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1 Mahler-Manin B+C DFEHGJI
KMLONOPRQ

j SUTOVXWZY\[^] , _a` KMLONOPRQ\bdcfedg [ihkj j(τ) ] , lUmUnOo H = {τ ∈ C | Im τ >

0} p\qsrutwvyx{z-| b{c 1 py}f~ ,

SL2(Z) =

{(

a b

c d

) ∣

∣

∣

∣

a, b, c, d ∈ Z, ad− bc = 1

}

�M�y���Mb$�d� S^T�pu}a� . �u�-��� , σ =

(

a b

c d

)

∈ SL2(Z)
�

τ � �M�y�����sc���� T^�
σ(τ) =

aτ + b

cτ + d

��� ~�q^rs�i� eM���y�a� σ ∈ SL2(Z)
�����

j(σ(τ)) = j(τ)
�{� x�� . SL2(Z)

] ( 1 1

0 1

)

,

(

0 −1

1 0

) �s� ~��\ ¡twv��U¢f£ , j(τ) ]
j(τ + 1) = j(τ), j

(

−1

τ

)

= j(τ)

��� x�� bUc pa}�� e q^r �¤��gs¥w¦ pa}^� . § ��¨i� ~ j(τ) ]�©sª 1
��g�« ¢�£ , z = e2πiτ

�
Fourier ¬ c3�R�® twv���¯

j(τ) =

(

1 + 240

∞
∑

n=1

n3zn

1 − zn

)3

z

( ∞
∏

n=1

(1 − zn)

)24 =
1

z
+ 744 +

∞
∑

n=1

c(n)zn. (1)

°^±
, ²s³ �R´��¤� (1)

��µ^¶3�^� ~¸·y¹ � ©�~ ��ºOQuP^»R�®s¼�½¡¾ £¿vu��À�Á bOc�� J(z)
e

Â � . J(z) ] 0 < |z| < 1 p-z^|ap�}y� . c(n) ]���Ã � z^Ä c p�}�~ , Å�ÆyÇ-È [4]
�y� � e ,

c(1) = 196884, c(2) = 21493760, c(3) = 864299970, c(4) = 20245856256, c(5) = 333202640600, . . .

py}^� .

1937 É Schneider ] τ ∈ H
¼�ÊË� ° l �OÌ-caÍOc �¡£�Î j(τ) ]dÏ-Ð c py}^��Ñ e��¤ÒaÓ3� x .Ô-Õ , 1969 É Mahler ] , 0 < |q| < 1

�w� xU� Ì-caÍOc q
�d���¿�

J(q) ]dÏ-Ð c py}^Ö�h e¤×UØ� x . Ù�x , 1971 É Manin ] , J(z)
�

Cp l �sb{c�e Æ ¾ x{ÚsÛ � l\Ü ew¥�Ý��UÞMß�¼  �àM����Ñe���×UØ�� x . x-á � , Cp ]�â c p
�d� ��� p ã cMä Qp

�OÌ-c�åUæ��Uç\è�é py}^� . Ñdv$£ �ëê
1j(τ) ì H ∪ Q ∪ {∞} íïîñð¸òóí�ô¸õ .
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� �
Mahler-Manin

×{Ø$e�� ��� . Ñ �\×OØ ] K. Barré, G. Diaz, F. Gramain, G Philibert [1]
�M�

~ñÀ��¡twvyx :

���
1. 0 < |q| < 1

�w� xU� Ì-caÍOc q
�d���

J(q) ]dÏ-Ð c py}^� .

[1]
��Ò�Ó ]	��
 Í��� self contained p�]-�\[�� ��g }��Ux ¼ , ������� [3]

�^� ~����i� Ò�Ó¼U½i¾ £kvyx . ²M³ � § 1 �a¢f£¸§ 3 ��pa]{l\Ü Mahler
�M×UØa�UÒaÓ��

[3]
����	 �Ux"!�pUÀ�#

��� . $&% ��'�(i�")f� , *�+ [3] ¢f£ �,�- �. �f�0/�1��¿� ± t��Ox32�4 ,�5�6�5 � � ���7�&�8 �s� �:9 [�; �f� Ñ-Ñ � Â � x�[ e=<?> ÙR� .

2 @BADCDEGFHCJILK
Mahler

� ÕNM �a� �wÏyÐPOGQ Ì�ciÍ�R à�O �-ÒuÓi� ] ± Ü ��S ²aS�T ¨�¼M� [
£¤v3� . α
�

0 p¡�^[ Ì�c3Ísc , n = [Q(α) : Q], α(1)(= α), α(2), . . . , α(n) � α
��UPV<e ��� . α =

max{|α(1)|, |α(2)|, . . . , |α(n)|} e qyr^�i� . d = den(α)
e �i� e NQ(α)/Q(dα) ∈ Z \ {0} á^¢�£

1 ≤ |NQ(α)/Q(dα)| = dn|α(1)||α(2)| · · · |α(n)| ≤ dn|α| α
n−1

. W � ,

|α| ≥ d−n α
−n+1

.

X ¶y�U�Mc���e � e Liouville Y[Z�\�]�^�_J`
log |α| ≥ −2nmax{log α , log den(α)}

�ba � .

c�d
1 (A special case of Siegel’s lemma). aij ∈ Z (i = 1, . . . , r; j = 1, . . . , 2r) ] |aij | ≤ A

�
� x�� e �i� . xsá � , A ≥ 1. Ñ �feM� , x1, . . . , x2r

�O« [ �^�y¥{�Ne à � � Õ:f ¨ 2r
∑

j=1

aijxj =

0 (i = 1, . . . , r)
��gihdÓ �wÄ c À , jy� , ky� �Ue�g:lue¤« ] 0 py]��O[ x1, . . . , x2r ∈ Z p�}N� �

|xj | ≤ 2rA (j = 1, . . . , 2r)

�w� xU� gU�s¼"<�m ��� .

Ñ �"n�o ] Siegel’s lemma
�	p�q �wÚ-Û-p�}3~ ,

ÒyÓ ]�²:r�s�t �"uvxw 8 � �zy Thue
� q:{�|� Å�} �¿�:~�� x�[ .

Mahler
×UØa�UÒaÓa�d� [�� j(τ)

� O��u] �y���¸« py}^� .�N��� W�����Oaj �:� j : H → C ]����ypy}^� .�N��� W K�L^N^P�Q���¨ j �^�y� z-Ä c s
�d���

Φs(X) =
∏

a,d∈N, ad=s,
b∈Z, 0≤b≤d−1,

(a,b,d)=1

(

X − j

(

aτ + b

d

))

(2)
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e��i�
. Ñ �3e\� , X

����¨
Φs(X)

���sc ] Z[j]
��� � . �i� � , Φs(X) = Φs(X, j) ∈ Z[X, j].

Ñ¤v ���-c s
�MK^LsNsP�Q:�:�^¨3e [3h . (2)

� ~ Φs(j(sτ), j(τ)) = 0. }s�w[y] , J(z)
��« [ � +��e

Φs(J(zs), J(z)) = 0.

Φs(X) ∈ Z[j][X ] ] C(j) l
	���py}^� . ψ(s) = degX Φs(X) ] Φs(X)
� qsr � ~

ψ(s) = s
∏

p|s

(

1 +
1

p

)

p ½i¾ £kv���Ñ ed¼�� ¢y� . x-á � ,
µs¶y�� ] s

� �sÃ �s� â�� c p
��� � .

∏

p|s

(

1 +
1

p

)

≤
s
∑

k=1

1

k
≤ 1 + log s

áM¢f£
s ≤ ψ(s) ≤ s(1 + log s). (3)

$&% �UÒaÓa� ] , Ñ ��� [
���ap�� � py}^� .

ÅsÆsÇ\È [4]
�s� � e , � ¾ Î ,

Φ2(X,Y ) = −X2Y 2 +X3 + Y 3 + 24 · 3 · 31XY (X + Y ) + 34 · 53 · 4027XY

−24 · 34 · 53(X2 + Y 2) + 28 · 37 · 56(X + Y ) − 212 · 39 · 59

py}^� . Ñ ��� h �����¨ Φs
���sca���-�M¦ ]��
 Í,3� [ ¼ , � � Ñ e ] Mahler

×UØa�UÒaÓa�
]-}�Ù�~���� �� &� tM��[ .

