="3 Z54 :81[�V�
Eisenstein � 7 �L!�� ��8!

k = (κ, κ, . . . , κ)
T�<6	 > <�7$8 /

parallel weight ? �$��+*! s =

κ/2
��9 > : c[Z

κ ≥ 3 ? �L! M$: u#w$;$< T @ /V1�)�=d�>� � k =

(k1, k2, . . . , kn) ∈ Zn,
+�! M!: TB��? r @ <��"�A@CBGm#/IT !ED 1 ≤ i ≤ n$�:#<*=;!

Li,k = −4 · Im(zi)
2−ki

(

∂

∂zi

)

Im(zi)
ki

(

∂

∂zi

)

,

@ /GF.�8a#b"H CBt � R,/,T !
Li,kE(z, s; k, Γ) =

(

s − ki

2

)(

1 − s − ki

2

)

E(z, s; k, Γ)

CJI {;R�1 �S��F.�8a0b"H,:#<v=.�S!
[3]
CJK.L#1

2
M N O P � Adele Q)�= $H!

Hecke
a#b�H @SR C}EGF./�{*mS!

full modular
+ @ <��������A >

level
�

1
+ @ < ? �����4! adele T  {Hu8w�;�< CEUV	XW4(Y�0-0/H1
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� $V!
Hilbert

u4w*;&<d� �&�I! 2.349
F
��� 7 �

1
+ @ <�9,�V!

full

modular
$�:0<v=0�Hu*w�;�<I+0- � = @ !

adele T  =VEGF @�� ��� @ r@ <;1�>��
	
adele T  @ <DTK< �*@ < q �S!��������� q ���%<8=#<I/T��.7��Q/;�V+L!����  c�R�1 @,� !

adele T  {Kuvw�;�<hTW< 	%@��8�H!����� $8��!����%��u8w.;�<���� ? � � !#" $ @ Z}cVR�1 ?c�$�!
GL(2, F )

T
SL(2, F )

�
adele T ! GL(2, FA)

T
SL(2, FA)

C}EF,/V1%>&%('6!
FA

�
F
�

adele ) ! F×
A

�
F
�

idele
A C}N P6R�/�1 ?*,+ !

GL(2, FA) = GL(2, R)n × GL(2, Ff),

SL(2, FA) = SL(2, R)n × SL(2, Ff),-  !
GL(2, Ff) =











x = (xp)p ∈
∏

p

GL(2, Fp)

∣

∣

∣

∣

∣

∣

∣

xp ∈ GL(2,Op)

for almost every

finite prime p of F











SL(2, Ff) =











x = (xp)p ∈
∏

p

SL(2, Fp)

∣

∣

∣

∣

∣

∣

∣

xp ∈ SL(2,Op)

for almost every

finite prime p of F











+0-#/H1��8�K+;! Op

��!
F
�/. 7 ) O C}! p- 0�1�2 +#354 T  {%'"(

) +.-./�1 �J� r GL(2, FA), SL(2, FA)
��6 k ! GL(2, F ), SL(2, F )

�;!<"7.8,/
diagonal embedding

+ > :,cDZ\!!D
� ?�!57�?�H98;:.T�$<�9���l m�n%ov+ ? l m�nDc �6=0<I/�1� =;!
non-archimedean components

+.-0/
GL(2, Ff)

cv{6�
SL(2, Ff)��=?>(@BADCFE �$�8A

Df

> :,c Z\! ∏
p GL(2,Op)

c8{4� ∏
p SL(2,Op)T

commensurable
@ @;� ? C<G /V1D�L� T;Uz! Df

$v:.<6=Q� � �
k =

(k1, . . . , kn) ∈ Zn
�

adele T  {Wu;w�;�< TO�K! GL(2, FA)
c�{;�

SL(2, FA)] � C-
� � 7 f

+;!��%��H
I
(1)-(4)

CGI%{;R @��.CL<A	 1
(1)
|4N �

α ∈ GL(2, F )
cv{6� ∈ SL(2, F )

$;:4<8=;!
f(αx) = f(x).

