
Diophantine m-tuples

�������������
	������� �������
(Yasutsugu Fujita)

1 Known Results (cf. [7])

Diophantus ��������� �"!$#&%(' :

)
2 *+�-, . 1 /
01'�2$� aiaj + 1 (1 ≤ i < j ≤ 4) 314�51*&6�798�:<;�7 4 *

{a1, a2, a3, a4} �>=1? .

@�A *<B CD7�8DE {1/16, 33/16, 68/16, 105/16} � Diophantus F>G
.H:18-3 , I�JK�-L�MN*+B CD7
8(E {1, 3, 8, 120} � Fermat .�:1OQP-R�SUT�V�' .

WNX
1. 0 YK71Z1MH* n .�[&% , m \U�-]�^U7�8�LHM�*+�$_�` {a1, . . . , am} 3 D(n)-m-tuple

( ab'9� Diophantine m-tuple with the property D(n), ac'�� Pn-set of size m) YKd98+6b� ,
)

1 ≤ i < j ≤ m .�[�% aiaj + n 3$495$*<YKd�8U6NeN.bZ�; . (n = 1 � 6Ne$� , %�f�%bf , g
.
Diophantine m-tuples 6"Z
; .)

hNi Y9� , D(n)-m-tuples .�j1ZNP-k�ClV�PNZK8nmn6-�po�qNr<8 .

• n = 1 sbtNu .

vHw � D(1)-pair {a, b} (r :=
√

ab + 1 ) � D(1)-quadruple .(x�yHY�ec8 (Euler):

{a, b, a + b + 2r, 4r(a + r)(b + r)}.
z � triple {a, b, a+ b + 2r} � Euler � D(1)-triple ( a�'�� regular D(1)-triple) 6"{c| . D(1)-pair

{a, b} (a < b) 31}~0�C>VK'
6Ne , �NV+� , b < c 798QI��9� D(1)-triple {a, b, c} Y<d�8Km96b���� .Q��B98 . T+C�. ,
vnw � D(1)-triple {a, b, c} (r :=

√
ab + 1, s :=

√
ac + 1, t :=

√
bc + 1 ) �

D(1)-quadruple .(x�yHY�ec8 (Arkin-Hoggatt-Strauss [1]):

{a, b, c, d+}, d+ := a + b + c + 2abc + 2rst.

(∵ ad++1 = (at+rs)2, bd++1 = (bs+rt)2, cd++1 = (cr+st)2. �c7���. , d− := a+b+c+2abc−2rst

6��~�-6$e , c > a + b + 2r 7�CDf {a, b, c, d−} 2 D(1)-quadruple Y�dH8 .)

m��<:�;�7 quadruple {a, b, c, d+} � regular D(1)-quadruple 6p{-| . D(1)-triple {a, b, c} (a <

b < c) 3c}U0<ClV�'U6$e , �-VK� , c < d 7H8DI��n� D(1)-quadruple {a, b, c, d} Y�dH8nmn6(3bk�ClV
PNZK8 ([17, Lemma 6]).

�-�
1. ([1])

vHw � D(1)-quadruple � regular Y�dH8 .

�c�
1 3bL�%���VKf , ���-���>B
C(dH8 �c� 2�L�%>ZUmn6(3b�N��.��nB�8 .

�-�
2. D(1)-quintuple �D�N��%D7cZ .
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�c�
2 �bE��+� , 2<;�����6"Z
;N6-m���a(Y�e(PNZK8 :

W	�
1. (Dujella [17]) (i) D(1)-sextuple �D�N��%D7cZ .

(ii) D(1)-quintuples ��
� @�� \ (101930 \ ) %pB��N��%D7cZ .

�c�
1 �����Hr<8DI1J9�	���U� , Baker-Davenport .�:$812c�1Y�dH8 .

W��
2. ([2]) {1, 3, 8, d} 3 D(1)-quadruple 7~C�f , d = 120(= d+) Y9d�8 ( �~OQP , {1, 3, 8} �

D(1)-quintuple .(x�yHY�e�7cZ ).

�$A
2 � , ���H� 3 ���D.��	� �UT�V�PNZK8 .