� ¢ � , J(z)
��ºOQiP^»¤�®-���^c W j(τ) � Fourier

�^c j c(n)
�
!

,
"�¼:,3� [iÑ e ] Mahler
×UØa�UÒaÓ��$#%#
&%' � gU�����ë� [a� . ��Ñ�p , J(z)

e UM´y� O�� �
( �-� ¼ £*) Q�PwQ{a®��+�-ca¼ ��
 Í�,.- p^}3~ , ��� � , Φs

e �^Ã ,.- � b�c Õ"f ¨u��� xO� bc�� � �ae ~ , Mahler
� ÕM �s� �RÏ-Ð�O �UÒaÓM�
/
0�� # Ó ��� . j(τ) ]+1
2 �Nh43%5%6$e ���

¢f£ J(z)(= J(e2πiτ )) ] ,�� ` |z| = 1
�Nh43%5%6$es�¿�agU«

.
¥�Ýf�7,�� ` �Nh43%5%6$e ���dÀ

Á b{ca� � es�¿� Fredholm ¬ c
f(z) =

∞
∑

k=0

zd
k

¼�8 £kv � [�� . x-á � , d ] 2
° l � Ä c py}^� .

Ó £¤¢ � f(z) ∈ {0, 1}[[z]] py}f~ ,
b{c Õ[f ¨

f(z) = f(zd) + z

�w� xU� .

Proposition 1. 0 < |α| < 1
�w� xU� Ì-caÍOc α

�d���
f(α) ]dÏ-Ð c py}^� .

c�d
2. Fredholm ¬ c f(z) ]�9�{ b{cMä C(z) lUÏ-Ð Í py}^� .

:<;
.
,�� ` |z| = 1

¼
f(z)

� h43%5%6 py}^��Ñ e��>= � Î , f(z) ] Ì-c�b{c W �\�
? jUpa]M�
[�¢�£*@.A ¼ ��h .

���3��BDC áOzsÄ c n
�����

ζ
�

1
�
dn E%F � h�� �O���a�Pl¡ed«fe �i� .
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0 ≤ t < 1 �^� t
�d���

f(tζ) =

n−1
∑

k=0

(tζ)d
k

+

∞
∑

k=n

td
k

py}^�U¢f£ f(tζ) ] t → 1 − 0
�3e\����� ��� . Ñdv�] , z = ζ

¼
f(z)

�[p�� ¹spy}^��Ñ e��¤���
��� . Ñ ��� hw� ζ ] ,�� ` |z| = 1 l �	��
i�w��� ���U¢f£ , f(z) ] |z| = 1

�� �^�a]�À-Á����
p � �U[ . j�� , |z| = 1 ] f(z)

� h43%5%6 py}^� .

Prop. 1 Y :<; . m
� z-Ä ca���iP��OQ��ae ��� . aij (0 ≤ i, j ≤ m)

�	�.8 q c�es�¿�
F (z) =

m
∑

i=0

m
∑

j=0

aijz
if(z)j

e��i�
. ordz=0F (z) > m2 �w� xU� � h aij

� q��a� . j�� ,

F (z) =

∞
∑

l=0

blz
l

e�� ¬ c p Â � x e\� , aij
�{« [ �s� Ä c.�sca��¥���e à � � Õ[f ¨

bl = 0 (l = 0, 1, . . . ,m2)

�{� xM� aij
��� ��� .

� 8sc
aij
����c

(m + 1)2
¼ Õ:f ¨�����c m2 + 1

� ~ ,�� [y¢$£ gh�Ó ��9�{ c À aij
¼�<�m �¡� .

�� u��!�"�#�$yc$� E�% ��Ñ e��y� ~ aij ]:k�� �-eOg�l3e�«
] 0 p�]^�\[-Ä c p�}y� e��R�3� [ . Ñ �¡� h{�UÄ c À aij

�ae ~'&�qy�^vuÎ , ( m
�w���R�

F (z)(= F (z;m)) ∈ Z[[z]]
¼ qfÙ�~ ,

n�o
2
� ~ F (z) ]*)�T Í�� 0 pa]M�U[ .

Prop. 1
�	+ { M �-� ~ ÒyÓ ��� : f(α) ] ÌMc�Í{c p�}s� e-, q-��� . K = Q(α, f(α))

e�� �
.
°

±
, c1, c2, . . . ] α, f(α), f(z)

�M�y��.�< ���Rz-q c , c1(m), c2(m), . . . ] α, f(α), f(z)
 �/

m
��.

< ����zsq c�e ��� . ( Ñ ��� h ���iP��OQ��{�0.�<�b+����Ó21f���¿�<�i� Ñ ed¼03�4 py}^� .) f(z)�-� xU� b{c Õ[f ¨i��5 ~76 �ó� [�� e f(αd
k

) = f(α) − α− αd − · · · − αd
k−1 ¼[a £kv��U¢f£

F (αd
k

) =

m
∑

i=0

m
∑

j=0

aijα
dki(f(α) − α− αd − · · · − αd

k−1

)j ∈ K

p�}�� . c1(m) = max0≤i,j≤m |aij |, c2 = max{ f(α) , α , den(α)}(> 1), c3 = c22
e �¡� e ,

k ≥ c4(m)
�3e\�

F (αd
k

) ≤ (m+ 1)2c1(m)cd
km

2

(

(k + 1)cd
k−1

2

)m

≤ cd
km

3 ,

den
(

F (αd
k

)
)

≤ cd
km

2 den (f(α))m cd
k−1m

2 ≤ cd
km

3 .

� � � , Liouville
��S ²^S:T ¨u� ~ , c5 = 2[K : Q] log c3

e ��� e
log |F (αd

k

)| ≥ −2[K : Q]dkm log c3 ≥ −c5dkm (k ≥ c4(m)). (4)

�¡�
, log |F (αd

k

)| � l 6f�'� �a� . N = ordz=0F (z)(> m2)
e ��� e 0 < |α| < 1

� ~
lim
k→∞

α−dkNF (αd
k

) = lim
k→∞

∞
∑

l=0

bN+lα
dkl = bN

4



p^}s�O¢3£ k ≥ c6(m)
�ie��

0 < |F (αd
k

)| ≤ 2|bN ||α|d
kN .
� � � , c7 = − log |α| e ��� e N > m2� ~

log |F (αd
k

)| ≤ log 2 + log |bN | + dkN log |α| ≤ −c7dkm2 (k ≥ c8(m)). (5)

(4), (5)
� ~ k ≥ max{c4(m), c8(m)} �3e\� c5d

km ≥ c7d
km2 e �^�U¢f£

c5c
−1
7 ≥ m.

!�� ¢f£ m > c5c
−1
7 �^� m

�>B C p ° l �����f���¡¾ Î	��
�py}^� .

���
(1) l\Ü �UÒaÓ��� ~76 � �s� � e m

��B�/ Õ ]
m > 4[K : Q](− log |α|)−1 log max{ f(α) , α , den(α)}

�w� xU� � h �ae v�Î+� � py}^��Ñ ed¼�� ¢y� .

(2) l\Ü � Mahler
� ÕM ] , À-Á b{ca�[p��-¦�¼ Ï-Ð c py}^��Ñ e��¤ÒaÓ ��� ÕM ����� �apy}

� . �� 8 � � *�+ [3]
�

3.3 ÏMÐ�O �{ÒyÓ M W 22 ��� 24 �^j ��� [ � , Ñ ��� h�� ÒyÓ\������»��
¼�� ¢�~�� � À�#¡twv � [�� .

c�d
3 (Mahler). J(z) ]�9�{ b{cMä C(z) lUÏ-Ð Í py}^� .

