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#%$'&

r (|r| < 1) (*),+.-0/214365879+': & ∑∞
n=1 rn ;=<?> r/(1 − r) (

#%$'&
) @BADC , E*F >GBH : & f(z) =

∑∞
n=1 zn ; z = r IKJML%1*N�-POQ1MEM-*R,@TSU1 . VWI 1/2 (*),+.-0/214365879+

: & ∑∞
n=1 1/2n ;=<?> 1 @BAX1 . @ >ZYK[ ( 1 \=]_^%`*aZ365Z: & ∑∞

n=1 1/(2n − 1) ;=<?>2bP;2cdfe & @BAXg d*hDi 1948 j , Erdös [6] > Lambert : &

L(z) =

∞
∑

n=1

zn

1 − zn
=

∞
∑

n=1

d(n)zn, |z| < 1,

; #'$Bk z = 1/q (q ≥ 2 >8l & ) I,JBL'14N ; 3 $9m (*n_`4a . E9Ef@ d(n) > n ;Ko9p & ;Uq &
(=AW^0r'/ . `4a'RQs8t L(1/2) =

∑∞
n=1 1/(2n − 1) > 3 $X& @QAM1 . ` h ` Erdös ;Ku2v%w%x?>

Lambert : & ; V m (zy,{.`za9| ; @ ξ =
∑∞

n=1 1/(2n − 3) ; 3 $%m~} @ uMv /61XEX- > @�S eKh s
a . �WIP� > Graham -���I ξ RU3 $'& h b d*h -z� d*�8� (z�6��`�t%�61 . � ;=p 40 j,� , ξ ; 3$'m R Bézivin [1] ;K� $ I c C�� h FBa . � $ (z�M�614�TI8�.��\ h ;=�,� (*/21 .�X� &

q (|q| > 1) I*��` ,

Lq(z) :=

∞
∑

n=1

zn

qn − 1
, |z| < |q|,

Eq(z) := 1 +
∞
∑

n=1

zn

(q − 1) · · · (qn − 1)

- �9� /21 . limq→1(q
n − 1)/(q − 1) = n c C

lim
q→1

(q − 1)Lq(z) = − log(1 − z), lim
q→1

(q − 1)Eq((q − 1)z) = ez

R8��C��'\ . �=FM�X� Lq(z),Eq(z) > �=FX�UF q � &Q�f& , q � &Q�f& -z M¡8FQ1 . E ; -KS�¢ ; 7M£
RU��C¤�9\?EM-*RU¥_^�F9t'�61 ([9] ¦M§ ).

Lq(z) =

∞
∑

n=1

z

qn − z
, |z| < |q|, (1)

Eq(z) =

∞
∏

n=1

(

1 +
z

qn

)

,

∞
∑

n=1

z

qn − z
= z

E′
q(−z)

Eq(−z)
. (2)

¨9©
(1) ;Uª9«B; : & I c s8t Lq(z) ;K�9�K¬ (0­W®8tBJW� . 1988 j , Bézivin >4¯MY (z°B±Xa q �&6�Z& ; #%$Mk IKJML%1*N ;U²9³'´ � m I � /21 � $ (zn�`*a .
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���
A. (Bézivin [1]) q (|q| ≥ 2) ( #%$ l & , α1, . . . , αm ( αi 6= 0,−qν (ν ≥ 1), αi 6= αjq

µ, µ ∈ Z

(i 6= j) (fOXa=/ #%$'& -0/21 . E ; -,S ml + 1 q6; &

1, Eq(α1), . . . , Eq(αm), . . . , Eq
(l−1)(α1), . . . , Eq

(l−1)(αm)

> #%$'&���� ²9³'´ �'@BAX1 .

`*a%RQs8t � $ A - (2)
h ^ ¨9© RU� h F21 .