W��
3. (Dujella [7]) {k−1, k+1, 4k, d} (k ≥ 2) 3 D(1)-quadruple 7KC"f , d = 4k(4k2−1)(= d+)

Y�dH8 ( �~OQP , {k − 1, k + 1, 4k} � D(1)-quintuple .(x�yHY�e�7cZ ).

W��
4. (Dujella-Pethő [22]) {1, 3, c, d} (c < d) 3 D(1)-quadruple 7KC"f , d = cν+1(= d+) YNd18 .

m1m(Y , c = cν (ν ≥ 1) � , {1, 3, cν} 3 Diophantine triple 6D7N8�:n;D7D* (c1 = 8 < c2 < c3 < · · · )
Y�dH8 ( �~OQP , {1, 3} � D(1)-quintuple .(x�yHY�e�7cZ ).

W	�
5. (Dujella [11]) {F2k, F2k+2, F2k+4, d} (k ≥ 1) 3 D(1)-quadruple 7�CDf ,

d = 4F2k+1F2k+2F2k+3(= d+) Y<dK8 . mnmbY , Fn � n !#"Q� Fibonacci *<Y+d98 ( �~OQP ,

{F2k, F2k+2, F2k+4} � D(1)-quintuple .(x�yHY�e�7cZ ).

T<CQ. ,
�$A

3 6 4 �	���U�1�N��:����	� �UT�V�PNZK8 .

W	�
6. ([29]) M1* k ≥ 2 .([�% , M1* c = cν �"�nY

��$ r<8 :

cν :=
1

2(k2 − 1)
×

{

(k +
√

k2 − 1)2ν+1 + (k −
√

k2 − 1)2ν+1 − 2k
}

(ν = 1, 2, . . . ). (1)

c 6= c2 .([�% , 2+% {k − 1, k + 1, c, d} (c < d) 3 D(1)-quadruple 7�CDf , d = cν+1(= d+) Y�dH8
(c1 = 4k, c2 = 4k(4k2 − 1), c3 = 8k(8k4 − 6k2 + 1), . . . ).

%
2
i Y , m�� �$A �	&'1��(*)+��+-,K8 .

�$A
6 B
C �N��.(�93-�nB�8 .

.
1. M1* k ≥ 2 .([�% , {k − 1, k + 1} � D(1)-quintuple .(x�yHY�e�7cZ .

[ /���&-' ] {k− 1, k +1, c2, c, d} (c2 < c = cν < d) 3 D(1)-quintuple Yn7bZ<mH6c�10-?+fH:DZ . m
V93 D(1)-quintuple Y9dn8<632 � r+8 . d+, d′+ �b�$V54$V {k − 1, k + 1, c, d+}, {k + 1, c2, c, d

′
+}

3 regular 6�7H8H:�;�7�*�6>r<8K6 , regular D(1)-quadruple �cI���6�6 d+, d′+ �
��$ B
C ,

d ≥ d′+ > d+ = cν+1

3-�nB�8c3 , m(VK� �$A 6 .�7�r<8 .

I98 , c = c2 �	:�`U.$2
�$A

6 3�&'9T�V , �~OQP �$A 3 6 4 �	���9�	;9<<7	�	� ��3H7nT�V�' .

W	�
7. (Bugeaud-Dujella-Mignotte [6])

�$A
6 �	=�>n����Y , 2+% {k − 1, k + 1, c2, d} (c2 < d)

3 D(1)-quadruple 7�C , d = c3(= d+) Y�dH8 .

?�@
1. (1) 6�A D(n) �c2cj m \K�b]H^K7H8 @1A * (6= 0) �	B
� rational D(n)-m-tuple 6"Z

; . 2+% {a, b, c, d} 3 D(1)-quadruple 7�C , {a, b, c, d, e} 3 rational D(1)-quintuple 6�7H8H:�;�7
0 < e < 1 3Q�1�Hr98 ([8]). a�' , rational D(1)-sextuples 3Q�1��rK8HmH6�2(k�C VNP1Z�8 ([32]). C
0$f ,

{11/192, 35/192, 155/27, 512/27, 1235/48, 180873/16}.
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(2) 6 A D(n) �-2-j m \<�c]n^<7�8�MN*��H*<������� (6= 0, r ,HPn3 � *9Y<�N7-Z ) ��B�� ,

polynomial D(n)-m-tuple 6"Z
; . polynomial D(1)-quadruple � regular Y�dH8nmn6(3bk�ClV�PNZ
8 ([20]).

