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Hardy-Wright DFEHGHI [HW79] JLKNMPORQTS�UWVYX[ZH\N]_^a`HbcDedgfhQcij^Rk , lmDcOjnLopU
q>r ZcsFtcDeuNv ( wyx_nazp{asgDcJ Dirichlet) kR|h} r ZH\N]_^ :

Theorem 332. The probability that two integers should be prime to one another is 6/π2.

~ De�g�CJ , �g�:ngJL�m`yD 2 �j� (x, y) �g�_DcORQ gcd(x, y) = 1 Qcij^j�c�L�H�TDNDP�Lxy^L�N�
kF�H�c�_n 6/π2 n��g�H�'^ , �y�T�h�

lim
B→∞

#{ (x, y) ∈ Z2 ; gcd(x, y) = 1, max{ |x|, |y| } ≤ B }
#{ (x, y) ∈ Z2 ; max{ |x|, |y| } ≤ B } =

6

π2

���h� { , �mQF�j� (probability) � �h¡�ZN\g]y^g�RDhJa�0{HU[JL¢T£ (density) � �T¤N}C¥F�RDgQji
^ . [HW79] QcJ , Euler ¦g`cDF§m¨m¦g`cDF�m�h�j�ª©N« �­¬ }jsL® , lgDT¯:�N{­\g�NDT�e� � |H}m\
]_^Tk ,

~N~ QyJ “ 2 �j� ”
�

“m �j� ” n��T°j±0{asT�HQe²y³mD�´'µ � |h}_^ .

¶T·
1.1 m ≥ 2 ���'^_�g¥

(1.1) lim
B→∞

#{X ∈ Zm ; gcd(X) = 1, H∞(X) ≤ B }
#{X ∈ Zm ; H∞(X) ≤ B } =

1

ζ(m)
.

~N~ Q
gcd(X) := gcd

i
xi, H∞(X) := max

i
|xi|

(

X = (xi) ∈ Zm
)

.

X�s , ζ(s) J Riemann ¸j¹_ºa¦m` � » � .

�jDe�g� � zj�csgx_n , �m` a > 0 �­vg` B > 0 nH�m¼�\g�:XT^

L(a, B) := {X ∈ Zm ; gcd(X) = a, H∞(X) ≤ B }

�j^ª½H� � ¾ ¿ ^ .
~ DÀ�g¥

L(a, B) 3 X 7−→ 1

a
X ∈ L

(

1,
B

a

)
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�j^ª�����_k�� r Z , X�s
(1.2)

∞
∐

a=1

L(a, B) = {X ∈ Zm ; H∞(X) ≤ B } − { 0 }

k����
	���
 r , �hDF�H` ����� {�\
∞
∑

a=1

#L
(

1,
B

a

)

=
(

2[B] + 1
)m − 1 = 2mBm + O

(

Bm−1
)

.

� ¼�\ ,

g(B) =

∞
∑

a=1

f
(B

a

)

=⇒ f(B) =

∞
∑

a=1

µ(a) g
(B

a

)

(f(B) � g(B) J R≥0 �jDT¦m` ) �j^��cD Möbius �������P��� ,

#L(1, B) =

∞
∑

a=1

µ(a)

(

2m
(B

a

)m

+ O
((B

a

)m−1)
)

=
2m

ζ(m)
Bm + O

(

Bm−1
)

.

s�� { , m = 2 D��H�CngJ

#L(1, B) =

∞
∑

a=1

µ(a)

(

(

2
[B

a

]

+ 1
)2

− 1

)

=

[B]
∑

a=1

µ(a)

(

4B2

a2
+ O

(B

a

)

)

= · · ·

� ��!p{�\
#L(1, B) =

4

ζ(2)
B2 + O(B log B).

]�"NZjD��H�Cng�
#{X ∈ Zm ; gcd(X) = 1, H∞(X) ≤ B } = #L(1, B) ∼ 2m

ζ(m)
Bm

�L�#� ,
~ ZC���%$jxy^a�H�&��� (1.1)

� �C^ .

' \ , (m − 1) t�����(*)&+e�jD Q- ,m��- P ∈ Pm−1(Q) J , gcd(X) = 1 �j^ X ∈ Zm
��. ]N\

P = [X ] �0/mt�1�2:n » z ' Z , H(P ) := H∞(X) J P D�354_�[�c¡FZ'^ ( 6 A.3). X D�758:9yJ
±1 ;_D�<h] �>= ]N\N� � �mQcij^�
 r

#{P ∈ Pm−1(Q) ; H(P ) ≤ B } =
#L(1, B)

2

�L�#� , �jDT²y³gQ:� r Zcs@?�ACJLtcD'�c�Rn>BN]:C ¿ ^ ~ �akgQ ¥T^ :

¶T·
1.2 m ≥ 2 ���'^_�g¥

#{P ∈ Pm−1(Q) ; H(P ) ≤ B } =
2m−1

ζ(m)
Bm +











O(B log B) (m = 2)

O
(

Bm−1
)

(m ≥ 3)
.

D�E
1.3 (1.2) ��� , Re s > m �j^ s ∈ C nGFp{ , tyk����
	�� ~ �akRz�HÀ^ :

∑

P∈Pm−1(Q)

H(P )−s =
1

ζ(s)

[ m−1

2
]

∑

i=0

(

m

2i + 1

)

2m−2i−1 ζ(s − m + 2i + 1).

I�J DT¦m`CJ , s = m
�

1 K_D@L>���'^GMCJ Re s ≥ m Qe��NhQ , s = m QHD�Oe`CJ m 2m−1/ζ(m)

Qcij^ .
� ¼�\ ,

~ DT¦m`Àn Tauber PH�g� ��Q�. �'^ ~ �RnH�m¼�\ (1.1)
� zj� ~ ���RQ ¥T^ .
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2 � ����������	�

�����
�

k
� ,���t��m`e� , V

�
k �g��� ' Zhs������y����(��m` �"!m�0�N{ , V (k) Q V �HD k- ,g�&-T�

�_Dh�R�g½H� � » � . #P��BN]�9 � �'^_� , V ��J k- $H`yD"�N`y�h� ( %�	 ) &m�&9"' �NQci#� , l
D k (TQHD")yDT�g�'k V (k) Qcij^ .

“ &m�&9"' � ” V D�*,+Cn.-T]N\yJ , V (k) J�)&
"/ 
Nk10�2Àne�j^ ~ ���miRZ_¡ , ,3��
"43��
Nk
052 nT�H^ ~ �L�giH^ .

~ Z r D�052P�76hx , ½N� V (k) D “ 8C¥ ' ”
�:9 ^Tsexyn , ;1<'n |j}y^H�

�Rn5= ' ¦m` ��. ]N\ k- ,m��-jD�>�? ��¬ }_^_� ]:��9�@ckjij^ :

D
�

V �hD.A,B'�1C"Dp�j{ , hD : V (Q̄) → R
�

D n F1Ec�P^GF&Fy�:FN`_��= ' � �P^ ( = '

Dm� ���IH�J_�c�5K LÀn��N]H\_J , M�N A
�PO�Q D ~ � ).

~ D:�m¥ , Rj�m` B n�FB{ , = ' k B

;S<hQ'ic^c�'�F� k- ,j� -cDm�N� {P ∈ V (k) ; hD(P ) ≤ B } J�,T�e½h�ÀnN�c^ . lHD��_DT�c`
#{P ∈ V (k) ; hD(P ) ≤ B }

�
B DT¦m`p�IU_�C{asj�TD �PVXW5YTZ\[�V � �e¤ .