(2)
|4N �

df ∈ Df

$L:#<*=;!
f(xdf) = f(x).

(3)
|*N%�

(θ1, θ2, . . . , θn) ∈ Rn
$�:6<;=V!

f(x ·c(θ1, θ2, . . . , θn)) = f(x)×
∏n

i=1 exp(
√
−1kiθi),

-  !
c(θ1, . . . , θn) =

((

cos θ1 sin θ1

− sin θ1 cos θ1

)

, . . . ,

(

cos θn sin θn

− sin θn cos θn

))

∈ SL(2, R)n.

(4)
>
GL(2, FA)

����� �*o ? -0/ Hecke character ω
�#J�K  =L!�|6N
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�
a ∈ F×

A

$;:#<*=�!
f(ax) = ω(a)f(x).

�S�
adele T  {Hu*w�;!< f

T !�D
p ∈ GL(2, Ff)

c�{8� ∈ SL(2, Ff)
$:0<*=;!

Hn ] � � 7 fp

CG� �
��	K$zt m0/S1
fp(z) = ω(det(αz)

− 1

2 )f(pαz) ·
n
∏

i=1

ji(αz, i)
ki det(αz,i)

−ki/2.

�I��+6!
i = (

√
−1, . . . ,

√
−1) ∈ Hn

+6!
αz ∈ GL+(2, R)n

c#{.� ∈
SL(2, R)n

+L!
αz(i) = z

T @ /*@��;+0-#/�1 ��� TVUW!
fp(z)

� > ]�� �H�I
(3)
$Y�%Z ? αz

�<G Z��G$*� r @ <L1#c�{z!�|8N � γ ∈ (SL(2, R)n ×
pDfp

−1) ∩ SL(2, F )
$;:#<*=;!

fp|kγ = fp

�,3�Z 4G:�1 @!� !�������	��
SL(2, F ) \ SL(2, FA) / SL(2, R)n × Df

Z(F∞) · GL(2, F ) \ GL(2, FA) / GL(2, R)n × Df��!.< $��I�����6@ �Y?[T @ /v�;+L!
adele T � �I{Hu*w.;�<%�S! �9�9�$��9�%��u*w.;.< ��� ? �%� !�
 $ @ � =4<I/�1

3 Adele Q �� �
Eisenstein � �c�$�!�� C E�� _0` F 2 � adele T (FA)2 ] � C-

� � 7 ϕ
CK!

ϕ(v) = ϕ∞(v∞) · ϕf(vf)
-  !

v = (v∞, vf)

ϕ∞ : (Rn)2 ] � Schwarz �����G� 7
ϕf : (Ff)

2 ] � locally constant, compact support
@ � 7T4TS/�1 � =;!

idele norm | |FA

CzbQ<v=�!
F 1

A =
{

x ∈ F×
A

∣

∣|x|FA
= 1

}

Tet � R,/,T ! ���
F 1

A

�
compact

+.-./�1A� Y�$�!
F×

A /F× = R+ × F 1
A/F×
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TO< 	 ! 
�� � �v+GUV/K1 @�� !
R+
�K!

Rn(⊂ F×
A )
$

r → (r1/n, . . . , r1/n)Tel m�n�� @��dTOR,/�1
Unitary

@ > :,c Z � � -&/8��� � $
1
+.-./ ? Hecke character ω, χCH!

ω|R+

� ��� T @ /Y�
	H$ TV/S1 �V�dT;Uz![���
ϕ, ω, χ

$v:0<8=Q�
Eisenstein � 7 CK!�� �
��	K$Kt � +�Uv/�1�> �6�K+�! g ∈ GL(2, FA). ?

E∗(g; ϕ, s; ω, χ)

= χ(det(g)) |det(g)|sFA
·
∫

F×
A /F×

|t|2s
FA

ωχ2(t)





∑

v∈F 2−{0}

ϕ(tvg)



 d×t.

�S� 
��%�H!
Re(s) > 1

+,'�(&),+�-�/"0�1.RI/H1 �S�
Eisenstein � 7 C��Z � q Z��#R	�eR,/v{8mS!