:<;�� ��!#"%$�&�'
. z

e
J(z) ] C l Ì-caÍ�R à-py}^��Ñ e��>= � Î � [ . T c TM� � , e2πiτ

e
j(τ)

�OÌ-caÍ�R à�O �>= � .
ÒaÓ ] + { M �s� � . P (x, y) =

∑m
k=0 Pk(x)y

k ∈ C[x, y] \ {0} ¼"<�m�¿�
P (e2πiτ , j(τ)) = 0 (τ ∈ H)

e , qs��� . σ =

(

a b

c d

)

∈ SL2(Z)
�
τ
�d�-� t � � e ,

σ(τ) =
aτ + b

cτ + d
=
a

c
− 1

c(cτ + d)� ~
P (e2πia/ce−2πi/c(cτ+d), j(τ)) = 0 (τ ∈ H). (6)

Ñ-Ñ�p , Pm(e2πiθ) 6= 0
�w� xU�%(�{ c θ > 0

��e ~�&Oqs��� .
pn
qn

→ θ (pn, qn ]	)�[ � â���z-Äc j �w� xU��9�{ c�* {pn/qn}n≥1
��e � . pnsn − rnqn = 1

�w� xU� rn, sn ∈ Z
¼¡e v��U¢f£

(

pn rn

qn sn

)

∈ SL2(Z).

� � � , (6)
� ~

P (e2πipn/qne−2πi/qn(qnτ+sn), j(τ)) = 0 (τ ∈ H).

&Oq � x τ + eO� n→ ∞ e ��� e ,

1

qn(qnτ + sn)
=

1

(q2nRe(τ) + qnsn) + i(q2nIm(τ))
→ 0

� ~
P (e2πiθ, j(τ)) =

m
∑

k=0

Pk(e
2πiθ)j(τ)k = 0.
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Ñdv ¼��^�y� τ ∈ H
�d���¿�  �~óà « ¢f£ , j(τ)

¼ q c�b{c py�U[iÑ e-e ��
^��� .

c�d
3 Y :<; � ��� "%$�&�'

.
+ { M �s� � . J(z) ∈ Q((z))

e Æ ¾
P (x, y) =

m
∑

k=0

Pk(x)y
k =

n
∑

l=0

Ql(y)x
l ∈ C[x, y] \ {0}

�d���¿�
P (z, J(z)) =

m
∑

k=0

Pk(z)J(z)k =

n
∑

l=0

Ql(J(z))zl = 0 (7)

¼  �~óà «3e , qs��� .
�^�y� z-Ä c s

�d���¿�
Js(z) = J(zs)

e����
,
ä
Ks
�
Ks = C(z, J, Js)

p\qsr-��� . Ñdv�] C[[z]]
���Uä

C((z))
� � �Uä py}^� .

°s±
,
ä����N,\�Mc

[Ks : C(J)]
� �ï´ ~� ���y����Ñ eO�s� ~ ��
 �	��� .

Ù % , (7)
� ~

[C(z, J) : C(J)] ≤ n

py}f~ , (7)
� TM� z 7→ zs

��� h�Ñ eO�s� ~
[Ks : C(z, J)] ≤ m

¼�� ¢y� .
� � � ,

[Ks : C(J)] ≤ [Ks : C(z, J)][C(z, J) : C(J)] ≤ mn.


 Õ ,
b{c Õ[f ¨ Φs(J(zs), J(z)) = 0

 �/
Φs(X, J)

�
C(J) lsp � 	���O � ~

[C(J, Js) : C(J)] = ψ(s) ≥ s

py}^�U¢f£
[Ks : C(J)] ≥ [C(J, Js) : C(J)] ≥ s.

° l � ~
s ≤ mn.

s ]O[ � £ëp g",3� ��e v��U¢f£ , Ñdv�]	��
�py}^� .

°s±
, J̃(z) := zJ(z)

e��i�
. t�£ � ,

�^�y� z-Ä c k
�d���

J̃(z)k :=

∞
∑

n=0

ck(n)zn

e��i�
. x-á � , c(n) = c1(n+ 1) (n = 1, 2, 3, . . .) py}^� .

c�d
4 (Mahler). J(z)

�-��� .�< ����zsq c C0
¼"<�m��¿�

0 ≤ ck(n) ≤ eC0

√
kn (k = 1, 2, 3, . . . ; n = 0, 1, 2, . . .)

¼  �~óà « .

6



:<;
.
°s±

, y ]wz �Oc�� Â � . (1)
� ~

j(yi) = J(e−2πy) = e2πy + 744 +

∞
∑

n=1

c(n)e−2πyn

áM¢f£ , c(n) > 0 (n ≥ 1)
���-� ��� e , y ≥ 1

�d���
j(yi) ≤ e2πy + C (8)

¼  �~óà « . x-á � ,

C = 744 +

∞
∑

n=1

c(n)e−2πn

py}^� .
¥�Ýf���¿�

, 0 < y ≤ 1
�d���

j(yi) = j

(

− 1

yi

)

= j

(

1

y
i

)

≤ e2π/y + C. (9)

Ù�x ,

ck(n)e−2πyn ≤ J̃(e−2πy)k = (e−2πyJ(e−2πy))k = e−2πykj(yi)k (10)

py}^� .

Case 1 : k ≥ n
�3e\�

. (8), (10)
� ~ , y ≥ 1

�d���
ck(n)e−2πyn ≤ e−2πyk(e2πy + C)k = (1 + Ce−2πy)k.

Ñdv � y =
√

k/n ≥ 1
�¿Ì�� ��� e

ck(n) ≤ e2π
√
kn
(

1 + Ce−2π
√
k/n
)k

¼[a £kv�� . h = e2π
√
k/n e��i��e k

n
≤ h ¢ « (1 +

C

h

)h

≤ eC
¼  �~óà « ¢f£

(

1 +
C

h

)k

≤
(

1 +
C

h

)hn

≤ eCn.

� � � , n ≤ k
���-� �-v�Î

ck(n) ≤ e2π
√
kn+Cn ≤ e(2π+C)

√
kn

py}^�U¢f£ n�oa� @�A ¼ ��h .

Case 2 : k ≤ n
�3e\�

. (9), (10)
� ~ , 0 < y ≤ 1

�d���
ck(n)e−2πyn ≤ e−2πyk(e2π/y + C)k ≤ (e2π/y + C)k .

Ñdv � ~
ck(n) ≤ e2π(yn+k/y)(1 + Ce−2π/y)k ≤ e2π(yn+k/y)(1 + C)k.

y =
√

k/n ≤ 1
�¿Ì����

, k ≤ n
���-� �-v�Î

ck(n) ≤ e4π
√
kn(1 + C)k ≤ e(4π+log(1+C))

√
kn

7



¼[a £kv��U¢f£ n�oa� @�A ¼ ��h .

l\Ü �UÒaÓM� h�� Case 1
� � � ]�����������¢f£ ����� �
	 = twvyx gU� py}f~ , � � 
 � � �

]"����� �s� ~ Mahler (1974)
�UÒaÓ-¼ � ÓUé twvyx gU� py}^� .

c�d
5 ( ��� ). 0 < |q| < 1 �^� & â c q py}�� � J(q)

¼
[Q(J(q)) : Q] = m py}^� Ì-caÍOc�e

�^� � hw� gU�s¼"<�m ���\�¡£�Î ,
�^�y� z-Ä c s

�d���
J(qs) ] Ì-caÍOc py}f~ , ¢ «

(a) [Q(J(qs)) : Q] ≤ mψ(s),

(b) den(J(qs)) ≤ den(J(q))mψ(s),

(c) J(qs) ≤ eC1s (C1 > 0 ] J(q)
e
J(z)

�-��� .�< j .
:<;

. β := J(q)
�:UV��

β(1)(= β), β(2), . . . , β(m) e ��� e ,

Ψs(X) := den(β)mψ(s)
m
∏

k=1

Φs(X, β
(k))

�{« [ � ,

Ψs(X) ∈ Z[X ] ¢ « Ψs(J(qs)) = 0 (11)

¼  �~óà « Ñ e��>= � . Ψs(X)
���sc ] , Ä c.�sca� β(1), β(2), . . . , β(m) �U���y¨ áM¢f£ , 9�{ c p

}^� . t�£ � ,

den(β(k)) = den(β) (2 ≤ k ≤ m)

� ~ , Ψs(X)
�
��c ] Ì^cuÍ Ä c p�}a� .

