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§1 5  !�"�# ���$���
%�&�'�(*),+�-�.�'$/�0$1�23�1�4�5�6$798$:�;�<�=

, >�?�@9A�B�C�D :E;�<FHGJIK' @�L�M9NKOP$QSR
.TVUXW�Y�Z�[

(error correcting code)
F�+

, \^]$_` 4 D�a�@$b 5dcfeg<hF A , @iA <Ej^klY�mJ8
( n�o�p�B�qlr�s�B,t '�u�vgcKwxk P :ly�zE{ B�| I�8 )

ex<�}�~�'������ @ ;�< . � '��E�x+������
C���� cKG C���� F |*C . C9� , � 1���8K���gc�� C P��� 8fex<^F�� | I .

� � �
,
e����h<f�,� @ ���=�¡ C P , 1 ¢ ��£9¤ P � � I�F � < .

1 7 5 2 =⇒ 1 7 ¥ 2

�,¦*@�§g¨ª© FH«i¬�=�;�<�'xcf�®�� P , ¯ �^'�° 1 + 7 + 5 + 2 = 15
cK� A²± ¤ P³ ¦ I :

1 7 5 2 | 15 =⇒ 1 7 ¥ 2 | 15

� <hF�£9¤ P � �$© }��9+ 15− (1 + 7 + 2) = 5
F�´�µ @gA < . ¦ ' | I�8 , ¶� ^·�¸�¹xº�»S¼¾½9¿ÀhÁ�Â�Ã ¿�Ä , Å�Æ*ÇEÈ�É�Ê�·JË�·^Ì ÂÍKÎ�Ï !,Ð�Ñ F C IK'�= , Ò % p�B*Ó ¤ D j . Ô�Õ 8�+ ,

eSU
} C�b 5Jc*Öh3Ø×Ù4�Ú�Û F2

k
'$µÜF�� P$Ý � P³ A ,

�Þ«�ß Blb 5^'�àik ± ¤ � + , | U�y A�B Öh3×Ù4�Ú�Û
F2

n á F2
k cKâ~�ãä ,

F C I ¦ F @EÔ�ågN �,< . �,¦*@�æ�ç^p�Blè�é Z�[�'$ê�ëgcKì�í<hFHî' | I�8 B < :

ï�ð
1 q

cKñ$��í A F � < .
Ö^3�×ò4�Ú�Û

Fq
n
'

k
î�µ�ó�ß�Ú�Û

C (k ≤ n)
c

Fq ô ' [n, k]-( è
é )
Z�[

(linear code)
F C I . n, k

c � ��õ$� C
'�Z�[�ö

(code length),
î�µÜF C I .

¡ � U ,
âh~$ã,÷�j�;gFø'�ùx=$ê�ë�'

C @ ;�< . ÔÕ 8 t ' | I$8øTúUXW�Y,=�û B$ü �x< � +lZ�[��ý^'$��þi8lÿg< ¦ F�8x� P , ¦ ';9F����dF B < ¦ FEc N ��8��d���	��� | I . C
'�Ö,3S× 4

c

(
Z�[	
dF C I )

c���ß @ Ý �ø}9F A , 0 @B�C ��ß�'���Jc c
'

(Hamming) � �iF C�C , C
'�Z�[


 � í P (0 ��� )
c Ó ¤$}gF A ' , � ��'����	�Üc C

'��������
(
��� � � )

F C I .
�������

(dF ³ R
)
:���� � <,F A + [n, k, d]-

Z�[dF²� R
. d
+�Z�[^'�TúUXW�Y����g8ly A R! ü < (

y A*C#"
tE|�C cf. [10, p.106], [11, p.99]).

��$ 8 � ��%	& a cøê�ë � < . c ∈ C
' � �gc wt (c) @ Ý � .

Ai := ]{c ∈ C ; wt (c) = i}
F ³iR F A ,

WC(x, y) :=

n
∑

i=0

Aix
n−iyi

c
C
'�'�(�)�*,+

(weight enumerator)
F�-�.

.