ε(g) = χ(det(g)) |det(g)|sFA
·
∫

F×
A

|t|2s
FA

ωχ2(t)ϕ(t(0, 1)g)d×t,

TW< 	 � 7 COEIF#/z1*���%TSU ! |*N%� γ ∈ P(F )
$�:6<;=S!

ε(γg) = ε(g)�,3�Z 4 + ! q :
E∗(g; ϕ, s; ω, χ) =

∑

P(F )\GL(2,F )

ε(γg)

+I-#/�1��S�
� 	K$/�
�;Te!.< q $�@ Eisenstein � 7 r  ���#FI/H1,> ��K+V!
P(F ) \GL(2, F ) ∼= (F 2 −{0})/F×

C� � =4<0/H1 ? �H� Eisenstein� 7 �S!����d$��Y2Q{ adele T  {�u8w&;�< ��H
I � 	 + ! (3)
%�� ���=,I {  =4<I/S1)"=�$�!!� �

k = (k1, . . . , kn)
�

Eisenstein � 7 TK<A	5������! ϕ∞

C������	K$/GD/S1
ϕ∞ =

∏n
i=1 ϕi

ϕi(v1, v2) = exp(−π(v2
1,i + v2

2,i))(−
√
−1v1,i + v2,i)

ki if ki ≥ 0

ϕi(v1, v2) = exp(−π(v2
1,i + v2

2,i))(
√
−1v1,i + v2,i)

−ki if ki < 0.�V� TLUB!
E∗(g; ϕ, s; ω, χ)

�S!�������H�I
(1)-(4)

C��G=,I {;R�1
� @���� @ !

F = Q,
� �

κ ≥ 4
�����,+;!

ϕ = ϕ∞ϕf

CK!
ϕf = characteristic function of

(

∏

p

Zp,
∏

p

Zp

)

ϕ∞(v1, v2) = exp(−π(v2
1 + v2

2))(−
√
−1v1 + v2)

κ,

5



� r $K! ω = χ = 1
T <S	LT�ULC E.F4/}1V�z�����*! |vNQ�

x ∈ R, y ∈ R+$�:#<*= >
z = x +

√
−1y

T � �LT ? !
E∗

((

1 x

0 1

)(

y1/2 0

0 y−1/2

)

; ϕ, s; ω, χ

)

= π−sΓ(s)ζ(2s)
∑

γ∈SL(2,Z)

Im(z)s |j(γ, z)|−2s+κ j(γ, z)−κ

T @ Z\!8&�� �,+LE,F#{
Eisenstein � 7 T ����� $����}+.-0/S1

4
� � � P

���G+Vt �  {
Eisenstein � 7 $;:0<*=;!�� 7	� <DC}E,FI/H1
	� � 7 ϕ

C
Fourier ��  {�@V�.CK! ϕ̂

T�� � 1D��� TLU}!!� ���7�� < �>3 Z 4,:v1
E∗(g; ϕ, s; ω, χ) = E∗(tg−1; ϕ̂, 1 − s; ω, χ).�S�

Eisenstein � 7 �z! s
$L:6<v= ����� $/���8w $ ������� � �;!�� �

�67
1
+;!����

2
8 �*o*+.-0/S1

s = 0
� TLUS+;!�� 7 � −1

2
χ(det(g))ϕ(0)δ(ωχ2)

s = 1
� TLUS+;!�� 7 � 1

2
χ(det(g))ϕ̂(0)δ(ωχ2)

-  !
δ(ωχ2) = δ(ωχ2) =

∫

F 1
A/F×

ωχ2(t)d×t

+�![�J�I�S!
ωχ2

�
F 1

A/F×
+�� � � $

1
+ @�� � �S!