~ DT¦m`CJªS,���
¬1] 8NQhi � , V (k) k:) (resp. ,�� ) QhiH^ ~ �LJa` ¿ �X^[¦g`ykG_�`c�yn 0 (resp. ,mM ) QhiH^ ~
�N�GaGbcQcij^ . X�s , V (k) k"43�L�_D�-C��� �j^��H�Cng� , ` ¿ �T^a¦m`yD�c�dyD�e ' J V (k) D
“ 8À¥ ' ”

� » {�\N]_^_�If ¿ ^ . ;�<HQyJ , ` ¿ �T^a¦m` #{P ∈ V (k) ; hD(P ) ≤ B } D B → ∞

QHDR�H�c�h�L©H«cD ~ � � V �jD k- g ·Sh i"j1k �[�e¤ ~ �RnL�'^ .

iN^PljD��5!g� V n F�{ \hJ , V m k nGnR�y^Po�ph�7qhk ,e��-�>G?0�W¢.rh�"nR� � � �T¼�\T]c^ .
~N~ QyJ�dgfy�h��6 � 2 �.s�tN�'^ . X "_J���(,��!N�_D"uhZ�vhQcij^G��(*)&+yn"ne�'^ Schanuel

D�?�AcQcij^ :

¶T·
2.1 (Schanuel [Sch79]) m ≥ 2 �H{ , h

�
Pm−1 D�F�Fc��Fm`y��= ' ���'^_�g¥

#{P ∈ Pm−1(k) ; h(P ) ≤ B } = c em[k:Q]B +











O(B eB) (m = 2, k = Q)

O
(

e(m[k:Q]−1)B
)

(otherwise)
.

~N~ Q
c :=

hR

w
· 1

ζk(m)

(

2r1(2π)r2

√

|d|

)m

mr1+r2−1.

I�J n.-T]N\ ζk(s) J k D Dedekind ¸j¹_ºa¦m` � » { , w � D�x�yhD �c� JLtcD�z�� :

h k D"{N` , R k D��m`�|1} ,

w k n\6YX[Z'^ 1 D3~P�_DF�H` , d k D����*� ,

r1 k Dev1��-jDF�H` , r2 k D"� ��-jDF�H` .

k n"ne�'^�= ' Hk

��. ]_^_� , �jDe�g�yDR�H�&���yJ

(2.1) #{P ∈ Pm−1(k) ; Hk(P ) ≤ B } = c Bm +











O(B log B) (m = 2, k = Q)

O
(

Bm−1/[k:Q]
)

(otherwise)
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� I��g^ (c Jª�e�0�7a��a�RD ). ���HQT|j}jsF�T� 1.2 J ,
~ D:���_n"-R]m\ k = Q �N{[sN�RDyn�M

� r �T] . { 
À{ , ,m�N`m� � �T°yD"�N`m�:n��À¥ C ¿ ^_� , ²y³hJ�	�
 n
�>{jU[�j^ .
~N~ QyJ , �

�cD���!0� ��� {ª�gk r (2.1) DT²y³mD���� � |h}_^ .
� na|h}hsy�c�Rn , � � D P ∈ Pm−1(Q) J gcd(X) = 1 �j^ X ∈ Zm

��. ]N\ P = [X ] � » z
' Z'^Tk ,

~ D'�c�L�@/mt�1�2'k�7h}_^RDcJ Z kg� � >.)�� ( �CX5� Q D"{N`_k 1) ��
 r Qcij^ .

l ~ Q , P = [X ] ∈ Pm−1(k) (X = (xi) ∈ km − { 0 }) n�F>{ \ X D��,>ck����c�P^�>g`��������
aX

� ¾ ¿ ^_� , lmD��������.{ CP := [aX ] J X D�758:9'ngJ � r �T] . X�s
Hk,∞(X) :=

∏

v∈M∞

k

max
i

‖xi‖v

�!�pUe� tyk����
	�� :

Hk(P ) =
Hk,∞(X)

NaX
.

] X , k D�>e`"������� a 6= 0 �­vg` B > 0 nH�m¼�\g�:XT^
L(a, B) := {X ∈ km ; aX = a, Hk,∞(X) ≤ B }

�j^ª½H� � ¾ ¿ ^ .
~ DÀ�g¥ L(a, B) ngJ k D��m`�# O× k�$&% n ' . { , (g½H� L(a, B)/O× J

{P ∈ Pm−1(k) ; CP = [a], H(P ) ≤ B/Na }

�GaT�*)cQ ¥T^ . X�s
∐

b

L(ab, B) = {X ∈ am ; Hk,∞(X) ≤ B } − { 0 }.

s&�À{ , + J n�-e]H\ b J k D 0 Qy�g]g�"�,���*� �
- � ,
I&J n�-��N^ am J a D m �'D�.�/

{ (xi) ∈ km ; xi ∈ a }
� �c� �'^ . �m¼�\

(2.2) λ(a, B) := #{X ∈ am ; Hk,∞(X) ≤ B }/O×

D*0C^21h]jkg�&
eZ_¡
(2.3) g(a) =

∑

b

f(ab) =⇒ f(a) =
∑

b

µ(b) g(ab)

(f(a) � g(a) J k D����,�3�3#c�HDR¦g`jQ , b J k D 0 Qh�R]T�����,�3� �!- ^ ) �H^G�hD Möbius

������� ��. ]N\ #L(a, B)/O× n"ne�'^a�H�&���jk�� r Z'^_� ]:� ~ �Rne�j^ .
' \ , k = Q DÀ�g¥engJ , a �H{�\yJ Z ��� � ¾ ¿ Z_¡34�>HQ , { 
h�

#{X ∈ Zm ; HQ,∞(X) ≤ B }/Z× = #{X ∈ Zm ; H∞(X) ≤ B }/{±1 } =
(2[B] + 1)m

2

J2576�$a³TQhiH¼�s . � ~*8 k , �R°cD��m`e�Àn F0{­\ λ(a, B) DF©N« � ¬ }y^FDhJ u,9NQcJg�CU , :
]:��! �
; \
(2.4) λ(a, B) = c0

( B

Na

)m

+ O
(

Bm−1/n
)
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�L�j^ ~ �akRz ' Z'^ .
~N~ Q

c0 :=
R

w

(

2r1(2π)r2

√

|d|

)m

mr1+r2−1, n := [k : Q].

�1- , λ(a, B) De��� (2.2) n.-T]N\:���H�_n m = 1 ���'^_� (
~ DÀ�g¥eng� I�J J �c�P� ��� )

λ(a, B) = #{x ∈ a ; |Nk/Q x| ≤ B }/O× = #{ (x) ⊆ a ; N(x) ≤ B }

�L�#� ,
~ Z�
 r 1

��� ]hsj�TDcJ a D���{Àn��h�'^ª���������HQ��2�	�Nk B/Na ;�<HQcij^j�c�
�N�RDmD��m` nL�e�N�y^ . �PX*� , �N����� (2.4) n"-R]m\ m = 1 �N{[sN�RDhJ Dedekind-Weber D
�g�

#{ a ⊆ O ; [a] = C, Na ≤ B } =
R

w
· 2r1(2π)r2

√

|d|
B + O

(

B1−1/[k:Q]
)

( 6 ¿ ¡ [Lan94], Chap. VI, Theorem 3) n MP� r �T] .
~ De�g�CJ�

�yn��,ty�>��!cDR®Àna²y³ '

Zhsgk , �R°hD m n FH�_^[²c³jJTlTZ � � ����#Cny{[sH�RDcnT�H^ ( �p�a�H^FDhJ7H�J����cD���/cD
��!hQcij^ ).