/
1 C = {00, 11} ⊂ F2

2. ¦ 'JF A WC(x, y) = x2 + y2. C
c

2
¡�0#1 P

C ′ = C ⊕ C =

{0000, 0011, 1100, 1111}
c�2i<,F

WC′(x, y) = x4 + 2x2y2 + y4 = WC(x, y)2. ¦ ' | I�8 , � �	%& a c Ó ¤�< ¦ F @ ,
Z�[�' � �h8  � < C#3�C43$B^¦ Fø=�%�& a '�5 ��@�ü � <F C I�687:9 × =;�<

.

Z�[E��ý�; ç 8  � <�<,=��dF�� P [10], [11], [13] (
}�jg� ¦ �h+ " F*÷ t?> � ), [17] Bxt . @�éA a Ff'  0x+ [9], B ��C�D�Z�[98�¡ C P + [19] Bxt =�;�< .
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§2 Zeta
���^�Eï$ð �����

Z�['
zeta

 �i+
, Duursma [5] @�� ~ P�� < N �h} . � �x+ � �	%	& a � �	��� N �,< . C

c
Fq ô ' [n, k, d]

Z�[
, � ' � ��%�& a c WC(x, y)

F � < . � } ��
�@ + d
:

C⊥ (
;xF @ ê�ë )

'
� ��� �9:

2 � ô F � < . C
'

zeta
 �9+lî' | I�8*ê�ë N �,< :

ï�ð
2 ([6], p.58) C

8��� P
,
î��

n − d ��
 '�;�<�%�& a P (T ) ∈ Q[T ]
=�}�j

1
¡����Ø� P

,

P (T )

(1 − T )(1− qT )
(y(1 − T ) + xT )n = · · · + WC(x, y) − xn

q − 1
T n−d + · · ·

=���� � < . P (T )
c

C
'

zeta
)�*#+

, Z(T ) := P (T )/{(1 − T )(1 − qT )}
c

C
'

zeta
�$� F

-�.
.

¦ '$ê�ëh+�������U��J� C = , ��� + T
'���� aB ' @ ,

í A�� ��� �,cfG C��� . � ' T n−d
'�!

�i8
C
' �gN %�& a = å �,< | I�8 B < ,

F C I ¦ F @ ;�< . � } , P (T )
'�����F æ�"$# :&%�� P�Ü� � @ + BEC ( � � P ��ý ¢ '�' �+)(^���d� C )

' @ , �*
 8,+�-i8&'#��'/. r�\^] .^c0�1d�
| I .

�32 ,

f(T ) :=
(y(1 − T ) + xT )n

(1 − T )(1− qT )F C I  �Jc Ó ¤�< .
¡ � U ,

ê�ë
2 @ P (T ) = 1

F��ø}�4�5 @ ;�< . ¦ ��'�í A�� ��� �,c

{

n
∑

j=0

(n

j

)

(x − y)jyn−jT j
}

(1 + c1T + c2T
2 + · · ·)

F ³iR
.
¡ � U { }

'��+
(y(1 − T ) + xT )n = ((x − y)T + y)n

'
(T
'�%�& a F�� P ' ) 2

&$�
�

, (1 + c1T + c2T
2 + · · ·)

+
1/{(1− T )(1− qT )}

'Eí A6� �$�/�^c�7E���f}�:�' @ ;�< . ¦ �9c N��83� �i� P
1, T , T 2, · · · , T n−d

'�!��Jc�8íh<
. � <hF , 9/:�B 7�� bij

=����Ø� P
,

1
'�!��

(
êE� &

) yn

T
'�!��

nxyn−1 + (c1 − n)yn

· · · · · · · · · · · · · · ·
T i
'�!��

bi0x
iyn−i + bi1x

i−1yn−i+1 + · · · + biiy
n

· · · · · · · · · · · · · · ·
T n−d

'�!��
bn−d,0x

n−dyd + bn−d,1x
n−d−1yd+1 + · · · + bn−d,n−dy

n

(1)

F B < ¦ Fø=�+�- B 5 � � � ü � < . �,¦*@�;$< + ,
�����

a0, a1, · · ·, an−d

=�=9¤,�H� P C <hF��P
, (a0 + a1T + · · · + an−dT

n−d)f(T )
'