δ(ωχ2) = 0
+0-/S1

�! 
Adelic

@ �����
Poisson

"	"�<#!
∑

v∈F 2

ϕ(v) =
∑

v∈F 2

ϕ̂(v)

C�V	 1 �J�.� �  � ;IR%/%Te!
∑

v∈F 2

ϕ(vg) = |det(g)|−1
FA

∑

v∈F 2

ϕ̂(vtg−1)

6



+Q-0/S1 3 ��� $4��!
v
�

F 2
��6#�6-I/

lattice
C�� � =#<G/I�IT�$��NI1�> � 7 ϕf

�
compact support

+0-I/I�.T"� Z\!%-0/
lattice

� 8
% �+I�
0
$ @ /S1 ? c�$H!

E∗(g; ϕ, s; ω, χ)

= χ(det(g)) |det(g)|sFA
·
∫

F×
A /F×

|t|2s
FA

ωχ2(t)





∑

v∈F 2−{0}

ϕ(tvg)



 d×t

= χ(det(g)) |det(g)|sFA
·
∫

t ∈ F×

A
/F×

|t|
FA

≥ 1

|t|2s
FA

ωχ2(t)





∑

v∈F 2−{0}

ϕ(tvg)



 d×t

+χ(det(g)) |det(g)|sFA
·
∫

t ∈ F×

A
/F×

|t|
FA

< 1

|t|2s
FA

ωχ2(t)





∑

v∈F 2−{0}

ϕ(tvg)



 d×t

T � ;  !���� � ]�� C I1,
' � C I2

T � � 1 ��� TLUW!
I1

��! �	���M�: >
s
$L:4<v= ? @ � 7 +0-#/H1 �8�K+L! Adelic

@
Poisson

"�"�<dC�	8T !
I2 + χ(det(g)) |det(g)|sFA

·
∫

t ∈ F×

A
/F×

|t|
FA

< 1

|t|2s
FA

ωχ2(t)ϕ(0)d×t

= χ(det(g)) |det(g)|sFA
·
∫

t ∈ F×

A
/F×

|t|
FA

< 1

|t|2s
FA

ωχ2(t)

(

∑

v∈F 2

ϕ(tvg)

)

d×t

= χ(det(g)) |det(g)|s−1
FA

·
∫

t ∈ F×

A
/F×

|t|
FA

< 1

|t|2s−2
FA

ωχ2(t)

(

∑

v∈F 2

ϕ̂(t−1vtg−1)

)

d×t

= χ(det(g)) |det(g)|s−1
FA

·
∫

t ∈ F
×

A
/F×

|t|
FA

< 1

|t|2s−2
FA

ωχ2(t)





∑

v∈F 2−{0}

ϕ̂(t−1vtg−1)



 d×t

+χ(det(g)) |det(g)|s−1
FA

·
∫

t ∈ F
×

A
/F×

|t|
FA

< 1

|t|2s−2
FA

ωχ2(t)ϕ̂(0)d×t.

�V��< �	�
��� ]�� C J1

T � UB!
t → t−1

� � 7 �� C�R%/%T !
J1 = χ(det(g)) |det(g)|s−1

FA

∫

t ∈ F×

A
/F×

|t|
FA

> 1

|t|−2s+2
FA

ωχ2(t−1)





∑

v∈F 2−{0}

ϕ̂(tvtg−1)



 d×t

= χ(det(tg−1))
∣

∣det(tg−1)
∣

∣

1−s

FA

∫

t ∈ F
×

A
/F×

|t|
FA

> 1

|t|−2s+2
FA

ωχ2(t)





∑

v∈F 2−{0}

ϕ̂(tvtg−1)



 d×t

7



T @ Z\! ���Q�
E∗(tg−1; ϕ̂, 1 − s; ω, χ)

$�:.<8=Q�
I1

+Q-./�1�> :,c Z\!
1− s

� � 7 T  =�! ����� M�: +.-#/H1 ? � � =V!D�G� r C*c,T}m./,Te!
E∗(g; ϕ, s; ω, χ)

= I1 + J1

−χ(det(g)) |det(g)|sFA
·
∫

t ∈ F×

A
/F×

|t|
FA

< 1

|t|2s
FA

ωχ2(t)ϕ(0)d×t

+χ(det(g)) |det(g)|s−1
FA

·
∫

t ∈ F×

A
/F×

|t|
FA

< 1

|t|2s−2
FA

ωχ2(t)ϕ̂(0)d×t,

T @ /�1 �S��<��	������&������S!
Re(s) > 0

+�0.1  !*���
− 1

2s
χ(det(g))ϕ(0)δ(ωχ2)+�!8&���� �S!