���
B. q (|q| ≥ 2) ( #%$ l & , r 6= 0, qν (ν ≥ 1) ( #%$'& -0/216-,S

Lq(r) =

∞
∑

n=1

r

qn − r

> 3 $'& @BAX1 .

VTI ξ =
∑∞

n=1 1/(2n − 3) > 3 $%& @MA91 .
} a Borwein [2], [3] >�� 1 I=JXL,1 q, r ;
	9�X; © ,

Bézivin - >�� e 1 w,x I c C
∞
∑

n=1

1

qn − r
,

∞
∑

n=1

(−1)n

qn − r

; 3 $'m ( uQv ` , �KF.^ ; 3 $
��� (����=a . q � &6�Z&�� �KF?I����K/21 �Z& ; N ; &
���Um
�
(��B�61�� , Borwein ;����
���'>� "! I #"# @BAX1 . $�%B@ > q � &6�Z& ; N ;U²9³'´ � m I � /
1 ¨9© ;�&�' ()(�`X�+*
,�`0t'�TS8aK�D-.- d .

���
1 (Y.T [8]). K ( #%$'&�� , |?`X� >0/�1 ¢ � -0/21 . q (|q| > 1) ( K ;=l & -9` , {an}n≥1

(�2'7 � I 0 @ e � K 3 ;�4"5 2 ; &76 -0/21 . E ; -,S
θ =

∞
∑

n=1

an

1 − qn
/∈ K.

8
1. q (|q| ≥ 2) ( #%$ l & -0/21 . E ; -,S:99\ ; &

1, Lq(1) =

∞
∑

n=1

1

qn − 1
, Lq(−1) =

∞
∑

n=1

(−1)n

qn − 1
= −

∞
∑

n=1

1

qn + 1

> #%$'&���� ²9³'´ �'@BAX1 .

2
;=<

q, {am}m≥1, θ ( � $ 1 ; | ; -0/21 . E ; -,S0¢ ;?>A@"BMY ()CT�%1 .

Fn(q) =
1

2πi

∫

|t|=1

(−1/t)

2n
∏

k=1

(

1 − qk/t
)

n
∏

k=1

(

1 − q2kt
)

∞
∑

m=1

am

1 − qm/t
dt, n ≥ 1. (3)
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¨9© BMY?@�>�! I oB;�� SKIQ-Z1%| ; -0/21 . q ��� [n]q!, J c�� q 1���	 & [n
i

]

q
(8�KFM�KF

[n]q ! :=
(1 − qn)(1 − qn−1) · · · (1 − q)

(1 − q)n
, [0]q := 1,

[n

i

]

q
:=

[n]q !

[i]q![n − i]q!
, i = 0, 1, . . . , n

@ �9� /21 .


��
1. 0 ≤ i ≤ n I*��` ,

[n

i

]

q

> q ;=l�	 &�
 � £'@BAX1 ..

���
.
[

n
0

]

q
=
[

n
n

]

q
= 1 >Kv ^ h . i 6= 0, n ; -,S ,

[n

i

]

z
=

∏n
k=1(1 − zk)

∏i
k=1(1 − zk)

∏n−i
k=1(1 − zk)

.

∏n
k=1(1− zk) ;�� k ( ζ = e2πia/b (a, b >�� �6I � e o%l & ) -4JT�=- ∏n

k=1(1− zk) I=JXL,1 z = ζ;�� � � > [n/b] @BAX1 . c s8t #%$6�Z& [n
i

]

z
;,YK[ , Y���� � ;�� � � >

[n

b

]

−

([

i

b

]

+

[

n − i

b

])

≥ 0

- e 1 ; @ z = ζ > [n
i

]

z
;�� @ > e � . `*a%RBs4t [n

i

]

z
> 
 � £'@BADC , �2^8I������ ;�� �6h ^l�	 & @BAX1MEM-*RU� h F21 .

¨9©
, c1, c2, . . . ( n I! #"_` e � o9� & -0/21 .


��
2.