(3) n = 4 �	:�`<2 ,
z 6��
	
.��5,�ClV<8 . C
0$f , {F2k, 5F2k, F2k+2, d} 3 D(4)-quadruple 7

C d = 4L2kF4k+2 ([24]) Y�d � , {k − 2, k + 2, 4k, d} 3 D(4)-quadruple 7�C d = 4k(k2 − 1) Y�d
8 ([26]).

• n = −1 sbtNu .

��� �$A .�: � , D(−1)-quintuple �D�N��%D7cZUmn6(3-�nB�8 :

W	�
8. (Dujella-Fuchs [21]) 2 ≤ a < b < c < d 7�C , {a, b, c, d} � D(−1)-quadruple Y9�17cZ .

m�� �$A B
C , ��� Diophantus 6 Euler �����K3� ��� .pE���T�V<8 :

“
)

aiaj + (ai + aj) (1 ≤ i < j ≤ 4) 3b4�5b* 6(7�8�:n;D7 4 j1�bL1M$* {a1, a2, a3, a4}
�D�N��%D7cZ .”

��O�P D(−1)-triples {1, b, c} �cx�y�����6K3N����6�7H8c3 , b = 2, 5, 10, 17, 26, 37, 50, 65, 82 � ) :
`U.$��x�yHY�e�7cZUmn6(3bk�ClV�PNZK8 ([12, 25, 27, 40]). aQ' , I98 , D(−1)-quadruples ��
5� @� \&%pB��N��%D7cZUmn6(3�0�T�V�' (Dujella-Filipin-Fuchs [18]).

?�@
2. (1) polynomial D(−1)-quadruple �D�N��%D7cZUmn6(3bk�ClV�PNZK8 ([19]).

(2) {a1, a2, a3, a4} � D(−4)-quadruple 6>r<8K6 ,
)

ai ����*�Y�dH8nmn6(3-�nB � ,

{a1/2, a2/2, a3/2, a4/2} 3 D(−1)-quadruple 6(7�8 ([8, Remark 3]). ��O�P , D(−1)-quadruple 3
�N��%D7cZUmn6(3-�nB-VKf , D(−4)-quadruple 3��N��%D7cZUmn6(3-�nB�8 .

(3) {a, b, c} � D(−1)-triple 6>r<8K6 ,

ad + 1 = �, bd + 1 = �, cd + 1 = � (� : 4H5c* )

���H'cr$M1* d 3��N�nr<8 (∵ r :=
√

ab − 1, s :=
√

ac − 1, t :=
√

bc − 1 6>r<8K6$e , d := d± :=

−(a + b + c) + 2abc ± 2rst 6��n�$fn:�Z . '���% , d− > 0 ⇐⇒ c > a + b + 2r Y�dH8 ). d > 0 �~6
e {a, b, c; d} ��6�A D(−1; 1) �c2cj~6"Z
;-mn6b.�r<8K6 , �93-�nB�8 .

• {F2k+1, F2k+3, F2k+5, d} : D(−1; 1) (k ≥ 0) =⇒ d = 4F2k+1F2k+3F2k+5(= d±) ([30]).

• {1, 2, c; d} : D(−1; 1) =⇒ d = d± ([31]).

• ���Ks n sbtNu .

a�� , r�,NP��cM1* n 6= 0 .([�%>P , D(n)-triple �D�N�nr<8 .

∵ · n ≡ 2 (mod 4) =⇒ {1, k2 − 2k − 1, k2 + 2} : D(4k + 2).

· n 6≡ 2 (mod 4) =⇒ n = b2 − a2 (∃a, ∃b ∈ Z>0)

=⇒ {a, 2a + 2b, 5a + 4b} : D(n).

n ≡ 2 (mod 4) 7�CDf D(n)-quadruple �D�N��%D7cZUmn6Q2D� � .��nB�8 ([5, 33, 35]).

∵ {a1, a2, a3, a4} : D(n) =⇒ aiaj ≡ 2 aQ'H� 3 (mod 4)

=⇒ ∀ai 6≡ 0 (mod 4) =⇒ ai ≡ aj (mod 4) (∃i, ∃j)

=⇒ aiaj ≡ 0 aQ'H� 1 (mod 4), ��� .