� � � , Ψs(X) ∈ Z[X ]. ÙUx , Φs(J(qs), β) = 0
� ~

Ψs(J(qs)) = 0
¼  �~óà « .

° l � ~ , (11)
¼�= twvyx .

deg Ψs(X) = mψ(s) á-¢�£ , (11)
� ~ (a)

¼ ��h . ti£ � , Ψs(X)
��!��\�.�^c ] den(β)mψ(s)

áM¢f£ , (11)
� ~ (b)

g ��h .
!�3�

, (c)
�>= � . �:� j : H → C

¼ ����áM¢f£ ,

β(k) = j(τk) (τk = Ak + iBk ∈ H)

�w� xU� τk (1 ≤ k ≤ m)
¼"<�m ��� . Ñ �3e\� , Φs(X)

� qsr � ~
Φs(X, β

(k)) =
∏

a,d∈N, ad=s,
b∈Z, 0≤b≤d−1,

(a,b,d)=1

(

X − j

(

aτk + b

d

))

(1 ≤ k ≤ m).

Ψs(X)
� qsr e (11)

� ~
J(qs) ≤ max

1≤k≤m
max

a,d∈N, ad=s,
b∈Z, 0≤b≤d−1,

(a,b,d)=1

∣

∣

∣

∣

j

(

aτk + b

d

)∣

∣

∣

∣

. (12)

Ñdv � ���y����x�� , S:T ¨
|j(τ)| ≤ eC2(y+1/y) (τ = x+ iy ∈ H) (13)

8



��� h . xMá � , C2 ] j
�\�a��.�< �a�JW ��� � , J

�M�a��.�< ���{j�zMq c p�}s� . 1 ) , z = e2πiτe��i��e
, (1)

� ~
|j(τ)| ≤ 1

|z| + 744 +
∞
∑

n=1

c(n)|z|n = j(yi)

áM¢f£ (8)
e

(9)
� ~ (13)

¼ ��h .

(12)
�Oµs¶¡�

(13)
���s� ��� e

J(qs) ≤ max
1≤k≤m

max
a,d∈N, ad=s,

b∈Z, 0≤b≤d−1,
(a,b,d)=1

eC2(aBk/d+d/aBk).

� � � , 1 ≤ a, d ≤ s
� ~

J(qs) ≤ max
1≤k≤m

eC2(Bk+1/Bk)s.

Ñdv � ~ (c)
¼ ��h .

3 Mahler-Manin B+C C @BA
²���pa]!§ 2 � Prop. 1

�UÒaÓa�d� [�x ÕM � �M t � Mahler-Manin
×UØ��¤ÒaÓ ��� .���

1 Y :<; .
ÒaÓ ] + { M �s� � . J(q)

¼{Ì-caÍOc py}^� e , qs��� .
°s±

, L ]�� ca���iP
�OQ��aes�

, C3, . . . , C11 ] q, J(q), J(z)
� ] .�< ��� ¼ L

� ] .�<�� �U[�zsq c�e ��� .
���
	�� �

. akl (1 ≤ k, l ≤ L)
�	�.8 q c�es�
F (z) =

L
∑

k=1

L
∑

l=1

aklz
kJ̃(z)l

e��i�
. ordz=0F (z) ≥ L2/2 + 1

�w� xU� � h akl  � q��a� .

bn =

min{n,L}
∑

k=1

L
∑

l=1

cl(n− k)akl (n ∈ N) (14)

e��i��e
F (z) =

∞
∑

n=1

bnz
n e +��M�U¢f£ akl  �{« [ �s��¥���e à � � Õ[f ¨

bn = 0 (n = 1, . . . , L2/2)

� À
�\Î � [ .
�.8Mca�0�sc ] L2, Õ[f ¨s�0�sc ] L2/2 py}^� . Ù�x ,

n�o
4
� ~

| Õ[f ¨s���sc | = cl(n− k) ≤ eC0

√
l(n−k) ≤ eC0

√
Ln ≤ eC0L

3/2

py}^� .
� � � ,

n�o
1 (Siegel’s lemma)

� ~ , Ñ ��e à � � Õ[f ¨s�:g h�Ó À akl ∈ Z py}�� �
|akl| ≤ L2eC0L

3/2

(1 ≤ k, l ≤ L) (15)

�w� xU� gU�s¼"<�m ��� .°�±
, L
����>d�

(15)
�O� x\�-À �:l3e�« &�q � x gM�¡� F (z)

e �¡� .
n�o

3
� ~ F (z)(=

F (z;L)) 6≡ 0 py}^� .

M := min{n ∈ N | bn 6= 0}

9



e��i�
. Ñ �3e\� , C3 > 0 py}�� �

|z| ≤ 1

2
e−C3 (16)

�3e\�
|F (z)| ≤ 2|z|MeC3

√
LM (17)

¼  �~óà «�� hw� gU�s¼"<�m ����Ñ e��>= � .

(14), (15)
 �/�n�o

4
� ~

|bn| ≤ L2 · eC0

√
Ln · L2eC0L

3/2

.

� � � , ���^� C3
��e v�Î , n ≥M(> L2/2)

�3e\�
|bn| ≤ eC3

√
Ln.

Ù�x , L ≤ L2/2 < M
� ~ �^�y� z-Ä c m

�d���
√

L(M +m) ≤
√√

LM(
√
LM +m) ≤

√
LM +m

¼  �~óà « ¢f£
|bM+mz

M+m| ≤ eC3

√
L(M+m)|z|M+m ≤ |z|MeC3

√
LM

(

eC3 |z|
)m

.

� � � , z
¼

(16)
�w� xU� e\�

|F (z)| ≤ |z|MeC3

√
LM

∞
∑

m=0

(

1

2

)m

= 2|z|MeC3

√
LM

¼  �~óà « .n�o
5
� ~ J(q)

¼{Ì-caÍOc py}^� e [fh , q � ± p J(qk) (k ∈ N)
g�Ì-caÍOc�e �^� . C3 ] q�\g

L
�\g'.�<�� �U[^¢f£ , � 4 �¡£�Î qk

�
q
���3� � ¾�� , z = q ] !�� ¢f£ (16)

�w� xU� e
, q �¿�u� [ .

°s±
, Ñdv ��, qs��� .

���
	�� �
.

S := min{s ∈ N | F (qs) 6= 0}
e��i�

. Ñ �3e\� ,

S2 ≤ C4

√
LM (18)

¼  �~óà « Ñ e��>= � .
ÒaÓa� ] �y� S:T ¨i�¤� [�� ¯ S ≥ 3

�3e\�
log |F̃ (0)| ≤ max

|z|=|q|
log |F̃ (z)| + (S − 1)(S − 2)

2
log |q|. (19)

x-á � , F̃ (z) := z−MF (z).
�

(19) Y :<;�� R > 0, α ∈ C, |α| < R
e ��� .

��c � � TM�
g(z) =

R(z − α)

R2 − αz

10



] |z| = R
�3e\�

R2 = zz
� ~ ,

|g(z)| =

∣

∣

∣

∣

R(z − α)

zz − αz

∣

∣

∣

∣

=

∣

∣

∣

∣

R(z − α)

z(z − α)

∣

∣

∣

∣

= 1

�w� xU� . Ù�x , z = α ] g(z)
��� ����� ¹spy}^� . R = |q|, α = qs (s = 2, . . . , S − 1)

es�¿�
,

G(z) = F̃ (z)

S−1
∏

s=2

|q|2 − qsz

|q|(z − qs)

e��i��e
, |z| ≤ |q| p G(z) ]wz-|�áM¢f£ !N,�¦ ·�{ � ~

|G(0)| ≤ max
|z|=|q|

|G(z)| = max
|z|=|q|

|F̃ (z)|

¼  �~óà « . Ñ-Ñ�p ,

|G(0)| = |F̃ (0)|
S−1
∏

s=2

|q|1−s = |F̃ (0)||q|−(S−1)(S−2)/2

� ~ ,

|F̃ (0)||q|−(S−1)(S−2)/2 ≤ max
|z|=|q|

|F̃ (z)|
e �^� .