Fn(q) =

n
∑

i=1

2n
∏

k=1

(1 − qk+2i)

n
∏

k=1

k 6=i

(1 − q2k−2i)

(

θ −

2i
∑

m=1

am

1 − qm

)

−
1

(2n − 1)!

(

2n
∏

k=1

(

t − qk
)

n
∏

k=1

(

1 − q2kt
)−1

∞
∑

m=1

am

t − qm

)(2n−1)
∣

∣

∣

∣

∣

∣

t=0

(4)

���
. (3) ;�$"BMY �Z& >&%�')( 3 {|t| = 1} I %�*�� t = q−2i (1 ≤ i ≤ n) (!+-, , �KF.^ ;�� I

JML%1�. & >
2n
∏

k=1

(1 − qk+2i)

n
∏

k=1

k 6=i

(1 − q2k−2i)

∞
∑

m=1

am

1 − qm+2i
, i = 1, 2, . . . , n

@BAX1 . E'E4@ {am}m≥1
> 4"5 2 ; &76 e ; @

∞
∑

m=1

am

1 − qm+2i
=

∞
∑

m=1

am

1− qm
−

2i
∑

m=1

am

1 − qm
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- e C , (4) ;Uª9«B;���� � (���1 . ��1��?>&%�')( 3 ; t = 0 IKJML%1 2n '6;�� h ^*�X1 .

� } Dn(q) :=
∏2n

k=n+1(1 − q2k) -fJW� . E ; -,S
|Dn(q)| ≤ c1|q|

3n2+n (5)

@BAX1 . Dn(q) > Fn(q) ;,YK[ (�� d .


��
3 (Divilisivity).

Dn(q)Fn(q) = An(q)θ + Bn(q), (6)

E'E4@ An(q), Bn(q) ∈ Z[a1, a2, q].

���
.

1
n
∏

k=1

k 6=i

(1 − q2k−2i)

=
qi(i−1)

i−1
∏

k=1

(q2k − 1)

n−i
∏

k=1

(1 − q2k)

,

J c�� (4)
h ^

Fn(q)

=
1

n−1
∏

k=1

(

1 − q2k
)

n
∑

i=1

(−1)i−1qi(i−1)

[

n − 1

i − 1

]

q2

2n
∏

k=1

(1 − qk+2i)

(

θ −

2i
∑

m=1

am

1 − qm

)

−
∑

λ,µ,ν≥0

λ+µ+ν=2n−1

1

λ!µ!ν!

(

2n
∏

k=1

(t − qk)

)(λ)
∣

∣

∣

∣

∣

∣

t=0

(

n
∏

k=1

(1 − q2kt)−1

)(µ)
∣

∣

∣

∣

∣

∣

t=0

(

∞
∑

m=1

am

t − qm

)(ν)
∣

∣

∣

∣

∣

∣

t=0

(���1 . E'E4@��
	 ; λ, µ IZ\%�'t
1

λ!µ!

(

2n
∏

k=1

(t − qk)

)(λ)( n
∏

k=1

(1 − q2kt)−1

)(µ)

; t = 0 IKJML%1*N > q ;=l�	 &�
 � £'@BAX1 .
} a

(

∞
∑

m=1

am

t − qm

)(ν)
∣

∣

∣

∣

∣

∣

t=0

= −ν!

∞
∑

m=1

am

(qν+1)m
= ν!(a1q

ν+1 + a2)
1

1 − q2(ν+1)

@BAX1MEM- c C
Fn(q)

=
1

n−1
∏

k=1

(

1 − q2k
)

n
∑

i=1

(−1)i−1qi(i−1)

[

n − 1

i − 1

]

q2

2n
∏

k=1

(1 − qk+2i)

(

θ −

2i
∑

m=1

am

1 − qm

)

+
∑

λ+µ+ν=2n−1

λ,µ,ν≥0

Qλµν(q)
1

1 − q2(ν+1)
(7)
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- h LX1 . EBEZ@ Qλµν(q) ∈ Z[a1, a2, q] (λ, µ, ν ≥ 0) @?A61 .
} a m ≤ 2i IZ��` Pim(q) =