Dujella � , n 6≡ 2 (mod 4) B1j n 6∈ S := {−4,−3,−1, 3, 5, 8, 12, 20} 7�CDfbZ�j�2 D(n)-quadruple

3��N�nr<8nmn6-��0�%(' ([8]). : � L��
. ,

n = 4k + 3, 8k + 1, 8k + 5, 8k, 16k + 4, 16k + 12
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� ) :H`�. “ ����� ” D(n)-quadruple �(}�0-' . C 01f , , {1, 9k2 + 8k + 1, 9k2 + 14k + 6, 36k2 +

44k + 13} � D(4k + 3)-quadruple Y�dH8 . mNmDY , k = 0,−1 6>rNVKf z �c_�`U. 1 3 2 ���HV�P
%-aH; . mn;�%(' k ���~.([��nr<8 n 3�C��N_�` S �
	���%>PNZK8 .

�-�
3. ([10]) n ∈ S 7�CDf , D(n)-quadruple �D�N��%D7cZ .

Mn := sup{m ; {a1, . . . , am} : D(n)} 6��~�-6$e , Mn �
z � .�j1ZNP-���<:�;�79mn6(3bk�ClV�P

ZK8 ([16]):

Mn ≤ 31 (|n| ≤ 400),

Mn < 15.476 log |n| (|n| > 400).

���
. , n 6∈ {±1,±4} �
61e , mod 4, 8, 16 Y���,�P�5'n7�:H`�.1� , D(n)-triple {a, b, c} �-x
y�����6 � �5,K8b������%>Z . �1� A�� ����j��

ay2 − bx2 = 1, az2 − cx2 = 1, bz2 − cy2 = 1. (2)

��� h EK3��	�~.$���nB
C(7cZUmn6"Y�dH8 . � , D(4k)-triple {1, 4k(k − 1), 4k2 + 1} (k ∈ Z) ����0
8K6 ,

)
ab, ac, bc � Richaud-Degert type (cf. [36, Section 3.2]) 7-�1Y , (2) ��� h EK3-�nB�8 . T

CQ. , |k| 3��$*+7�C ,

z2 − (4k2 + 1)x2 = −16k3

��� h E ��;9<�. � � r<8nmn6(3$Y�e , {1, 4k(k − 1), 4k2 + 1} 3 D(4k)-quadruple .(x�yHY�e�7cZ
mn6(3-�nB�8 .

∵ ������~�
�
OQP�0�T�V<8 (cf. [38]).

X2 − DY 2 = N (3)

.�j1ZNP ,

• (X0, Y0) : ��NE =⇒ ∃j ∈ Z s.t. X0 ≡ jY0, j2 ≡ D (mod N)

( m��~6$e , “(X0, Y0) � j .��nr<8 ” 6"Z
; ).

• j ≡ D (mod N) 6�% , M := (j2 − D)/N 6��~�-6$e ,

(3) 3 j .��nr<8(E �c2cj ⇐⇒ T 2 − DU2 = M 3 j .��nr<8(E �c2cj .

• |N | <
√

D 6>r<8K6$e ,

(X, Y ) : (3) �bE =⇒ X/Y � √
D �� H�-*!#"1��$�8&%��-*�Y�dH8 .

I�'~. , (�)&*,+9�cM1*.- 6p��/ �
.�j1ZNP�+-,K8 . E �

E : y2 = (ax + 1)(bx + 1)(cx + 1)

Y$}U0<ClV<8 Q
z ��(�)&*,+�6�% , Q

z ��0�* � rkE 6(B � .

{a, b, c} 3 D(1)-triples {k − 1, k + 1, 4k}, {1, 3, c}, {F2k, F2k+2, F2k+4} 1 D(−1)-triples

{F2k+1, F2k+3, F2k+5}, {1, 2, c} �+6ce�. , E �QM-*�-n� “ � � ��:1`<. ” F�'N7$2��U6 “d±” 1 “d±”

B~CN�(8$2��1�1�$YndN8HmH6p3�k C VNP1ZK8 . :*� L��~. ,
z � D(1)-triples .p[ % , 2K% , rkE = 1