T n−d
'�!��Jc3> P � | I . � �h+

an−dy
n

+an−d−1{xyn−1 + (c1 − n)yn}
· · · · · · · · ·

+a0{bn−dx
n−dyd + · · · + b1xyn−1 + b0y

n}

@ ;�< ¦ F²= ü � < . æ$D , (WC(x, y)−xn)/(q−1) = (Adx
n−dyd + · · ·+Anyn)/(q−1) @ ;�< � � ,

¦ �d�K= æ�?�� < | I�8 , ô ' a0, a1, · · ·, an−d

c�@�î�%~ P C R ¦ Fø= @gA < (
� � :�A�� # + 1B U

).
YEm 8)C,¤�D

, (1)
8 ³ C P b00 = 1 (

êE� &
yn
'�!��

1
c ¦ I ³iR ), b10 = n, b11 = c1 − n

2



F � <hF , ô ' a0, · · ·, an−d

+:0*�
1
î D��^a





















bn−d,0 0 · · · · · · 0

bn−d,1 bn−d−1,0 0 · · · 0
...

...
. . .

...

. . . 0

bn−d,n−d bn−d−1,n−d−1 · · · b00









































a0

a1

...

...

an−d





















=
1

q − 1





















Ad

Ad+1

...

...

An





















'���F B <�= , ¯ ������ß bi0

+ Ô + 2
&�!��

(n
i )
8��Ø� C9¦ Fø= ü � U ,

�ø}�= © P �9+�¡	1,8 æ
"p 83��� � <�' @ ;�< . �,¦*@ a0 + a1T + · · · + an−dT

n−d = P (T )
F � � D |lC9¦ Fø= ü � < .îg8

, C
'��	� ���

(dual code) C⊥ c

C⊥ := {u ∈ Fq
n ; u · v = 0, ∀v ∈ C}

@ ê�ë � < .
}�jg�

, u = (u1, u2, · · · , un), v = (v1, v2, · · · , vn) ∈ Fq
n 8��� P ,

u · v = u1v1 + u2v2 + · · · + unvn.

� } , C⊥ = C
'iF A C

c	
���	�
(self-dual) @ ;�<hF C I .

�32 C, C⊥ ' zeta
%�& a P (T ), P⊥(T )

'�Û^8E+

P⊥(T ) = P
( 1

qT

)

qgT g+g⊥

F C I  !9=^;< ([6, p.59]).
}�j �

, g := n + 1 − k − d, g⊥ + C⊥ '$��� � <� .
' �x8�+

MacWilliams
'��	� a

WC⊥(x, y) =
1

]C
WC(x + (q − 1)y, x − y)

([13, p.146, Th. 13])
=�® C ���x< . |�© P�� 8 , C

=�������� B � , P (T ) = P⊥(T )
8 | U ,

�$�
� +

P (T ) = P
( 1

qT

)

qgT 2g

= � U ��¡
. ¦ ' | I�8�� �����^����� zeta

�� 	� �"! Ë �$#&% 8 B <hF ¦�3 ='h~ P�(*)�+ C .

§3 Riemann ,�-
B �/. è (Fq ô )

'�5�0
zeta

 �^'�4�5 �
Riemann 1�2� (Weil

8 |�© P '4� N �} )
F�+

zeta
%�& a '43 " '45 α

8��� P
, |α| =

1√
q

F C I�:�' @ ;�< . 6 & @ >^} B U ,
���7����Z�[�'

zeta
 �

P (T )
:80:9  �	� a c<;h} �g¦ F� �

,
�������Z�[g8&� � < Riemann 1�2 + , B �=. è F0>�î^' | I�8�ê a8?�� <�'�= 9/:E@ ;

3 I :

ï�ð
3 ([7], p.119) C

c����7����Z�[
, � ' zeta

%�& a c P (T )
F � < . P (T )

'43 " '45 α
8

��� P
,

|α| =
1√
q= � U ��¡iF A , C

+
Riemann 1�2 c<;h} � F C I .