(1 − qm)−1
∏2i

k=i+1(1 − qk) ∈ Z[q] -fJW�K-
2n
∏

k=1

(1 − qk+2i)

1 − qm
= Pim(q)

[

2n + 2i

2n

]

q

[

2n

2i

]

q

i
∏

k=1

(1 − qk)
2n−2i
∏

k=1

(1 − qk)

c C
2n
∏

k=1

(1 − qk+2i)
2i
∑

m=1

am

1 − qm
∈ Z[a1, a2, q], i = 1, 2, . . . , n

R�� d .
¨ � c C ∏n−1

k=1 (1 − q2k) - 1 − q2l (l = 1, · · · , 2n) R Z[q] I%JK�9t Dn(q) (���CUS,1BEB-
(��2�,¡��9�XR2E*F >Kv ^ h @BAX1 .


��
4. � Y
	 S*� n IZ\%�'t ,

0 < |Fn(q)| ≤ c3 |q|
−3n2−2n

. (8)

���
.
}��

|Fn(q)| ; � h ^ ;�
�� (�� d . (3) ;�$"BMY �Z& > |t| = 1
� @ ������� /21 ; @

Fn(q) =

∞
∑

m=1

1

2πi

∫

|t|=1

fn,m(t) dt

- h L%1 . E'E4@
fn,m(t) =

−am

t − qm

∏2n
k=1(1 − qk/t)

∏n
k=1(1 − q2kt)

.

� } n (�� Y
	 SQ�K-BC�� � /21 . E ; -,S�� m I*��`
1

2πi

∫

|t|=1

fn,m(t) dt =
1

2πi

∫

|t|=R

fn,m(t) dt −
1

2πi

∫

|t−qm|=1

fn,m(t) dt.

|t − qm| ≤ 1 IKAX1 fn,m(t) ;��T> , %�*�� t = qm ; O%@BAX1 h ^ . & � $ c C

1

2πi

∫

|t−qm|=1

fn,m(t) dt = −am

2n
∏

k=1

(1 − qk−m)

n
∏

k=1

(1 − q2k+m)

= Im (9)

( �?1 . E%E*@ Im
> R IP3 � 	 @MAWC m ≤ 2n ; -KS Im = 0 - e 1 .

} a�� Y�	 SP� ( |t| = R
�

@ |fn,m(t)| ≤ 1/R2 RU��C¤�9\ ; @ |t| = R
� @ ;�BMY6> 0 @BAX1 . `*a%RQs8t

Fn(q) =

∞
∑

m=2n+1

Im. (10)

(9) c C |Im| ≤ c2|q|
−n2−n(m+1) R��B� , |Fn(q)| ≤ c3|q|

−3n2−2n (���1 .

¢WI�� Y�	 S4� n I4�_` , Fn(q) 6= 0 @QAM1QEB-,(f� d . a1 6= 0 - 	M� /?1 . E ; -%S (9) - (10)c C
Fn(q) = a1

∏2n
k=1(1 − qk−2n−1)

∏n
k=1(1 − q2k+2n+1)

(

1 +
∞
∑

l=1

bnl

)
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R�� d . E'E4@
bnl =

al+1

a1

n
∏

k=1

(

1 − q2k+2n+1

1− q2k+2n+l+1

) 2n
∏

k=1

(

1− qk−2n−l−1

1 − qk−2n−1

)

@BAX1 .
} a |bnl| ≤ c4|q

−n|l c C , � Y
	 S*� n I*��`0t ∑∞
l=1 |bnl| < 1 @BAX1MEM-*R,r h 1 . `*a

RQs8t Fn(q) 6= 0 (���1 . a2 6= 0 ; -,SU|�� � I uQv @TS=1 .