�H�&��� (2.4) n.-��m^ O- �g`CJ*������� a n �:¼�\N]_^Tk , {N`yD�,3�5K ��. ]_^_� , O- �g`
k a ngJ � r �T]T�H�&���

λ(a, B) = c0

( B

Na

)m

+ O
(( B

Na

)m−1/n )

� �C^ ~ �akgQ ¥T^ .
� ¼�\

∑

b

#L(ab, B)/O× = λ(a, B) − 1

n�������� (2.3)
��Q�. {�\ ,

#L(a, B)/O× =
∑

b

µ(b)

(

c0

( B

N(ab)

)m

+ O
(( B

N(ab)

)m−1/n )

)

=
c0

ζk(m)

( B

Na

)m

+ O
(

Bm−1/n
)

.

s��C{ , m = 2 
�� n = 1 D��N�PnTJ������hD@�ck"�y�H^ ( leD��N�_J��Cn
���jQ��P¼RseDgQ��hµÀ{
\P�L] ). �m¼�\ , R��������.{ C nGFp{�\

#{P ∈ Pm−1(k) ; CP = C, Hk(P ) ≤ B } =
c0

ζk(m)
Bm + O

(

Bm−1/n
)

k����
	h� ,
~ ZC���%$jxy^a�H�&��� (2.1)

� �C^ .

t n7s�tN�'^RDcJ��T¹����1��!N�:n"ne�'^ Néron D�?�AcQcij^ :

¶T·
2.2 (Néron [Nér65]) A

�
k �N� � ' Zys��e¹������.!H� , D

�
A �cD.A,B_�1C�Dp� �P^

�g¥
#{P ∈ A(k) ; hD(P ) ≤ B } = c Br/2 + O

(

B(r−1)/2
)

.
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~N~ Q
r := rankA(k), c := #A(k)tors

ω√
R

.

s��C{ , ω J Rr n�-��g^G�:K��hD���/ ��» { , R = det(〈Pi, Pj〉D)1≤i,j≤r J D n�F�Ej�_^5= '�� �
����� n�ng�C^ A(k)/A(k)tors D Gram 	�
�� �[» � (P1, . . . , Pr J A(k)/A(k)tors D.H�� ). ��-
r = 0 D��H�CngJ c := #A(k)tors ���'^ .

~ De�g�CJ , A(k) k�,3�*�����T¹�����#_Qcij^ ~ � (Mordell-Weil De�g� ) � , A �jD C�D D n
F0{­\ A(Q̄) �ND 2 t��&� qD � 1 t��&� lD Q hD = qD + lD +O(1)

��
 sR�y�RDmk����j�_^ ~ �
( 2�}j�.= ' DL�mb ) 
 r u�9yn��&
RZy^ . v�� , A(k) k>,S�3���NQjiN^ ~ ���5� A(k)/A(k)tors ∼= Zr

J A(k) ⊗Z R ∼= Rr (eD�� D0�L�#� , X�s D k"A By� r ¡ qD k�� ¿ ^ A(k) ⊗Z R �jD 2 t����yJ
�H��bp�L�j^ ~ �akg�&
c^�
 r , 0�2CJ Euclid )&+yn.-��m^�� D&-jDR` ¿ �T^Nn���� ' Z'^ . �1- ,

Mordell-Weil De�g�yDT²y³yn.-T]N\y�"= ' ¦m`_k"o�p_���j� ��� "'^ ~ � ���N� {�\S-ÀU .

�g� 2.1 �­�g� 2.2 D����'�GE . �H{�\ , opU q>r ZcsFtcDeuNv � .c�cnazj� ~ �akgQ ¥T^ :

 
2.3 E : y2 = f(x)

�
k �T��� ' Zjs�!#"�$�% (f(x) J o�� � �Tsg�F] 3 t�� ) �m{ , d ∈ k×/k×2

nGFp{�\ Ed : dy2 = f(x)
�

E D k(
√

d )/k n"ne�'^�& ��')([���'^ .
~ DÀ�g¥ , rankEd(k) > 0 �

�j^j�c�L� d ∈ k×/k×2 JG4m`ÀnG�pU*���h�'^ .

Ed k E D+& ��')([�[�c¡FZ'^RDcJ

θd : Ed 3 (x, y) 7−→ (x,
√

d y) ∈ E

k Kd := k(
√

d ) �m��� ' Zcs�a>P0�L�j^�
 r Q , θd nH�g^ Ed(k) D�, J E(Kd) DcORQ

θd

(

Ed(k)
)

= {P ∈ E(Kd) ; P σd = −P }

� ��-1M � r Z'^ . s�� { σd J Gal(Kd/k) D������ � » � .
~ ZC���

{P ∈ E(Q̄) ; x(P ) ∈ P1(k) } =
⋃

d∈k×/k×2

θd

(

Ed(k)
)

k����
	�� ~ �akg�&
c^Tk ,
I�J J�5 6I��.e¨hQcij^ :

θd

(

Ed(k)
)

∩ θd′

(

Ed′(k)
)

⊆ E[2] := {P ∈ E(Q̄) ; [2]P = O } (d 6= d′).

� ¼�\ x- 1�2_D�= ' k B ;�<HQcij^j�c�L��-jDF�H` ����� {�\
#{P ∈ E(Q̄) ; x(P ) ∈ P1(k), h

(

x(P )
)

≤ B }

=
∑

d∈k×/k×2

#{P ∈ θd

(

Ed(k)
)

− E[2] ; h
(

x(P )
)

≤ B } + O(1).
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~N~ Q , �g� 2.1 ���

#{P ∈ E(Q̄) ; x(P ) ∈ P1(k), h
(

x(P )
)

≤ B } = 2 #{P ∈ P1(k) ; h(P ) ≤ B } + O(1) � e2[k:Q]B .

M*9 , �g� 2.2 ��� , rd := rankEd(k) �H{�\

#{P ∈ θd

(

Ed(k)
)

− E[2] ; h
(

x(P )
)

≤ B } � Brd/2.

XLs ,
⋃

d E(Kd)tors k>,��TQhiH^ ~ �R� � , ,��a�yD d
� = ]m\ rd = 0 J θd

(

Ed(k)
)

⊆ E[2]
�­�h�

�'^ ~ �akg�&
c^ . �m¼�\ rd > 0 Qcij^j�c�L� d JG4m`ÀnG�pU*���>{ª�ÀU \yJm� r �T] .

��(�)�+�m��R¹ ������!m�yD@M nT� , ,g�&-�>"? n�n {­\"{��yDF�N�����HkFz ' ZH\m]c^5�"!m�:n
JLtcD'�c�L�H�TDHkjij^ :

(a) �����'��%�P��N`�#'D���v�P���>�#YnH�g^3( (Franke-Manin-Tschinkel [FMT89]).

(b) Grassmann ��!N� , 	,��!N� (Thunder [Thu92], [Thu93]).