({1, 3, c} ��:N`K� rk E = 2) 7UC(f , E ��M$*�-�� x ��2+� 0, d+ ({1, 3, c} ��:N`K�NTKC�. d−) �
��Y9d � ([13, 15, 23]),

z � D(−1)-triples ( ' �~% c − 2 ��4n543�5���6�ab7-Z�632 � r+8 ) .D[
% , 2+% , rkE = 1 ({1, 2, c} �	:�`<� rkE = 2) 7�CDf , E �cM1*.-H� x �&2�� 0, d+ ({1, 2, c} �
:�`<�HT<CQ. d−,−1, (c− 3)/2) �N�1Y�dH8 ([30, 31]).
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2 D(1)-pairs {k − 1, k + 1}
hNi Y9� ,

�$A
6 �	&'1��(*)+��+-,K8 .�$A

3, 4 .�:1OQP ,

ν ≥ 2, k ≥ 3

6 2 � %>P+:�Z . {k − 1, k + 1, c, d} � D(1)-quadruple 6>r<8K6 , L��cM1* x, y, z 3��N��%>P ,

(k − 1)d + 1 = x2, (k + 1)d + 1 = y2, cd + 1 = z2

3�������j . d �����1rNVKf , ������� Pell 5	� �H3	
�ClV<8 .
{

(k − 1)z2 − cx2 = k − 1 − c, (4)

(k + 1)z2 − cy2 = k + 1 − c. (5)

Pell 5	� ��� A�� : � , �
���H'crU:�;�7QM1* m ≥ 0, n ≥ 0 6 (4) ��� h E (z0, x0), (5) ��� h E
(z1, y1) 3��N�nr<8 ([14, Lemma 1]):

z
√

k − 1 + x
√

c = (z0

√
k − 1 + x0

√
c)(s +

√

(k − 1)c)m, (6)

z
√

k + 1 + y
√

c = (z1

√
k + 1 + y1

√
c)(t +

√

(k + 1)c)n, (7)

1 ≤ x0 ≤
√

(k − 1)(c − k + 1)

2(s − 1)
<

√

s + 1

2
, (8)

1 ≤ |z0| ≤
√

(s − 1)(c − k + 1)

2(k − 1)
<

√

c
√

c

2
√

k − 1
<

c

2
, (9)

1 ≤ y1 ≤
√

(k + 1)(c − k − 1)

2(t − 1)
<

√

t + 1

2
, (10)

1 ≤ |z1| ≤
√

(t − 1)(c − k − 1)

2(k + 1)
<

√

c
√

c

2
√

k + 1
<

c

2
. (11)

(6) : � z = vm, (7) : � z = wn 6(B9�18 . mNmDY ,

v0 = z0, v1 = sz0 + cx0, vm+2 = 2svm+1 − vm, (12)

w0 = z1, w1 = tz1 + cy1, wn+2 = 2twn+1 − wn (13)

Y�dH8 .

��� , {k − 1, k + 1, c, d} (c < d) 3 regular Y9�17cZ
6 2 � r<8 . T<CQ. , � h E (z0, x0), (z1, y1)

������6
��+8c'��9. , �H� w�� Y c 3�IN��YndN896 2 � %lP , c = c2 ���<�$d ��
97bZ+mH6c� 0�r .

� W
1. r�,NP�� 0 < c′ < cν−1 .([�%>P , {k − 1, k + 1, c′, c} � D(1)-quadruple Y9�17cZ .

(8), (9), (10), (11) .�� w rNVKf , (12), (13) �
��O�P z = vm = wn � mod (2c) Y���018nmn6b.
: � , �93-�nB�8 .

(i) v2m = w2n B1j z0 = z1 = ±1;

(ii) v2m+1 = w2n+1 B1j z0 = ±t, z1 = ±s (z0z1 > 0).

TUC�. , v2m = w2n, v2m+1 = w2n+1 ���$V54$V mod (8c2), mod (4c2) Y&�~0N8�m96c.H: � , �K3

�ClV<8 .
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���
1. c ≥ c3 6 2

� r<8 .

(i) m ≥ n > min

{

0.7 8

√

c

k + 1
, 1.6 8

√

c

k4(k + 1)

}

;

(ii) m ≥ n > 0.5

(

4

√

c

(k + 1)3
− 1

)

.

aQ' , (4) 6 (k − 1)y2 − (k + 1)x2 = −2 6(B
C x � x = pl = qm 6 2 ���D.���% , (i) �	:�`<�
mod (4k(k − 1)) Y , (ii) �	:�`<� mod (2k) Y���018nmn6b.�: � , �93	
�ClV<8 .