3
���

1 ���	�
���

1 
 ��� . a1, a2 ( K ;=l & -9`0tQ| ��� m (�
9r e � . � } θ ∈ K - 	X� ` , d = denθ -
JW� . E ; -,S (5),(6), J c�� (8) c C � Y
	 S*� n I*��`0t

d|Dn(q)Fn(q)| = |d(An(q)θ + Bn(q))| ≤ c5|q|
−n.

�'w d(An(q)θ + Bn(q)) > 0 @ e � K ;=l & e ; @
1 ≤ |d(An(q)θ + Bn(q))|.

� £ > n R�� Y
	 S*��� , ���6I*��C¤�Ma e � . `*a%RQs8t���� , θ /∈ K (���1 .

4 ��� � !
���

, q � &6�Z& ; NWI � /21 ¨9© ;K� $ R uQv �fFBa .

���
C.(Bundschuh-Väänänen [4]) q (|q| ≥ 2) ( #%$ l & -0/21 . E ; -,S:99\ ; &

1, Lq(1) =

∞
∑

n=1

1

qn − 1
, Lq

′(1) =

∞
∑

n=1

n

qn − 1
=

∞
∑

n=1

qn

(qn − 1)2

> #%$'&���� ²9³'´ �'@BAX1 . �2^8I��
	 ; ε > 0 I*��` o9� & c(ε) R�"��_`
|h0 + h1Lq(1) + h2Lq

′(1)| ≥ h−(2π2+8)/(π2−8)−ε

R h = max(|h1|, |h2|) > c(ε)
e 1 l & h0, h1, h2 I*��`0tK��C¤�9\ .

limq→1(q − 1)2Lq
′(1) = ζ(2) ( E%E*@ ζ > Riemann zeta

�8&
) c C Lq

′(1) > ζ(2) ; q ���B@MA91 .

Nesterenko [7] > � 	 ;�� &��Z& q (|q| > 1) IP�.`�t Lq
′(1), J c�� Eq(−1) =

∏∞
n=1(1− q−n) R! "9& @BAX1MEM-K( uQv `*a . �'w , Lq(1)

�
Eq(1) R# "9& - e 1 � & �U& q ;�$T>!% �'&�-P\B|f¥

^�F9t'� e � . Bundschuh-Väänänen > ��( [4] ;*) @ , q � &6�Z& IKJ=�'tQ|�+-,M@K�M�Ma Bézivin;K� $ -!� �6; m
� RU��C¤�9\?EM-K(-.�/_`0t'�61 .

0�1
. q (|q| ≥ 2) ( #%$ l & -9` , α1, . . . , αm ( αi 6= 0, qν (ν ≥ 1), αi 6= αjq

µ, µ ∈ Z (i 6= j) (fO
a=/ #%$'& -0/21 . E ; -,S ml + 1 q6; &

1, Lq(α1), . . . , Lq(αm), . . . , Lq
(l−1)(α1), . . . , Lq

(l−1)(αm)
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> #%$'&���� ²9³'´ �'@BAX1 .

Lq(z) > �f& 7M£ Lq(qz) = Lq(z) + z/(1− z) (U|Z\ . `Pa,RXs4t αi = αjq
µ, µ ∈ Z

e ^*¡ Lq(αi)

- Lq(αj)
> Q

� ²9³ ���WI e 1 ; @�.�/B@K�M� ^�F9t'�61 q ;����T>���� @BAX1 . % � , 	 � $ -
`0t�
M\ h s8t'�61 ;B> (i) l = 1, m = 2, α1 = 1, α2 = −1 ( � 1), J c�� (ii) l = 2, m = 1, α1 = 1

( � $ C) ;
���M;A1�$6; O%@BAX1 . VWI Bézivin ;�&�' ( � $ B) (z°�� 1, Lq(r), Lq(−r) ; Q
� ;

²9³'´ � m IZ\%�'t >!% ��|��A*��M@BAX1 .

�������
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