3



¦ �h+&- B < A a�p���� ' | I�8E:�G9¤�<�= , � � P���� ���
	 Riemann ,�-xº��
�� F C I��� p���� :�; © } | I*j . Ô + ,
Z�[�'

zeta
 �i8�¡ C P '��x:�y A�B�� ��%
���9+ ,

���
1 Riemann 1�2 c<;h} � ���7����Z�[ÜF�+ t ' | I B :�' � ê a�?$OJ| .

F C I�:�' @ ;�< . ¦ �x8  � P Duursma
+

1
¡�'���ß����Üc 1�2 � P C < :

���
2 ([7], p.119)

�
Extremal B ���7����Z�[,+ Riemann 1�2 c<;h} ��� +lY�� C � .

¦�¦*@ ,
Z�[�ö

n
'����7����Z�[�'� @ ,

� ��� �h= �x:�y AøC :�'xc extremal code
F C I .

� �
���g+�Z�['$TúUXW�Y ��� c3%�ê��hk�<��

(
y AlC#"xt ���h=�� C )

j � �
, ¦ �x+*m � 8 |�C�#��F C,¤�<

.

/
2 [8, 4, 4]  y Hamming

Z�[
C8 ([11, p.112], [17, p.35]

�
). ¦ �h+ F2 ô ' extremal B �������Z�[

. � ��%�& a + WC8
(x, y) = x8 + 14x4y4 + y8 @ ([17, p.135]),

P (T ) =
1

5
(1 + 2T + 2T 2).

P (T )
'45g+

α = (−1 ± i)/2 B ' @ , |α| = 1/
√

2 = 1/
√

q, Riemann 1�2 c<;h} � .

�4���$��Z�[x8$+ B Ý p�B�!�" = 4
¡�;�<

(I é ∼ IV é , cf. [4])
=

, � 'gI § ' Ô � � < extremal

code � í P 83�Ü� P Riemann 142 =��SU ��¡ ¦ Fl+ø��� p 8²m � ~ ��� P C < . � } Duursma
+

IV é ���7����Z�[�' !�" 8��� P �
extremal B �,D Riemann 1�2 �*� � c���� P C < ([8]).

§4
� �
%�& @ +$#�%�' [3]

'�(*) c 0$1 � < .
Z�[�'

zeta
 �x+

,
� Z�[

C
8 � F C I | U � Z�[�' � �%�& a 8 � �Ø� P ê�ë N � P C < . � � P % � + ,

Z�[' � �	%�& a = x, y
'�&�î�%	& a�@ ;�<,F

C I(' Ô j .
F C I ¦ Fl+ , Ô �'�Z�[�' � ��%�& a�@�B�C &Eî %�& a 8E:�0�> 8 zeta

%�& a P (T )=�ê�ë @gA < ,
F C I ¦ F @ ;�< . ) ¤�D

W12(x, y) = x12 − 33x8y4 − 33x4y8 + y12.

!�J8+*h'$�9= å �9<�}�~ , ¦ �9+ Ô � � <�Z�[h' � � %�& a�@ + BEC .
� � �

, ¦ � c-, 2,phB
[12, 6, 4]

Z�[�' � ��%�& a F6>x<�' @ ;�< .
Z�[�ö

n = 12,
� ��� �

d = 4
Ff� B��g¦ F�8/.�ýx+

B�C j 3 I .
î�µic

6
F6>x<�'+

,
���7��� # c "�0 � P ' ¦ F @ ;�< . � } , F2 ô '����7����Z�[8  0^=�;�<�' @ q = 2

F � < ([2, §5], [14, pp.104-105]). ¦ ' zeta
%�& a c$1�~^<hF

P (T ) =
1

15
(2T 2 − 1)(2T 2 + 1)(2T 2 + 2T + 1)

F B U , ¦ �h+ Riemann 1�2 ( � í P '45 α
=

|α| = 1/
√

2)
c<;h} � !