���
2. c ≥ c2 6 2

� r<8 .

(i) m ≥ 2k − 1;

(ii) m ≥ k − 1.

c, k � z � � 
U8�.$� , d+6Q� , m � z � , �K� , z � z � � 
HVKfn:�Z . �1�H' �K. , Rickert ( �
Z9� Bennett) � �$A ����%������	��%('���� �$A �
��; .

W	�
9. (cf. [4, Theorem 3.2], [37, Theorem], [39, Theorem]) k, N � k ≥ 3, N ≥ 10k7 7H8DM1*

6>r<8K6$e , r�,NP��cM1* p1, p2, q (q > 0) .([�% ,

θ1 :=

√

1 +
k − 1

N
6 θ2 :=

√

1 +
k + 1

N

�

max

{
∣

∣

∣

∣

θ1 −
p1

q

∣

∣

∣

∣

,

∣

∣

∣

∣

θ2 −
p2

q

∣

∣

∣

∣

}

>

{

16.1
(k2 − 1)2

k
N

}−1

q−1−λ (14)

���H'cr . mNmDY ,

λ :=

log

(

8.1(k2 − 1)2

k
N

)

log

(

0.84

(k2 − 1)2
N2

) < 1

Y�dH8 .

� ,

N = (k2 − 1)c, q = (k2 − 1)z, p1 = (k − 1)ty, p2 = (k + 1)sx

6>r<8K6 , (4), (5) B
C , (14) ��
�+�

max

{
∣

∣

∣

∣

θ1 −
(k − 1)ty

(k2 − 1)z

∣

∣

∣

∣

,

∣

∣

∣

∣

θ2 −
(k + 1)sx

(k2 − 1)z

∣

∣

∣

∣

}

<
c

2(k − 1)
z−2 (15)

6 z B
C����9Y�ec8nmn6(3-�nB�8 . c ≥ c3(> 58k5) 7�CDf N ≥ 10k7 6�7 � �$A 9 3����nY�ec8b�
Y , m��~6$e (15) 6 `	�b?9P z � z � 3	
�ClV<8 :

log z <
log(0.84c2) log( 8.05(k+1)(k2

−1)4c2

k
)

log( 0.1037kc
(k2−1)3 )

<
4 log(0.917c) log(3.28k4c)

log( 0.1037
k5 c)

.

� � 1, 2 6 `	�b?�VKf , �93�0�T�V<8 .
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� �
1. k ≥ 3 �"M1*�6�% , dH8 d > cν+1 .([�%>P {k − 1, k + 1, c, d} 3 D(1)-quadruple Y�dH8

6 2 � r<8K6 , 2 � 1 ����Y-�93�������j .

(i) z = v2m = w2n 7�CDf c ≤ c6 Y�d � , T<CQ.(�93�������j .

(1) c = c3 7�CDf , 3 ≤ k ≤ 34;

(2) c = c4 7�CDf , 3 ≤ k ≤ 7;

(3) c = c5 7�CDf , 3 ≤ k ≤ 5;

(4) c = c6 7�CDf , k = 3.

(ii) z = v2m+1 = w2n+1 7�CDf c ≤ c4 Y�d � , T<CQ.(�93�������j .

(1) c = c3 7�CDf , 3 ≤ k ≤ 83;

(2) c = c4 7�CDf , 3 ≤ k ≤ 9.

?�@
3. Rickert � �$A � , θ1, θ2 � k �~6-m��c3 0 �	:�`HY�d � , N ≥ 26 6 2 � rNVKf λ < 1

6c7K8 . Bennett � �HA � , k − 1, k + 1 � 6�m9�N3��9�U�$]K^U7K8bMH* a1, a2 �9:�`KY<d � ,

N > max{|a1|, |a2|} ( �K��:H` , = (k + 1)9) 7n8�2 � 3���B$VHPHZ<8 ( mDV<�����9:b� λ < 1 6Q7
8-' �N���������9Y�dH8 ). %pB~% , N > (k + 1)9 6�7H8-' �K.$� c ≥ c4 Y�7n��VKf17�C(7cZ��1Y ,

c = c3 �~6$e k � z � 3	
�ClV�� , :1OQP , / 1 3	
�ClV97cZ . �~OQP ,
�$A

9 �	��
$� ���nBH7 �
��Y9�1dH8c3 , mNmDY9� h A � Y�dH8 .