Re(s) > 1
+ 0.1  !*� �

1

2s − 2
χ(det(g))ϕ̂(0)δ(ωχ2)

+Q-./�1 � � =�!,X�Y @ � r R + r @ �	�	�d$���� > w ? � 7 T  = ����	� � �,/S1 ���
��	K$  =v!�� 7�� < T !��	�	� k � ���4w ���	�� ��� �6+%UL{L1

5 Eisenstein � � � Fourier
� �� �

(κ, κ, . . . , κ)
+v!

s = κ/2
�

Eisenstein � 7 � Fourier � =G$*:<4= �
2 /,�GT�$vR�/V1�> @�� !�� � ��D97 ?,H 8%+
	 � =.< @ <��$���!
Eisenstein � 7 ��! M�: TK� @ r @ <L1 �*	W< 	 non-parallel

@ � ��
Hilbert

M�: u6w�;�< ��!
cusp form

 q @ <%�.Tz��! � ��� r �6=#</S1 ? c�$�! F
��. 7 ) C O,

� �
Ff

+.����dC Ô T  !�c*{
O∗ =

{

a ∈ F
∣

∣TrF/Q(ac) ∈ Z for any c ∈ O
}

TWR,/�1 �S� T;UB!
ϕ
CK!

ϕf = characteristic function of
(

Ô, Ô
)

ϕ∞ =

n
∏

i=1

ϕi

ϕi(v1, v2) = exp(−π(v2
1,i + v2

2,i))(−
√
−1v1,i + v2,i)

κ,

8



T4TS/�1 �S� T;U > |6N��
x ∈ FA, y ∈ F×

A

$�:#<*= ? !
E∗

((

1 x

0 1

)(

y 0

0 1

)

; ϕ, 1
2
κ; ω, χ

)

= χ(y) |y|κ/2
FA

{

π−nκΓ(κ)nL(κ, ωχ2)

+sgn(y∞)(−2
√
−1)nκD−1/2

×
∑

ξ∈F×

σκ−1(ξfyf; ωχ2)τ(ξx) exp

(

−2π

n
∑

i=1

ξiyi

)







TK<A	
Fourier � =��>3�Z 4,:v1 -  ! D � F

�
different

+;!
L(·, ωχ2)�<�
�,�

L-
� 7 !#c�{

τ
�

FA/F
�

standard additive character
+0-4/H1�8�K+L!

ξ
��!

(ξ∞y∞) = (ξ1y1, . . . , ξnyn)
�L! 26M T @ /$� 	}$�� � 1Ic{�!

σκ−1(a, ωχ2) (a ∈ F×
A )
��!

σκ−1(a, ωχ2) =
∑

a

ωχ2(a)N(a)κ−1

> {��  !
a
�

F
�%� 7����	� �I+�!

a ⊂ O∗, aÔ ⊂ aÔ T @ / @L� �= C
� � ? +I-0/�1#:,cDZ ! elliptic
@

Eisenstein � 7 ��� 7 �  ) 7 �
κ − 1 � ��"��G��)�= T +.-0/�1������	 @

Fourier � = q r !��,F9� M�: u6w.;�< ��D Fourier
� 7 $

θ ∈ Aut(C)
C
�.R#<�7�8G/

Galois action
$*� Z\!

Eisenstein � 7 � �Q�Z
Eisenstein � 7 $�� � �G/.�0T���� q /H1I>  q @ � � � U��*�0� � UZX� q /�1 ?@�� ! �S� � 	 @

Eisenstein � 7 � Fourier
� 7 ����� ��!!)�= � $*�

[2]
+ �Y7.�4=#<Q/���������� CzbQ<I/H1

� �  !
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