ô ' W12(x, y)
+

, Ô +�2�3 a�4 C[x, y]G8

'$µ @ ;�< . ¦�¦*@ , G8

+
Shephard-Todd

8 | <$5ñ�6
7+8,'Eß � ([18])
8 ³ C P No.8

F(9��hk,�H� P C <:8 @ ;�< ([14]
: >�? ):

G8 :=

〈

1 − i

2

(

1 −1

1 1

)

,

(

−i 0

0 1

)〉

.

C[x, y]G8

+
, ¦ '+8 G8

'�2�®
(
%�& a '�3E�i8 1

î;3�<dF�� P 2�®
) @ 2�398 @ }��,<�%�& a ' B

��4�@ , = ��µh+ 6 ì�' W12(x, y)
F  y Hamming

Z�[�' � ��%�& a W8(x, y) = x8 +14x4y4 + y8

@ ;�< ¦ Fø= � �H� P C < (
Z�[98  0 � <+2�3 a�4 8�¡ C P + [13, Ch.19]

=�>�� C ).
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¦ ' 4 8E+
W⊥(x, y) := W

(

x + y√
2

,
x − y√

2

)

= −W (x, y)

F C I 3�< a c<;h} � :�'�=�; U , � �h+ Ozeki [15]
8 | U “formal weight enumerator”

F(9��hk
�²�^}

(W12(x, y)
: � ' 1

¡
). F2 ô ' Ô � � <��������Z�[' � �	%	& a,B �ø0 r ��2�' BEC

W⊥(x, y) = W (x, y)
= � U ��¡�' @ , ��C + ¦ '�0 r ��2�'���� @ ;�< .

¦ ' ¦ F$c�� 7 � , formal weight enumerator
'  �	� a +

P (T ) = −P
( 1

2T

)

2gT 2g

F C I A cF�< . � � P , B �=. è � Ô �h'$Z�[^'�4�5dF0>J8 P (T )
'�5,'�ß��dc 8^í P �h<,F

,

Riemann 1�2 :807> 8*ê�ë @gA < ¦ Fø= ü � < (
3 " '45 α

=
|α| = 1√

2

c<;h} �g¦ F ,
F�ê�~^<

).

N �l8 , extremal
F C I � � :*ê�ë @9A , Riemann 142 8  � P , Ô �'�Z�[�'
	��JF70=9 | I B¦F

(extremal B � Riemann 1�2 ��� ?)
=� A P C <^F >d���h<�' @ ;�< (

>d� R +
[2], [3]

c >�? ).� 8E:
, F3 ô '����7����Z�[98  0��ø} formal weight enumerator

:�;�<
. � �h+ ,

8

G :=

〈

σ1 =
1√
3

(

1 2

1 −1

)

, σ2 =

(

1 0

0 e2πi/3

)〉

.

@ 2�3 B %	& a ' B���4 C[x, y]G
8 ³ C P w((x + 2y)/

√
3, (x − y)/

√
3) = −w(x, y)

c��} � :' @ ,

w6(x, y) = x6 − 20x3y3 − 8y6

Bit ' ) =;^< (Ozeki [16]). ¦ '�4�5^' zeta
%�& a +  ��� a P (T ) = −P

(

1

3T

)

3gT 2g (g =

n
2

+ 1 − d)
c<;h}g�

, Riemann 1�2 + �
P (T )

' � í P '45,=���� 1/
√

3
'���� ô 8$;�< � F B < .

ô ' ) w6(x, y)
'

zeta
%�& a + P6(T ) = 1

2
(3T 2 − 1) @ , ¦ �+ Riemann 142 c";^}9� P C < . ¦' 4 ' formal weight enumerator

8l¡ C P :)�+gU � extremal B � Riemann 1�2 ��� ? � c�� ü
O <ø��� Ô������ =
�Ø�H� P C < ([3, §4]).

¦ �Ü��' ��� � � ,
� Z�[�'

zeta
 � � ' #�� �4��8$+ , Ô �'�Z�[�' � ��%�& a 8 ¦ j ü � 2 , |U�� C��! '�2�3 %�& a c Ó�� '��#"98h�ø} D = |lC ' @ + B�C � F�G ü �,<�' @ ;�< .
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