� � 1 Y�~Oc' @�� \K� c ≥ c3 6 k ≥ 3 �	:�`�3Hd � 
<7cZUmn6-�DZ
;b.$� , Baker-Davenport

([2]) .H:18�2�� � 7-5	�
� � 01f9:�Z . rK7 �9� , a�� , m, n � �H*�6"rU8�[N*K�9�1������� � �
r<8 :

(i) 0 < m1 log α1 − n1 log α2 + log α3 < 1.2α−2m1

1 ; (16)

(ii) 0 < m2 log α1 − n2 log α2 + log α4 < 4.1k2α−2m2

1 . (17)

mNmDY , m1 := 2m, m2 := 2m + 1, n1 := 2n, n2 := 2n + 1,

α1 := s +
√

(k − 1)c, α2 := t +
√

(k + 1)c,

α3 :=
(
√

c ±
√

k − 1)
√

k + 1

(
√

c ±
√

k + 1)
√

k − 1
, α4 :=

(k
√

c ± t
√

k − 1)
√

k + 1

(k
√

c ± s
√

k + 1)
√

k − 1
.

Y�dH8 . ��. , Baker
A��

( C
0$f [3]) �
�
OQP ,
)

c, k .([�%>P m � z � � 
U8 :

(i) m1 ≤ 4 · 1018;

(ii) m2 ≤ 6 · 1018.

I�'~. ,
)

c, k .([�%>P , (16), (17) � log α2 Y��UOc'H2c�

0 < m1κ − n1 + µ1 < A1B
−m1 ,

0 < m2κ − n2 + µ2 < A2B
−m2

(

κ :=
log α1

log α2
, µ1 :=

log α3

log α2
, µ2 :=

log α4

log α2
, A1 :=

1.2

log α2
, A2 :=

4.1k2

log α2
, B := α2

1

)

.(��� � � � ����%>P����
��0Hr (“reduction method” 6p{�f�V<8�5��HY�dH8 ):

� �
3. ([22, Lemma 5 a)], [2, Lemma]) M �(L<�$MH* , p/q � κ �& ��N*�!�"���8�%K�N*KY

q > 6M 7n8�2-�
6H% , ε := ||µq|| − M ||κq|| 6Q�
� (|| · || ��IU2�8�Z$M�*�6(����� � �nr ). 2U%
ε > 0 7�CDf , �����

0 < mκ − n + µ < AB−m

7



�
log(Aq/ε)

log B
≤ m < M

������.(M1*NE �c2$'�7cZ .

�~OQP , 2 � 1 ����Y , c = c2 3�������j . d+6Q� , �
��0$?�fn:�Z .

� �
2. k ≥ 3 �"M1*�6�% , dH8 c = cν ≥ c4 .([�% {k − 1, k + 1, c2, c} 3 D(1)-quadruple Y�d

8K6 2 � r<8K6 ,
vHw � d > cν+1 .([�% {k − 1, k + 1, c, d} � D(1)-quadruple Y9�17cZ .

m�� � �U� ,
z 63<&���
	K��� � .�:1OQP�0�T�V<8 .

?�@
4. (1) c = c2 �	:�`U.$� ,

� � 2 6 Baker
A�� .�:1OQP , m1 < 1021, m2 < 1021 3-�nB � ,

�~OQPNZ��NVH�	:�`U.$2 k ≤ 5 · 1020 3-�nB�8 . %pB~% , m�� k � z � ���	�U.�
~e(Z��1Y ,
� � 3

� ) k .����Hr<8nmn6(3���<7cZ .

(2) [6] Y9� , ` ���U�1: ���	��.��5,K8nmn6b.�: � ,
� � 2 � �	��% , Baker

A�� 6�%>P , [3] ��2
�+� Mignotte � �$A ([34]) . �~e���018nmn6b.�: � , k > 1000 7�CDf

m < 3.6 · 1016, �~OQP k < 5.4 · 108

6�7H8nmn6-��0�% , reduction method .�: � , ���
���nZNPNZK8 .
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