(c) ( ¹ ��
�� ��!N� (Batyrev-Tschinkel [BT98]).

(d) 
 ! "�$�� (Morita-Sato [MS92]).

( � » �h�H�TDND 
 . k = Q D��H�Cn��TZ_¡ , ��� �pU­D�?�A_kjij^ .)
~ Z r D���!N� J
#B���>U:n

$>{ ,
� ¼a\��j]�F���K � �N¼a\m]y^ ~ � � �m� { \,- U . ��- , (a) J (b)

� 6��TQm]y^H�j�Fn\U ¿
^Tk , (b) D�9jk��1@ckFw1`y�mQ:?�AC���g�_�mQcij^ .

3 Batyrev-Manin .�/
��(�)�+�m��R¹ ������!m� , � r 8jn
���hD��e®hQR© ^Rsh�h�ª���"!g�:n�nT�'^[` ¿ �3^a¦g`cDR�
�*�&�_J , ]�"HZ'� “ �1p�� + � � � ” �[]��0� � { \3- � , lND ] 8m£Sm���p��_D"$j` ( �m� 2.1

mm�g� 2.2 n.-��m^ c) J���!N�Sm.�N`m�_D������j�CXLsjJa`Hbh�h��&! �qY�­¢�r'�.ng� � � �N¼L\
]_^ .
~ Z r D�?�A ��� � UP^_� , � � D���!N� V nGFp{ , ,m��-1>�? ��¬ }_^ ~ �RnH�e¼L\ V m k n

nm�P^#"�$'k:� r ZP^TDHQyJm�e]&
 ( L5BH�HZ'¡ , ` ¿ � ^ª¦N`_D �&%�' 
 r V m k
� BH]	�N\'^

~ �akgQ ¥T^RDmQyJm�T]&
 ) � ]'¼Ts)(c]'n+* r Z'^�
h� q Zy�T] .

{ 
À{ , ,�{.-�/ n ¾ ¿ Z_¡ ,
~ D'�c�L�)0�1PJ�2!(Àn4365F�T] ~ �akg�&
c^ . v+� , 6 ¿ ¡ V

�

�T¹���� $�� A D�- P0 ∈ A(k) n.-��m^�7!8F¹�� 
�9 ���'^_� , �g� 2.1 �­�g� 2.2 ��� , 6�: $
% C (∼= P1) J V −C (∼= A−{P0 }) � � }m\�;*
cn7�0U D�,g�&- � ��� ~ �[kT��
h^�
 r , ` ¿ �
^[¦g`cDF©m«*
 r V −C D5!�D �=< ] q ^ ~ �ªJ#0!1jQC¥L�R] . iH^L]cJ , V

� ��(,.�% P1 � lm`
k 2 ;H�jD�$�% C D�. /p���'^_� , Faltings [Fal83] nH�m¼�\e²y³ ' Zcs Mordell >�(ÀnH��� C(k)

J ,3�eQcij^�
 r , ` ¿ �T^a¦m`_k�,3�L�_D�$�% P1 × {P } (P ∈ C(k)) D�:cD�"�$ �+?�@ �'^ ~ �
Jm�T] .
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�NQR© ^RsG6yD_�h�Fn , �"!m� V �HD�,e�&-jkFt��HD��c]��1>��"!m� W DT�'n L�
Cn ½'O'{­\m]
^ ~ �aJ���{ ] ~ �­QjJe�F] . lTDy�j�[���g�'nTJ , V lTDj��DeQhJT�CU V −W �ND>,e��-�>�? � ¬
}P�c�N� ¾ ¿ ^RDcJ�$&%hQci 8 � . “Zariski �R½H� U ⊆ V

��Q�� nG7h}y¡ , U �jD�,m��-1>�? J V

D����&�H�H��&� �qCnm�e¼ª\��
	 ' Z_^LQhi 8 � ” �=���N�_^�DNk , ;1<NQ.s�tm�_^ Batyrev-Manin

>�(cQcij^ . >�( � �g�C�>� na|h}_^esgx , ]0U0��
"x�y � }�
c�'^ .

V
� ,3�Ft��N`m� k �m��� ' Zcs"��� �_� ��(1�N`,��!N�>�H{ , V �jD�A By��C�D D nGFp{ , �

�����������
α(D)

� t nH���W�hxy^ :

α(D) := inf{ γ ∈ R ; γD + KV ∈ N1
eff(V ) }.

~m~ Q , KV J V �ND>2�}�C5D ��» { , N1
eff(V ) Ja�hD�C5DCnm� � �:� ' Z_^ NS(V )⊗Z R (RD����

� » � (NS(V ) J V D Néron-Severi # ). X�s , k �m��� ' Zcs Zariski �R½H� U ⊆ V, 6= ∅ � V �
D�A By��C�D D nGFp{ ,

V����������
βU (D)

� t nH���W�hxy^ :

βU (D) := inf{ s ∈ R ; ZU (D; s) < ∞}.

~N~ Q

(3.1) ZU (D; s) :=
∑

P∈U(k)

e−s [k:Q] hD(P ).

hD J D 
 r ,NMN¦m`yD�� �>= ]N\N� � �_nª�:XT^�
 r , βU (D) J hD D�758:9'ngJ � r �T] .

D�E
3.1 (i) ����
 r ³ r 
j�c�c�Rn , �m` n > 0 nGFp{ , tyk����
	�� :

α(nD) =
α(D)

n
, βU (nD) =

βU (D)

n
.

X�s , α(D) D
��y�m βU (D) D
��y'J D D�758:9'n � r �T] ~ �akRz�HÀ^ .

(ii) βU (D) k��>�R�c^msHxPnHJ U(k) k:, �mQ'ic^ ~ �Lk���p5
&��4S>hQ_iy^ . lHD��N¥mnHJ
βU (D) = −∞ �L�j^�
 r , βU (D) J5���cDevg`5
 −∞ n b � �F^ . X�s , βU (D) 6= −∞ ( �y�T�h�
#U(k) = ∞) D��H�CngJ , βU (D) Jª` ¿ �T^a¦m` ��. ]N\etcD'�c�Rn » HÀ^ :

βU (D) =
1

[k : Q]
inf

{

δ ∈ R ; #{P ∈ U(k) ; hD(P ) ≤ B } � eδB
}

=
1

[k : Q]
lim sup
B→∞

log
(

#{P ∈ U(k) ; hD(P ) ≤ B }
)

B
.

(iii) βU (D) De���Pn . ] r Zcs (3.1) D Dirichlet �m` ZU (D; s)
� 354 ��!�" [�V �[�e¤ . ]0U

��
mD���!N�:nGFp{�\yJ , hD

��Q�� nG7H¤ ~ �RnH��� , ZU (D; s) J “ ¸j¹_º ” �[�e¤Cn�
1E>{�]�K
L � �m� , Tauber Pj�m� � . ]H\�,H�*-�>.?:n�ne�C^�?�A'k�� r ZP^ ~ �ªkjic^ . ���yD��N®YnGs
t�{as (a) � (c) J , lmD'�c�L�"��!N�_D@6>�L�h¼�\N]_^ (

�N�
1.3 � O,Q D ~ � ).
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;H�jD�x�y ��. ]N\ , >�(CJLtcD'�c�Rna|h}_^ ~ �akgQ ¥T^ :

���
3.2 (Batyrev-Manin [BM90]) D

�
V �HD"A�Bc�.C5D��­�_^c�e¥ , � � D ε > 0 n F0{ , k

�m��� ' Zcs Zariski �R½H� U ⊆ V, 6= ∅ Qet ��
 sT�_�TDHk����h�'^ :

βU (D) ≤ α(D) + ε.