X ¶y�U�Mc���e v�Î (19)
¼[a £kv�� .

�
(19)

�UÒaÓ�� ~ �
�

(18) Y :<;�� (17)
e

(19)
� ~

log |F̃ (0)| ≤ log 2 + C3

√
LM +

(S − 1)(S − 2)

2
log |q|.

F̃ (0) = bM ∈ Z \ {0} áM¢f£ log |F̃ (0)| ≥ 0.
� � � , log |q| < 0

���-� �-v�Î (18)
¼ ��h .

�
(18)

�UÒaÓ�� ~ �

γ := F (qS) =

L
∑

k=1

L
∑

l=1

aklq
Sk
(

qSJ(qS)
)l

e��i�
. 0 6= γ ∈ Q(q, J(qS)) áM¢f£ ,

n�o
5 (a)

� ~
[Q(γ) : Q] ≤ C5ψ(S) (20)

¼  �~óà « .
���
	����

. |γ| � ± 6 ¯
log |γ| ≥ −C6ψ(S)L(ψ(S) + L1/2). (21)

�
Liouville

��S ²^S:T ¨i�¤� [ ��ÒaÓ ��� .
n�o

5 (b)
� ~

den(γ) ≤ den(q)2SLden(J(qS))L ≤
(

den(q)2Sden(J(q))[Q(J(q)):Q]ψ(S)
)L

.

� � � , S ≤ ψ(S) áM¢f£ ,

log den(γ) ≤ C7ψ(S)L.

11



�¡�
, (15)

e=n�o
5 (c)

� ~
γ ≤ L2 · L2eC0L

3/2

(max{1, q })2SL(max{1, J(qS) })L

≤ L2 · L2eC0L
3/2

(max{1, q })2SLeC1SL.

� � � ,

log γ ≤ C8(L
3/2 + SL) ≤ C8

(

L3/2 + ψ(S)L
)

.

Ñdv$£ e (20)
� � h e , Liouville

��S ²^S:T ¨u� ~
log |γ| ≥ −2[Q(γ) : Q] max

{

C7ψ(S)L,C8

(

L3/2 + ψ(S)L
)}

≥ −C6ψ(S)L(ψ(S) + L1/2) (21)

¼[a £kv�� .
���
	����

. |γ| � l 6 ¯ L ≥ C9
�3e\�
log |γ| ≤ −C10SM (22)

¼  �~óà « . 1 ) , (17)
� ~

|γ| ≤ 2|qS |MeC3

√
LM

áM¢f£ , |q| < 1
�y� /

L <
√

2M
� ~ @�A ¼ ��h .

���
	����
. L ≥ C9

� ± p , (21)
e

(22)
� ~

C10SM ≤ C6ψ(S)L(ψ(S) + L1/2) (23)

e �^� ¼ , L
¼ � ��,3� [ e\�  �~óà�xs�U[iÑ e��>= � . 1 ) , (23)

�Oµs¶¡�
(3)
�¤� [�� e

M ≤ C−1
10 C6(1 + logS)L

(

S(1 + logS) + L1/2
)

.

� � � , (18)
�y� /

L <
√

2M
� ~

M ≤ C11M
7/8(logM)2

e �^� ¼ , Ñdv�] M
¼ � ��,3� [ e\�  �~óà�xs�U[ . �i� � , (23) ] L

¼ � ��,3� [ e\�  �~óà�x
% , ��
 ¼ � ¢�v�� .

4 Nesterenko C ��� �	��
�������

Mahler-Manin
×UØ À�� ��� Â ¢f£ f �U[ 1996 É , Nesterenko ] �y� q{ �¤ÒaÓ3� x .

P (z) = 1 − 24
∞
∑

n=1

nzn

1 − zn
, Q(z) = 1 + 240

∞
∑

n=1

n3zn

1 − zn
, R(z) = 1 − 504

∞
∑

n=1

n5zn

1 − zn

e ��� .
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���
2 (Nesterenko [2]). 0 < |q| < 1

�w� xU� �^�y��& â c q
�d���

q, P (q), Q(q), R(q)
� h��

ka� ��e�g�Ê�«-�Oc ] Q l Ì-caÍ�R à , �a�U���
trans.degQ Q

(

q, P (q), Q(q), R(q)
)

≥ 3

¼  �~óà « .

�
1. 0 < |α| < 1

�w� xU� Ì-caÍOc α
�d���

P (α), Q(α), R(α) ] Ì-caÍ�R à-py}^� .

J(z) = 1728
Q(z)3

Q(z)3 −R(z)2

¢ «
z
d

dz
P (z) =

1

12
(P (z)2 −Q(z)), z

d

dz
Q(z) =

1

3
(P (z)Q(z) −R(z)),

z
d

dz
R(z) =

1

2
(P (z)R(z) −Q(z)2)

� ~
∆ =

1

1728
(Q3 −R2)

e ��� e
z
d

dz
∆ = P∆, J =

Q3

∆
, z

d

dz
J = −Q

2R

∆
,

(

z
d

dz

)2

J =
−PQ2R+ 4QR2 + 3Q4

6∆

py}f~ , Ñdv$£ ���¡� Ày[ �
P = 6

(

z d
dz

)2
J

z d
dzJ

− 4
z d
dzJ

J
− 3

J

J − 1728
, Q =

(

z d
dzJ

)2

J(J − 1728)
, R = −

(

z d
dzJ

)2

J2(J − 1728)

e �^� . �i� � , 0 < |q| < 1
�w� xU� �^�y��& â c q

�d���
Q

(

q, J(q), J ′(q), J ′′(q)
)

= Q

(

q, P (q), Q(q), R(q)
)

py}^�U¢f£ ,

�
2. 0 < |α| < 1

��� x�� Ìsc�Í�c α
�����

J(α), J ′(α), J ′′(α) ] Ìsc�Í:R à^pa}�� .
pf�

,

J(α) ]dÏ-Ð c py}^� . �a�U��� , Mahler-Manin
×UØ�¼  �àM��� .

J(z), J ′(z), J ′′(z) ] C(z) l Ì-caÍ�R à-py}^� ¼ , l\Ü �sb+�a¨ ¢f£
Proposition 2. J(z), J ′(z), J ′′(z), J (3)(z) ] C(z) l Ì-caÍ � � py}^� .

Ô-Õ , Fredholm ¬ c
f(z) =

∞
∑

k=0

zd
k

W x-á � , d ] 2
° l � Ä c j �d���¿� ]

13



Proposition 3. {f (l)(z) | l ≥ 0} ] C(z) l Ì-caÍ�R à-py}^� .

Ñdv�] , gap theorem ¢f£ � ¢�v�� ¼ ,
� T Í��$= �¡Ñ e�g p � ��¯

fl(z) =

(

z
d

dz

)l

f(z) =

∞
∑

k=0

dlkzd
k

(l ≥ 0)

e��i��e
fl(z) ]

fl(z) = dlfl(z
d) + z (l ≥ 0) (24)

�w� xU� .
�^�y�

m ≥ 0
�d���

, {fl(z) | 0 ≤ l ≤ m} e {f (l)(z) | 0 ≤ l ≤ m} ] C(z) l ¥ >����
�����
	 � �\ ^��� . {fl(z) | l ≥ 0} ] C(z) l Ì-caÍ�R à-py}^��Ñ e�� (24)

�¤� [ � l
�Ob ���

�� M p � T Í��dÒaÓ p � � :

c�d
6. {fl(z) | l ≥ 0} ] C(z) l Ì-caÍ�R à-py}^� .