�1- ,
~ D!>�(CJ [BM90] D Conjecture A n��Hsh^ . [BM90] QyJ , �jD!>�(Àn�� ��\��1�P���j�

D�<HQ��j¢N± ' Zcs�>�(_kg]0U0��
R|h} r ZH\N]_^ .

	
3.3 (i) V k>��(�)�+ Pm−1 D �e¥ , Pic(Pm−1) = NS(Pm−1) k#
�
�� H k��:�H�_^���

#yQhi

^ ~ �N� KPm−1 = −mH Qcij^ ~ �T��� α(H) = m kg�&
c^ . �g� 2.1 ��� βPm−1(H) = m Qci
^�
 r , U = Pm−1 �H{�\�>�(_k����
	'¼�\N]_^ .

(ii) V k��e¹ �����.!H� A D:�N¥ , KA = 0 Qyic^ ~ �e� � α(D) = 0 km��
y^ . �m� 2.2 � �
βA(D) ≤ 0 Qcij^�
 r , U = A �H{�\�>�(_k����
	'¼�\N]_^ .

	
3.4 V k�lN` g D�$�% C DÀ�g¥ , deg : Div(C) → Z k NS(C) ∼= Z

� � ¿ ^ ~ �N� deg KC =

2g − 2 Qcij^ ~ �T��� , A By� ( �y�T�h�F�cD ) C�D D nGFp{�\

α(D) =
2 − 2g

deg D

�L�j^ ~ �akg�&
c^ .
� ¼�\ :

(i) g = 0 � r ¡ α(D) > 0.

(ii) g = 1 � r ¡ α(D) = 0.

(iii) g ≥ 2 � r ¡ α(D) < 0.

(i) � (ii) D��H�Cn)>�(_k����
	�� ~ ��JF�jD@6yQ�Uys�z�� Q , (iii) D��H�hD!>�(CJ Mordell >�(Àn
MP� r �T] . �CX5� , � � D�$�%ÀnGFp{�\ Batyrev-Manin >�(CJ ���
	'¼�\N]_^ .

�jD@6yQ�Uysy�c�Rn , V = C k $�%yD��H�CngJ7lN`_k 0 
 1 
 2 ;H��
ynH�g¼L\ α(D) D
��y'J
3 �ND��H�CnG>�
eZ'^ .

~ D 3 z�� D��H��>��gJ , C D���
mt�� κ(C) nH�g^5>.{ �C�IU_�R� ~ �ak
Q ¥T^ . v+� ,

~ Z r D�>.{CJ κ(C) kNleZ��eZ −∞, 0, 1 D��H�CnGF�Eh�'^ . t��hD�=N]���!N� V

nGFp{�\y� , ��
mt�� κ(V ) J α(D) D
��y����j] ng� � � ��� ~ �ak q>r ZH\N]_^ . 6 ¿ ¡�$�� n
Fp{�\yJLtyk����
	�� :

¶T·
3.5 (Morita [Mor97]) V = S k $��cDÀ�g¥ , S �jD�A By��C�D D nGFp{�\ :

(i) κ(S) = −∞ � r ¡ α(D) > 0.

(ii) κ(S) = 0, 1 � r ¡ α(D) = 0.

(iii) κ(S) = 2 � r ¡ α(D) < 0.
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�N`,��!N� V Q κ(V ) = dim V
��
 sT�_�TDcJ�� ��� Qcij^_�[�c¡FZ'^Tk , lmD'�c�L�"��!N�:n

F0{­\cJ α(D) < 0 �a�H^ ~ �[k qpr ZN\m]c^ .
� ¼a\ , �R°�PhD��"!m� V n�FH�_^ Batyrev-Manin

>�(CJ , Mordell >�( � tcD'�c�Rn5=et��N±0{asj�TD_ne�j^ :

���
3.6 V kg�T°�PhQcij^_�g¥ , k �m��� ' Zcs Zariski �R½H� U ⊆ V, 6= ∅ k����>{�\ U(k) = ∅.

4 K3 ���	��

���������
S ������������ k !�"$#&%('*)�+-,�.�/(0�1����32�465 , 7 1 8�9�:�2<;���=�>�/@?&A*B(/$C
DFEHG3I

. J D A*B(/�2�4 S K , L�M��$N κ(S) OQPFR<S (Q̄ !$5TK ) � D A*B�O(UWVF%(' I6X6EZY[]\ '$S�? I :

(i) κ(S) = −∞ / \_^ ��`32�4�><)�K_;�a32�4 .

(ii) κ(S) = 0 / \_^�b@c�d�e 2�4 , f$gih-2�4 , K3 2�4�><)�K Enriques 2�4 .

(iii) κ(S) = 1 / \_^ gih-2�4 (
D�j�k ��lnmoO-C@p ).

(iv) κ(S) = 2 / \_^�q@r$s D 2�4 ( 5*t I�EQu ^ ' I ).

X ' \ D 2�4 D ��`6v ( U@w )
D�x6y K , (i) O�p�?�STK(z-{�|-}
~�� , (iv) O�p�?�STK(��� D@��� O� '6)*A6B<O��<� YW��� %_' I . � I (ii)

E
(iii) O(p-?�S*K , "@` 3.5 A3���@�6�$|W�W�-� α(D) K

0
E / I@� \ , Batyrev-Manin

�@�
(
�@�

3.2)
D��-� K(� D A*B�OW/ I :

�W�
4.1 S

D L-M@��N κ(S)
Y

0 >_)�K 1 5�t I*E@� , ��� D ε > 0 O��
~ , k !W"-#�%Z'$) Zariski���$�
U ⊆ S, 6= ∅ Y���� ~HS

#{P ∈ U(k) ; hD(P ) ≤ B } � eεB .

! D��@� OW 6¡ I Zariski
���$�

U
E K S

� \ ���(¢ D 2<; (
E ���(¢ D v ) ��£��n¤-?6)�C D

5*t I@Y , £��n¤���2<; D 8��iK 0 5*t I�E ~HS&A(? . ¥6¦ , βS(D) > 0 / \_^ , S
� \ 8�� Y 1 §

! D 2<;��<¤-?�STC β
D�¨ �QLi%&� G3I6X6E K�5 � /@? .

κ(S) = 0 5*t I_© � ,
b@c�d�e 2�4 E f$gih-2�4oOZ��~HSTK U = S

E ~HS�! D��@��Y�ª �¬«�R(S
? I . ><) , Enriques 2�4oOZ� G3I��@� K K3 2�4oOZ� G3I��@� O�­@®65 �@I6X6EZY []\ '$S�? I .

§$¯ , °��65TK K3 2�4�! D ��`6v ( U@w ) O�± G3IQx6y6D@²�³ �Q´$µ G3I .

4.1 K3 ¶�·¹¸ Kummer ¶�·
κ(S) = 0 5*t I A*B(/ S

D B_º , »�¼�½�¾ KS
Y

0 5 ,
� p-�-¿�À�� q(S)

Y
0 5*t I A*B(/$C

D � K3 ¶�· EQuWÁ . P3 Â D +-,�.�/ 4 ��2�4&K K3 2�4 D 9
�QÃiÄ I . ><) , � D A*B�O b@c�de 2�4 � \ K3 2�4¹� j�ª�G3I6X6E C�5 �@I :

Å
4.2 A � k !$"*#o%�'3) b�c$d$e 2@4 EZG&I . A[2] := {P ∈ A(Q̄) ; [2]P = O } K (−1) ÆÇ�È D ��É6v DWÊ  �O q�Ë G&IWY , ρ : Â → A � X ' \ 16 v�5 D&Ì�Í cTb*Î-Ï E�G&I .

X<D¹E��
,
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[−1] ∈ Autk(A) K , 96:32�;�� D���� �6l���O("	� ITX*E O�Ai� , � � ι ∈ Autk(Â) O�

�F%<' ,

S := Â/〈ι〉 K k !$"�#i%<'T) K3 2�4 E / I*X*E_Y�� %<' I . S � A O���� G&I Kummer ¶
· EQuWÁ . /�  , π : Â → S �H0�1 EHG3I�E , ���

Â

A S
?

ρ

Z
Z

Z
ZZ~

π

-$

�����oO G3I A*B(/ k !�"$#&%('*)���` ÇWÈ $ : A K S
Y�� \ ' , $ K A − A[2] !-¿�À65*t I .

4.2 ���������� �!�"$#
%'& K3 ¶�·
k !�"$#&%('*) K3 2�4 S

Y
“ ( � / ” l�)�* s D�+ G ⊆ Autk(S) �@C@p EHG3I .

X(DFE-�
, G

K(��`6v D �$� S(k) O*lnmoO �,��G3I@� \ , - G- .,/oOZ=�>Q' I k- ��`6v E10 G \S(k)
Y�2 O�3

� ' ^ S(k) � [ I6X6EZY 5 �@I .

Silverman [Sil95] K , P2 × P2 Â D (1, 1)- 4�� E (2, 2)- 4	��5�"�#i%<' I K3 2�4 S O_�]~�S�!
D�5�6 �Z¥,7 ~_) .

X<D-© � O�K , 7 i
ª U (i = 1, 2) � D 0�1 P2 × P2 → P2 Y�8o�:9 X_G 2 ;

<	=
S → P2 AF� � \ ' I S

D � � � σi
EZGiI&E

, G := 〈σ1, σ2〉 K 2 �?>�@ + 2 ¢ D l�A�B
(Z/2Z) ∗ (Z/2Z)

E * s /'C3� + O-/ I . Silverman K σ1
E

σ2
D���� O@±�~�S,D�?�E IGF ?o� G

I
“ »�¼*| ” /�H3% ĥ+ E ĥ− � j�ª ~ , JW' \ � � ?�S�- G- .,/oOZ=�>Q' I k- ��`6v D U@w
� x

y ~Z) ( J D��TD�IKJ O�p�?�STK Call-Silverman [CS93], [CS96]  *A�L Call [Cal94] �NMoA ).

Silverman O�A I “ »6¼�| ” /�H&% D�j6ª K , Wang [Wan95]
E

Baragar [Bar96] O�A�R<S P1 ×

P1 ×P1 Â D (2, 2, 2)- 4
�-5W"�#3%_' I K3 2<4 (G K 2 �K>O@ + 3 ¢ D l�A�B E * s / + ) � E qr
P %('*) . ><) , Billard [Bil97] CK*�QZ2�4oOZ��~HS Silverman
E VKR D�SKT �VU6?�S�? I (G K

C���� D >�@ + ). /�  , Baragar O-K [Bar96] O�W � q�X D�Y�Z*Y t¹� , JW' \ D	[ 5TK K3 2�4�!
D 2<; D U@w Y<x6y %('$S�? I .

~ � ~ , ?�\$' DW© � C 0 G \S(k)
D�56Y�],^ 5 � S$?T/W?T)�� ,

X ' \ D�S,T3� \ S
Ê  D �

`6v�U@w
� [ I6X6E K�5 � /@? .

4.3 _�` 0 a$¶'bc#�dK`�egf	h K3 ¶�·
κ(S) 6= −∞ ( PFR<S α(D) ≤ 0) 5*t I A*B(/�2�4 S OZ��~HS Batyrev-Manin

�@�TD ¿,i¹�NM I
)���O-K , >N\ S ! D 8�� 0

D 2<; D'j ¾¹�1k	l I�mKn*Y t I .
X(DK5	o-� \ D�x6y
E ~HS , k !�"

#o%<'T) K3 2�4 S
E

S O_=
>Z' I ��`&2�; (k !�"�#o%<'T)�8$� 0
D 2�;T5 k- ��`*vF�-CWpTC

D
)
D C���p C OZ��~HS , (S

Ê  D �	3��_O ) t I C ∈ C
D !&OWt I A*B(/<��`6v&O@�*R<S , J D

U-w �Vk�l I&E ?�B�C D6Y t I .
X<D-© � O Batyrev-Manin

�W�&Y@ª � «3R<S$? I@D / \(^ , �6�

11



D
ε > 0 OZ��~ , C

D ���$/��$U�p Cε 5
#

{

P ∈
⋃

C∈C−Cε

C(k) ; hD(P ) ≤ B
}

� eεB

/ I C D$Y���� ~_/F� STK�/ \ /@? . "-` 2.1 A&� , - C ∈ C OZ��~HS
#{P ∈ C(k) ; hD(P ) ≤ B } � e2[k:Q]/C·D

(C ·D K C
E

D
D�� v��¹��� G )

Y�ª � «�p X�EQY 3 �6I�� \ , ε
Y L&%3�H/ I O�P&R_S Cε K��	�

OG( � � G3I�mKn*Y t I .

Billard [Bil97] K , 
iO��?l6)TA*B(/ P1 × P1 × P1 Â D K3 2�4 S
E C����,>�@ + G ⊆ Autk(S)

OZ��~ , S
Y ��`32<; C ��=�
 E-� O , C

D
G- .,/ {φ(C) ; φ ∈ G } � C

E ~HS�! D A*B(/����
�6~Q) . >() , Sato [Sat98] K ,

b�c-dWe 2<4 A OV��� GTI Kummer 2(4 S
E

A OQ=¹>�' I g&hW2
; � \ j�ª %(' I S ! D ��`32<; D p�� C

E ~HS ⋃

C∈C
C ! D ��`6v�U@w
������~Z) . *�Q 5	o

D�x6y
E ~HS McKinnon [McK00], [McK04] C�t I .
X ' \ D�SKT K S OZ� G3I Batyrev-Manin

�@��E�� ��� Y t¹� ,
�@��Y ¿�~QJoB�� E ?¹B ³����

� �QÃiÄ<S�? I . ~ � ~ , � D C ∈ C
D !&O-C��FR<S�?*/@?&A*B(/<��`6v D ¢$� D! �"3Y 5 � /@?

��� ,
�@� J D C D ��#�"6|�O�$�% G3I6X6E K�5 � /@? .