:<; Y ��� 	�� .
n�o

2
� ~

f0(z) = f(z) =
∞
∑

k=0

zd
k

] C(z) l{Ï�Ð Í p^}-� . f0(z), f1(z)
¼

C(z) l Ì\c^Í"R à\p^}M�sÑ eO�4= � . f1(z)
¼dä

C(z, f0(z))

l{ÏMÐ Í p�}-�^Ñ eU�*= � Î � [ .
+ { M �M� ~ ÒyÓ �a� . f1(z)

¼
C(z, f0(z)) l ÌMcyÍ p�}-� e-,

qs��� . j�� ,

a0(z, f0(z))f1(z)
m + a1(z, f0(z))f1(z)

m−1 + · · · + am(z, f0(z)) = 0 (25)

e �^� a0(z,X), . . . , am(z,X) ∈ C[z,X ], a0(z,X) 6≡ 0
¼"<�m ��� e , qs��� . x-á � , m ]yÑ ���

hw��z-Ä ca� h�� !�"��ygU�3e ��� . (25)
�
� [ � z

�
zd
� TM� � dm

� E�% � e
a0(z

d, f0(z
d))(df1(z

d))m + da1(z
d, f0(z

d))(df1(z
d))m−1 + · · · + dmam(zd, f0(z

d)) = 0

e �s� . ÑRv � f0(z
d) = f0(z)− z, df1(z

d) = f1(z)− z
�ëÌ �f�ë�

f1(z)
��� Ã �d���¡� Ä:{^��� e

a0(z
d, f0(z) − z)f1(z)

m + (−mza0(z
d, f0(z) − z) + da1(z

d, f0(z) − z))f1(z)
m−1 + · · · = 0 (26)

�ba � . (25), (26)
 �/

m
��!�" O�¢f£

a0(z
d, f0(z) − z)a1(z, f0(z))

= −mza0(z, f0(z))a0(z
d, f0(z) − z) + da0(z, f0(z))a1(z

d, f0(z) − z). (27)

f0(z) ] C(z) lUÏ-Ð Í py}^�U¢f£ , (27) ] f0(z)
�Ob ���')�T ¨ py}^� .

� � � , degX a0(z,X) ≤
degX a1(z,X) pM}��MÑ ek¼w� ¢-� . a0(z,X), a1(z,X)

�
X
�db �^� ! �w�+�Uci� �wv��wv p(z), q(z)e ��� e p(z) 6≡ 0 py}f~ ,

p(zd)q(z) = dp(z)q(zd) (28)

Ù�x^]
p(zd)q(z) = −mzp(z)p(zd) + dp(z)q(zd) (29)
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¼  �~¿à « . gcd(p(z), q(z)) = r(z)
e �i� e (28), (29)

eOga� X ¶ ] r(z)r(zd) p���~���vi�M¢
£ p(z)/r(z), q(z)/r(z)

� �-v �svu}�£wx�� � p(z), q(z)
e�� [ � p(z)

e
q(z)

� ] U�´ ��� ¼
�M[ ey���f� [ . �i� � , A(z), B(z) ∈ C[z]

¼:<Pm����
A(z)p(z) + B(z)q(z) = 1

e ���M¢�£ ,

A(zd)p(zd) +B(zd)q(zd) = 1.
� � � , p(zd)

e
q(zd)

� ] UM´ ��� ¼ �U[ . �i� � , (28), (29)
e�g

�
p(zd) ] p(z)

� ��~��i� . W � , deg p = 0, ja� p(z) ∈ C \ {0}. � � � , p(z) = 1
e-�ë��� [ . Ñ�3e\�

, (28) ]
q(z) = dq(zd),

(29) ]
q(z) = −mz + dq(zd)

e ��� .
X ¶a���-c�� ��
 �¤� q(z) ≡ k ∈ C. degX a0(z,X) ≤ degX a1(z,X)

� ~ k 6= 0 p�}�� .

��� � , (28)
�¡eU�

d = 1
e �3~ , (29)

�¡e��
mz = (d− 1)k

e �s� . Ñ¤v�£d]{[ % v g ��
^p^}s� .°M±
, Ñ ��� h �y�ë� ��� Íy� {fl(z) | l ≥ 0} ¼ C(z) l ÌMcyÍ"R àMp�}s�sÑ eR¼{ÒyÓ p � � .

{f (l)(z) | l ≥ 0} ] C(z) l Ì-caÍ�R à-py}^�U¢f£ , Ñdv$£ �sb{ca�OÌ-caÍOc3�
� �M� ¦a�OÌ-c�ÍR à�O ¼	�"o�e �^� . � �UÒaÓa� ]�
 2 � Prop. 1
�UÒaÓ  �/ 
 3 � Mahler-Manin

×UØa�UÒaÓ
e���
� x ÕM ¼ � � p � � .

� � �¤´��¿� � � Ñ e�� À�#^��� .

5 Mahler C �������������������! #"%$'&

Fredholm (�) f(z) =
∑∞

k=0 z
dk *,+.-0/214365879�:

. ;	< - , d = 2 >�?A@CB�)EDEFAG .

HCI
3. 0 < |α| < 1 JLKA;CM2N	)4O6) α

*,+.- {f (l)(α) | l ≥ 0} =PN	)4OCQ 9 DEFAG .

R	S
. >�T , K = Q(α) UMVG . W�X	@ m ≥ 0

*0+Y-
, {fl(α) | 0 ≤ l ≤ m} U {f (l)(α) | 0 ≤ l ≤ m}

= K ?4Z\[0]_^a`cb�dAefJ,g 5 MfG .
h\i =�jAkfl *_m G . {f (l)(α) | l ≥ 0} =6N4)nO	o4pqUsrft_MYGnUvuwG m ≥ 0

*6+x-L/

{f (l)(α) | 0 ≤ l ≤ m} =yNV)fO�oApzU6{EG . |L}~= {fl(α) | 0 ≤ l ≤ m} 3 NV)fO�oAp_DfFEG
|VU	ULZL�EDEFAG . M4{C�V� ,

∑

µ=(µ0,...,µm),
0≤µl≤L

τµf0(α)µ0 · · · fm(α)µm = 0 (τµ ∈ Z)

JLKA;CM . ;	< - , τµ =��4{��2Uy���\U : = 0 D4=�{C�4�C@�U0MfG .

>�T , tµ (µ = (µ0, . . . , µm), 0 ≤ µl ≤ L) J (L+ 1)m+1 � @CQ 9�� ).U - ,

F (z; t) :=
∑

µ=(µ0,...,µm),
0≤µl≤L

tµf0(z)
µ0 · · · fm(z)µm ∈ Z[t][[z]]

U0MfG .

( ��� . F (z; τ) =
∑

µ=(µ0,...,µm),
0≤µl≤L

τµf0(z)
µ0 · · · fm(z)µm ∈ Z[[z]] = α J0�V�wU -0/ � : .)

15



(24) J�� 7��.-�� �_G_U

fl(z) = dklfl(z
dk

) +

k−1
∑

h=0

dlhzd
h

(k ≥ 0).

b
(k)
l (z) =

∑k−1
h=0 d

lhzd
h U���� . x0, . . . , xm, y0, . . . , ym, w0, . . . , wm J � ).U -

∑

µ=(µ0,...,µm),
0≤µl≤L

tµ(x0w0 + y0)
µ0 · · · (xmwm + ym)µm =

∑

µ=(µ0 ,...,µm),
0≤µl≤L

Tµ(t; x; y)wµ0

0 · · ·wµm
m

U0MfG . �_� ,

Tµ(t; x; y) =
∑

ν=(ν0,...,νm),
ν0≥µ0,...,νm≥µm

tν

(

ν0
µ0

)

· · ·
(

νm
µm

)

xµ0

0 · · ·xµm
m yν0−µ0

0 · · · yνm−µm
m .

|L@�U
	 ,

F (z; t) =
∑

µ=(µ0,...,µm),
0≤µl≤L

tµf0(z)
µ0 · · · fm(z)µm

=
∑

µ=(µ0,...,µm),
0≤µl≤L

tµ(f0(z
dk

) + b
(k)
0 (z))µ0 · · · (dkmfm(zd

k

) + b(k)m (z))µm

=
∑

µ=(µ0,...,µm),
0≤µl≤L

Tµ(t; 1, d
k, . . . , dkm; b(k)(z))f0(z

dk

)µ0 · · · fm(zd
k

)µm

= F (zd
k

; T (t; 1, dk, . . . , dkm; b(k)(z)))

DEFAG . o�� / ,
0 = F (α; τ) = F (αd

k

; T (τ ; 1, dk, . . . , dkm; b(k)(α))).