4.4 “ &�'
! ” Kummer ¶�·ce)(�*�+ Batyrev-Manin
�W�

Batyrev-Manin
��� KQ��� D ��N D!,�j  FO�± G�I�- (*/ ��� 56tF� ,

Ê 46|TO�$�%&%_' I >Q5 D
//.iK�0�1&OWK � È C�p � /�? . >_) ,

X�X >Q5�M*)*A6B�O , K3 2<4iO�2i�<��"
~nS6C<}�~n? E K�3
?@�*? . §$¯$5/�?l I�D K , gih-2<; 2 ¢ D�4 BFON�O� G3I Kummer 2�4oOZ� G3I Batyrev-Manin

�@��Y���5 ~HS�? I�D 5TK�/@? �oE76 3�' I6X6E O�± G3I�8 |6/'M�$*5*t I .

Ei : y2
i = fi(xi) (i = 1, 2) � k !�"�#i%�'T)�goh�2�; (fi(xi) K';�9 �WC�)6/W? 3 �	� ), S �

A := E1 ×E2 ON�O� G3I Kummer 2�4 E ~ , 9 4.2
E *�Q;:�<F� � ? I .

X(DFE-�
, S K 3 �$N b

=�>@?�A@B
A3 Â D 2�4

S 0 : y2 = f1(x1) f2(x2) 6= 0

E
k !�C���`c* ¨ 5 , ��` ÇWÈ $ : A K S K A

� \
8 ° D 2<;

E1 × {T2 } (T2 ∈ E2[2]), {T1 } × E2 (T1 ∈ E1[2])

��¤�?*)6C D6� \ S 0 � D 2 ; <
= �ZÃFÄ I . >�) , d ∈ k×/k×2 O_�]~�S Ei
D�D�E�FHG

Ei,d
E

Kd := k(
√

d ) ! D * s θi,d : Ei,d → Ei ��I 2.3
D!� � E * j O_"?� ,

Ei,d := θi,d

(

Ei,d(k)
)

= {Pi ∈ Ei(Kd) ; P σd

i = −Pi }, E 0
i,d := Ei,d − Ei[2]

E�J � E � Y�ª �¬«$p :

$−1
(

S 0(k)
)

=
∐

d∈k×/k×2

E 0
1,d × E 0

2,d.

12



§$¯$5TK ,
X 'o�n»��*|�O

S(k) +

∐

d∈k×/k×2

E1,d(k) × E2,d(k)

E � GoX6E O G3I ($ K q@r O 2 � 1
D ÇWÈ 5*t I@� \ ,

X '�K � /¹�����3/���:65*t I ).

%<S , Batyrev-Manin
�@� O$A_' ^ S ! D ��`6v�K “ �T/@? ” �*5*t6R@) .

EWX	�@Y

P1(k) +

∐

d∈k×/k×2

Ei,d(k)
( ¿�
¹O-K x−1

i

(

P1(k)
)

=
⋃

d∈k×/k×2

θi,d

(

Ei,d(k)
)

)

( I 2.3
D � ���1MiA ) K “

, � D ” �-`�v3A3�H/ I . p3>T� , “ ( � / ”
���

X1, X2 � Xi =
∐

d Xi,dE U
� ~HS � R@) �$� ∐

d X1,d × X2,d
Y

“ Li%&� ” /6R<S�? I6X6EZY���� %(' I�D 5*t I .

E1
E

E2
Y *�835�t I�© � , E1,d(k)

E
E2,d(k) K�����* Q “ ( � % ” ��C�º (rankE1,d(k) =

rankE2,d(k)
E / I ), PFR<S S(k) C “ ( � � ” / I .

EWX	�@Y
,
X(D@© � O-K A OZ=�>Q' I gih-2

; � \ S ! D �-`�2(; D CT�Gp Y(j�ª 5 � , �-`�v D/, �QK X ' \ D 2(; D !�O@t I�X�E�Y M��¹>�'
I )�� , ! D@²�� K Batyrev-Manin

�@��E K�����~_/@? .
� 5

, E1
E

E2
Y *@8&53/�? © � O$K , S K�8*� 0

D 2@;]�-to>o�¬=]>W/�? . 9�Ä ^ , 061
pi : A → Ei K S O Ci := Ei/〈 [−1] 〉 (∼= P1) ! D gih-2�4 D�j�k qi : S → Ci � 8&� 9
XZG6Y , E1E

E2
Y *(8*5*/@? E-� O-K qi

D���� K(���(¢ ~ ����� ~_/@? X6EZY����FI . S
� \ £��n¤�� l �

�-`�2(; Y M���) \ /�?W§�! , “  � Ê S ”
D

d O�� ~nS E1,d(k)
�

E2,d(k)
D q 5 K “ L&%3� ” /�R

S�? I*X*E � ��� ~_)��_/ I@D 5Tt IWY , ��!T|����$� β OZ1�"���#$�6%-/W?/.�% D ��� � “ Lo%
? ”
E M�/ GoX6E O�~HS�? I'& 56t I�� \ 2�K�(
)65*KW/@? .

X(D A*B(/+*�m E ~Z) ��� �Q"-��|�O
"
� P G3I6X6EZY�, >Q' I .

-/.
A 021

436587�9;:

°
< [ 5 � ?$)�H*% D "�# E>= °$|$/ ��? O_pW?-SA@�(3O���lWS� &� . B�~���K [HS00] C [Lan83],

[Ser97] �ED�F D&X6E .

°��¹�HG�~HS k ������������ EHG3I .

A.1 I
J�K�LNM	a�O�P
Mk � k

D	Q v Ê  D / G �$� E ~ , M∞
k (resp. M0

k ) 5 k
D C�� Q v (resp. ��� Q v )

Ê  D /
G �$� ��� G . ><) , x ∈ k

E
v ∈ Mk OZ��~HS ‖x‖v ���oO$A&� "?� I :

(i) v ∈ M∞
k

D@© �
. ι : k → C � v OZ�
R G3I'S �N�UT E ~HS

‖x‖v :=







|ι(x)| (ι(k) ⊆ R)

|ι(x)|2 (ι(k) 6⊆ R)
.

(ii) v ∈ M0
k

D@© �
. p � v OZ�
R G3I�Q E�V b�e E ~HS

‖x‖v := Np− ordp(x).

13



X(DFE-� � Y�ª �¬«$p :

���
A.1 (i)

∏

v∈M∞

k

‖x‖v =
∏

v∈M0

k

‖x‖−1
v = |Nk/Q x| (x ∈ k×).

(ii) �������
( K/k OZ��~ , MK
E ‖x‖V (x ∈ K, V ∈ MK) ��* j O_"?� I�E-�

∏

V ∈MK

V |v

‖x‖V = ‖x‖ [K:k]
v (x ∈ k, v ∈ Mk).

P = [X ] ∈ Pn(k) (X = (xi) ∈ kn+1 − { 0 }) OZ��~ ,

Hk(P ) :=
∏

v∈Mk

max
i

‖xi‖v

� P
D

k O�± G3I ( �,`�� ) O�P EQuWÁ . ! D���	TD (i) O$A&� ,
X(D "$#�K X

D�
 L 5 O-K
� \
/@? . ><) , t I i OZ��~HS xi = 1

E / I A*B(/ X
Y�
 l I@� \ , Hk(P ) ≥ 1 5*t I . % \ O ,

�
	TD

(ii) O$A&� ,

H(P ) := Hk(P )1/[k:Q]

K P
D "$#@ k

D�
 L 5 O-K
� \ \&O_"¹> I . H(P ) � P
D�� (�� ( �,`�� ) O�P EQu L ,

h(P ) := log H(P )

� P
D�� (��/(K`��
O�P EQuWÁ .