;	< - , Tµ(τ ; 1, . . . , 1; b(0)(α)) = Tµ(τ ; 1, . . . , 1; 0, . . . , 0) = τµ DEFAG .

( ��� . F
(

z; T (τ ; 1, dk, . . . , dkm; b(k)(α))
)

∈ K[[z]] = αd
k J0�V�wU -0/ � : . )

H�
1.

V (τ) = {Q(t) ∈ K[t] | WAXE@ k ≥ 0
*,+.-

Q(T (τ ; 1, dk , . . . , dkm; y0, . . . , ym)) = 0}

U t��	MfG . ��� * , P (z; t) =
∑∞
n=0 Pn(t)zn ∈ K[t][[z]]

*,+.-
,

indP (z; t) := min{n | Pn /∈ V (τ)}

U t��	MfG . ;	< - , WAXE@ n ≥ 0
*,+.-

Pn ∈ V (τ) @�U
	6= indP (z; t) = ∞ U0MfG .

T��4@ Proposition 4 =������6)_@�� 5�* ��M\G	�2@	D4F 7 ,
h_i =�� �VM~G (19 !�"�# ). >AT ,

c1, c2, . . . = p, k
*%$�&a- {C��'�t�) , c1(p), c2(p), . . . = p

* = $�& MfG 3 k
* = $�&a- {C��'�t

).U0MfG . K @CB�)�(YJ ZK U*)AM .

Proposition 4. p J,+�-/.�	�{�'	B�).U0MfG .

B0(z; t), . . . , Bp(z; t) ∈ ZK [z; t], degz Bh, degtµ Bh ≤ p (0 ≤ h ≤ p, µ)

DEF 7 ,
1 @ (i), (ii) JLKA;CM_�C@ 30&/1 MfG .

16



(i) indB0(z; t) <∞.

(ii) E(z; t) :=
∑p
h=0Bh(z; t)F (z; t)h U����2U ,

I := indE(z; t) ≥ c1p
2.

Proposition 5. Prop. 4 @ E(z; t)
*,+.-

, k > c2(p) { �
∣

∣

∣
E
(

αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α))
)∣

∣

∣
≤ cp

2dk

3 , 0 < c3 < 1.

R4S
. b

(k)
l (α) = fl(α) − dklfl(α

dk

), 0 ≤ l ≤ m < � � fl(αdk

) → fl(0) (k → ∞)
*�� XVM~GfU ,

c4 > dm U0M	}�� , +�-/.�	�{6M�� / @ k
*,+.- |b(k)l (α)| ≤ ck4 (0 ≤ l ≤ m) UL{AG .

Tµ(t; x; y) =
∑

ν=(ν0,...,νm),
ν0≥µ0,...,νm≥µm

tν

(

ν0
µ0

)

· · ·
(

νm
µm

)

xµ0

0 · · ·xµm
m yν0−µ0

0 · · · yνm−µm
m

< � � , Tµ(τ ; x; y) ∈ Z[x0, . . . , xm, y0, . . . , ym], degxl
Tµ(τ ; x; y), degyl

Tµ(τ ; x; y) ≤ L. o�� / , k
3 +�-/.�	,�YU
	

|Tµ(τ ; 1, dk , . . . , dkm; b
(k)
0 (α), . . . , b(k)m (α))|

≤ c5d
km(m+1)

2 Lc
k(m+1)L
4 ≤ c5c

km+1
2 L

4 c
k(m+1)L
4 = c5c

3
2 (m+1)Lk
4 .

E(z; t) = t
*�: � / = degtµ E(z; t) ≤ 2p @	�	
��	D��@���)\=�������� 1 @ z @��	(�)EDEFAG .

m � / ,

E(z; t) =
∑

λ

gλ(z)t
λ, gλ(z) =

∞
∑

n=0

gλnz
n

U � �\U , |gλn| ≤ c6(p)2
n. gλ(z) =������ �~D"!$#&% + �'� M8G � � E(z; t) =

∑∞
n=0

(
∑

λ gλnt
λ
)

zn. I = indE(z; t) < � � , k
3 +�-/.�	,�YU
	

∣

∣

∣E
(

αd
k

; T (τ ; 1, dk , . . . , dkm; b(k)(α))
)∣

∣

∣

≤
∞
∑

n=I

(

∑

λ

c6(p)2
n
(

c5c
3
2 (m+1)Lk
4

)λ
)

|α|dkn

(
λ = (λ1, . . . , λ(L+1)m+1), degtµ E(z; t) ≤ 2p < � �*)

≤
∞
∑

n=I

(2p+ 1)(L+1)m+1

c6(p)2
n
(

c5c
3
2 (m+1)Lk
4

)2p(L+1)m+1

|α|dkn

=

∞
∑

n=I

c7(p)c
pk
8 (2|α|dk

)n

(

c7(p) := (2p+ 1)(L+1)m+1

c6(p)c
2p(L+1)m+1

5 , c8 := c
3(m+1)L(L+1)m+1

4

)

= c7(p)c
pk
8

(2|α|dk

)I

1 − 2|α|dk .

(
1 − 2|α|dk ≥ 1

c9
, 2|α|dk

< 1, I ≥ c1p
2 (∵ Prop. 4) < � �*)

≤ c9c7(p)c
pk
8 2c1p

2 |α|c1p2dk

.

|	|PD , |α|c1 < c3 < 1
* U0}�� k > c2(p) @�U
	
∣

∣

∣E
(

αd
k

; T (τ ; 1, dk , . . . , dkm; b(k)(α))
)∣

∣

∣ ≤ cp
2dk

3 .

17



H�I
3 � R~S ����� . b

(k)
l (z) =

∑k−1
h=0 d

lhzd
h < � � D = den(α) UPM�G\U , den(b

(k)
l (α)) =

Ddk−1

(0 ≤ l ≤ m). Prop. 5 @ h4i ULZ�# *_-0/

den(Tµ(τ ; 1, d
k, . . . , dkm; b

(k)
0 (α), . . . , b(k)m (α))) ≤ D(m+1)Ldk−1

.

E(z; t) =
∑p

h=0Bh(z; t)F (z; t)h, F (αd
k

; T (τ ; 1, dk , . . . , dkm; b(k)(α))) = 0 < � � ,

E(αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α))) = B0(α
dk

; T (τ ; 1, dk , . . . , dkm; b(k)(α))).

B0(z; t) ∈ ZK [z; t], degz B0, degtµ B0 ≤ p, ]{µ = (µ0, . . . , µm) | 0 ≤ µl ≤ L} = (L+ 1)m+1 < � �

D∗(k) := den
(

B0(α
dk

; T (τ ; 1, dk, . . . , dkm; b(k)(α)))
)

≤ Dpdk+(m+1)L(L+1)m+1pdk−1

= cpd
k

10 . c10 = D1+(m+1)L(L+1)m+1/d (30)

� - , B0(α
dk

; T (τ ; 1, dk, . . . , dkm; b(k)(α))) 6= 0 {�� � D∗(k)E(αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α))) =

D∗(k)B0(α
dk

; T (τ ; 1, dk, . . . , dkm; b(k)(α))) ∈ ZK \ {0} DEFAG .

>�T�D4=�� �E@A;�� α =
	�� 1� @6).UrAt�MfG . (α
3 !��4@6N	)4O6)4@���� * =
� 2 ���
�E@

Liouville @����������\J � � / Z�# * h4i D 	CG .) |L@�U
	 ,

D∗(k)
∣

∣

∣E(αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α)))
∣

∣

∣ ≥ 1. (31)

Prop. 4 (i)
mn7

, indB0(z; t) < ∞ < � � T/�4@ Prop. 6
m\7

, k0 > c2(p) (in Prop. 5)
3 &�1z-

/
B0(α

dk0
; T (τ ; 1, dk0 , . . . , dk0m; b(k0)(α))) 6= 0. (30), (31) U Prop. 5

m~7
, 1 ≤ cp

2dk0

3 cpd
k0

10 .
m �

/
, 1 ≤ cp3c10. �_� , c−p3 ≤ c10. 0 < c3 < 1 < � � , p

3 +�-/.�	,�YU
	 |,}_=����VDEFAG .