���
A.2 X = (xi) ∈ kn+1 − { 0 } D@ª U Y��-ª�G3I UW� E�V b�e � aX

E�J � E

NaX =
(

∏

v∈M0

k

max
i

‖xi‖v

)−1

Y�ª �¬«$p � \ , P = [X ] ∈ Pn(k)
D

k O�± G3I H3%-K

Hk(P ) =

∏

v∈M∞

k

max
i

‖xi‖v

NaX

E C)� �FI .

Å
A.3 k = Q

DFE-�
, P ∈ Pn(Q) K gcdi x i = 1 / I (xi) ∈ Zn+1 � � ?�S P = [xi]

E � �FI .
X

DFE-�
H(P ) = HQ(P ) = max

i
|xi|.

! D 9
Ai�1� \ � /TATBWO , �6� D "�� B O_�]~�S h(P ) ≤ B 5Tt I A�B</ P ∈ Pn(Q) K<�3�
¢ ~ ����� ~_/@? . A&� q@r OZ� Y�ª �¬«$p :

14



� �
A.4 ��� D "-� N

E
B OZ��~HS

#{P ∈ Pn(Q̄) ; [Q(P ) : Q] ≤ N, h(P ) ≤ B } < ∞.

� D 2 p D���	 K<"$#iA&� 4 º*OQP�B :

���
A.5 s : Pm × Pn → Pmn+m+n � Segre

S �N�UT EHG3I�E-�

h(s(P1, P2)) = h(P1) + h(P2)
(

P1 ∈ Pm(Q̄), P2 ∈ Pn(Q̄)
)

.

���
A.6 f : Pn → Pn � Q̄ !�"$#&%('*)<0�1��K� EHG3I�E-�

h ◦ f = h + O(1).

A.2 �,`�������M	a�O�P
V � k !$"6#F%�'3)W+�,T.&/�0�1��6� ,Kj  EZGoI . V ! D ½W¾ D

Y�= v��-C�)*/-? E�� ,

f : V → Pn �	��
$; s I |D| OZ�
R G3I 0 E ~HS ,

hD := h ◦ f : V (Q̄) −→ R

� D OZ�
R G3I
� �*|@���T|KH3% EQuWÁ . f ′ � |D| OZ�
R G3I�� /(0 EHG3I�E ,
��	

A.6 A&�
h ◦ f ′ = h ◦ f + O(1)

E / I@� \ , hD K D
D ; s * ¨ V � \ ������� D�� �<¤-?�S q �*|�O_"¹> I .

q@r D ½�¾ D K =
vo�@C-)$/@?6½�¾ D1, D2 O$A�R<S D = D1 − D2

E � �FI@� \ ,

hD := hD1
− hD2

E�J � E ,
��	

A.5 A&� hD K D1, D2
D�
 L 5 O-K
� \ \&O ( ������� D�� �<¤-?�S )

q �*|�O_"
> I6X6EZY 3 �*I . §$! D A*B�O_"$#
~Z) hD O�p�?�S , � D "-`& *A�L�� 	�Y�ª �¬«$p :

���
A.7 Pic(V ) � V

D
Picard

+
, R[V ] (resp. R[V ]bdd) � V (Q̄) ! D ¥-� ¨ ��� (resp. ���3/

¥-� ¨ ��� )
Ê  D / G�����+ EHG3I�E-� , ¼�* s ÇWÈ

Pic(V ) 3 D 7−→ hD ∈ R[V ]/R[V ]bdd

5W�¹��T�) G C D$Y q �*|TO ����G3I : ½�¾ D
Y�= vo�@C-)$/@? E-� , f : V → Pn � |D| OZ�
R G

I 0 EHG3I�E hD = h ◦ f .

� �
A.8 (i) ( ����� ) W � k !�"$#&%('*)�+-,�.�/(0�1���� ,�j  , f : V → W �H0 EHG3I�E-� ,

W ! D ½�¾ D OZ��~HS
hf∗D = hD ◦ f + O(1).

15



(ii) ( ��� � ) D � V ! D���� /�½�¾ EHG3I�E-� , ��� D "-� N
E

B OZ��~HS
#{P ∈ V (Q̄) ; [k(P ) : k] ≤ N, hD(P ) ≤ B } < ∞.

(iii) ( �O 	��� ) D � V ! D���� /�½�¾ EHG3I�E-� , D
E ���T|?* ¨ /�½�¾ D′ E "-� ε > 0 O

��~HS
(1 − ε)hD − O(1) ≤ hD′ ≤ (1 + ε)hD + O(1).

A.3 
��
����������M	a�O�P
A � k !�"$#&%('*) b@c�d�e ,�j  EHG3I .

X(DFE-�

pi(P1, P2, P3) := Pi, pij(P1, P2, P3) := Pi + Pj , pijk(P1, P2, P3) := Pi + Pj + Pk

O$A&��0 p• : A × A × A → A �Q"?� I�E , A ! D ½�¾ D OZ��~ , A × A × A ! D ½�¾
p∗123D − p∗12D − p∗13D − p∗23D + p∗1D + p∗2D + p∗3D

K 0
E ; s * ¨ OW/ I6X6EZY []\ '$S�? I . PFR<S , "-` A.7

E � 	 A.8
D

(i) A&� , ���
hD(P1 + P2 + P3) − hD(P1 + P2) − hD(P1 + P3) − hD(P2 + P3) + hD(P1) + hD(P2) + hD(P3)

K A(Q̄)×A(Q̄)×A(Q̄) !W���$56t I�X�E�Y 3 �6I .
X_D3X$E � � ? I*E , � D "W`¹� �&I$X�EQY 5

�@I
:

���
A.9 (Néron-Tate) A ! D ½�¾ D OZ��~ , A(Q̄) ! D 2 �,4?� qD

E
1 �,4?� lD 5

hD = qD + lD + O(1)

��T�) G C D$Y q �*|�O ���6G3I .

! D "-`FOW 6¡ I qD
E

lD K 2 O A(Q̄)/A(Q̄)tors ! D �����Q"?� I :

qD(P + T ) = qD(P ), lD(P + T ) = lD(P ) (P ∈ A(Q̄), T ∈ A(Q̄)tors).

><) , D
Y ��� ([−1]∗D

Y
D
E ; s * ¨ )

D@© � O-K lD = 0
E / I . 2 �����

ĥD(P ) := qD(P ) + lD(P )

� D OZ�
R G3I�� ���
O�P EQu L , ���&/�C�; s 4?�
〈P, Q〉D :=

1

2

(

ĥD(P + Q) − ĥD(P ) − ĥD(Q)
)

=
1

2

(

qD(P + Q) − qD(P ) − qD(Q)
)

� D OZ�
R G3I O�P���
������ EQuWÁ .

� D � 	 K ,
X 'F>Z53O��?l6)�"-`��¹A&���6}&OQP�B :
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� �
A.10 D � A ! D���� /�½�¾ EHG3I�E-� :

(i) ��� D "-� N
E

B OZ��~HS
#{P ∈ A(Q̄) ; [k(P ) : k] ≤ N, qD(P ) ≤ B } < ∞.

(ii) ��� D P ∈ A(Q̄) K qD(P ) ≥ 0 ��T�)o~ , �@< Y�ª « G3I�D K P ∈ A(Q̄)tors
DFE-� O@� I .

(iii) qD K D
D ���T|?* ¨ V D T�O �¹R<S-"¹> I .
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