Proposition 6. P (z; t) ∈ K[z; t] U0MfG . +�-/.�	�{6M�� / @ k
*,+.-

P (αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α))) = 0

{ ���
indP (z; t) = ∞.

RES
. P (z; t) =

∑N
n=0Qn(t)z

n (Qn(t) ∈ K[t]) U0MfG .

Qn(T (τ ; 1, dk, . . . , dkm; f0(α) − w0, f1(α) − dkw1, . . . , fm(α) − dkmwm) =
∑

λ=(λ0,...,λm)

Rnλ(k)w
λ

U���� . w0 = f0(α
dk

), . . . , wm = fm(αd
k

) U0MfG_U ,

Qn(T (τ ; 1, dk, . . . , dkm; f0(α) − w0, f1(α) − dkw1, . . . , fm(α) − dkmwm)

= Qn(T (τ ; 1, dk, . . . , dkm; b(k)(α)))

18



UL{AG � � , +�-/.�	�{6M�� / @ k
*,+.-

P (αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α)))

=
N
∑

n=0





∑

λ=(λ0,...,λm)

Rnλ(k)f0(α
dk

)λ0 · · · fm(αd
k

)λm



αd
kn = 0.

Rnλ(k) ∈ K(f0(α), . . . , fm(α))[dk ] < � �

Rnλ(k) =

H
∑

h=0

rnλhd
hk, rnλh ∈ K(f0(α), . . . , fm(α)) ⊂ C

U�����G . |L@�U
	 ,

P (αd
k

; T (τ ; 1, dk , . . . , dkm; b(k)(α)))

=
H
∑

h=0

dhk





N
∑

n=0

∑

λ=(λ0,...,λm)

rnλhα
dknf0(α

dk

)λ0 · · · fm(αd
k

)λm



 .

Gh(z) =
∑N

n=0

∑

λ=(λ0,...,λm) rnλhz
nf0(z)

λ0 · · · fm(z)λm U �\��U , Gh(z) ∈ C[[z]] DAF�G . ��� 6
m

7
, rnλh (0 ≤ n ≤ N, λ) @2�E{\�CUL�2�~U :	3 0 DV{��P} � Gh(z) = chmh

zmh + chmh+1z
mh+1 +

· · · , chmh
6= 0 U*)���G . �	(�) Gh(z) @���)\=��
	_< � � Gh(α

dk

) = chmh
αmhd

k

+ o(αmhd
k

).

M = min
0≤h≤H

mh, H∗ = max{h | mh = M}

U0MfG_U , +�-/.�	�{6M�� / @ k
*,+.-

P (αd
k

; T (τ ; 1, dk, . . . , dkm; b(k)(α))) =

H
∑

h=0

dhk
(

chmh
αmhd

k

+ o(αmhd
k

)
)

= cH∗Md
H∗kαMdk

+ o(dH
∗kαMdk

), cH∗M 6= 0

UL{AG . |,}_=����VDEFAG . o�� / ,

rnλh = 0 (0 ≤ n ≤ N, λ, 0 ≤ h ≤ H).

�f� , Qn(T (τ ; 1, dk , . . . , dkm; f0(α) − w0, f1(α) − dkw1, . . . , fm(α) − dkmwm) ≡ 0 (0 ≤ n ≤ N).
m � / , Qn(T (τ ; 1, dk, . . . , dkm; y0, . . . , ym) ≡ 0 (0 ≤ n ≤ N). �_� , Qn(t) ∈ V (τ) (0 ≤ n ≤ N).

>�T , Prop. 4 @ h4i * � �_G �
�wJ%���_G .

�
�
7. V (τ) = K[t] @��������b�DEFAG .

R�S
. �����Pb�DAF�G�|	UP= i � � DAF	G . Q1, Q2 ∈ K[t]

3
Q1Q2 ∈ V (τ) DAF�GEUM4G . MV{y�

� , W�X�@ k ≥ 0
* +�-

Q1(T (τ ; 1, dk, . . . , dkm; y0, . . . , ym))Q2(T (τ ; 1, dk, . . . , dkm; y0, . . . , ym)) = 0

U0MfG . |L@�U
	 , Q1, Q2 @��4{��2Uy� !
� , 2}nJ Q1 U -0/~m � , =���� * �.� @ k ≥ 0
*,+.-
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Q1(T (τ ; 1, dk , . . . , dkm; y0, . . . , ym)) = 0 UL{AG .

Tµ(τ ; 1, d
k, . . . , dkm; y0, . . . , ym)

=
∑

ν=(ν0,...,νm),
ν0≥µ0,...,νm≥µm

τν

(

ν0
µ0

)

· · ·
(

νm
µm

)

dkµ1 · · · dkmµmyν0−µ0

0 · · · yνm−µm
m

< � � Q1(T (τ ; 1, dk, . . . , dkm; y0, . . . , ym)) ∈ K[dk, y0, . . . , ym] DEFAG . Q1
3
y0, . . . , ym @	�	
��

U -0/�� �4O * 0 DE{��L}�� Q1 @��4{��2Uy���\U : @���)\= dk @	�	
��YU -0/�� �4O * 0 D4=
{C� .

- � -
, ��� * �.� @ k ≥ 0

*,+.-0/
, |,} 3 0 UL{AG � � , �	
���@��n=���� � DEFAGV|VU

*�� MfG . o�� / , Q1(T (τ ; 1, dk, . . . , dkm; y0, . . . , ym)) = � �4O * 0 DEFAG . M4{C�V� , Q1 ∈ V (τ)

DEFAG .

�
�
8. indP1(z; t)P2(z; t) = indP1(z; t) + indP2(z; t).

RES
. indP1(z; t) = I, indP2(z; t) = J U0MfG .

P1(z; t) =

∞
∑

n=0

Pn(t)z
n, P2(z; t) =

∞
∑

m=0

Qm(t)zm

U0MfG_U ,

P1(z; t)P2(z; t) =

∞
∑

k=0

(

∑

n+m=k

Pn(t)Qm(t)

)

zk

< � � , I = ∞ �y;A= J = ∞ { ��� indP1(z; t)P2(z; t) = ∞ = i � � . !
� , I, J <∞ @�U
	 ,

P0(t), . . . , PI−1(t), Q0(t), . . . , QJ−1(t) ∈ V (τ), PI(t), QJ(t) /∈ V (τ)

D�F	G .
m � / , k < I+J =⇒ n < I �,;	= m < J =⇒ Pn(t) ∈ V (τ) �,;	= Qm(t) ∈ V (τ) =⇒

∑

n+m=k Pn(t)Qm(t) ∈ V (τ). �y; ,

∑

n+m=I+J

Pn(t)Qm(t) =

I−1
∑

n=0

Pn(t)QI+J−n(t) + PI(t)QJ(t) +

J−1
∑

m=0

PI+J−m(t)Qm(t)

∈ V (τ) /∈ V (τ) (∵ �
� 7) ∈ V (τ)

/∈ V (τ).

H�
2. p J%'	B�).U0MfG .

R(p) = {g(t) ∈ K[t] | degtµ g(t) ≤ p for ∀µ}

U���� . |,}_= K-vector space DEFAG .

R(p) := R(p)/(R(p) ∩ V (τ)), d(p) := dimK R(p)

U t��	MfG . f(t) ∈ R(p)
*,+.-

,

f(t) := f(t) + (R(p) ∩ V (τ))

20



U*)AM .

�
�
9. d(2p) ≤ 2(L+1)m+1

d(p).

RES
. WAXE@ Q(t) ∈ R(2p) = Q(t) =

∑

ε

(

∏

µ t
ε(µ)p
µ

)

Qε(t), Qε(t) ∈ R(p) U � ��G . ;	< - ,

ε(·) = {µ = (µ0, . . . , µm) | 0 ≤ µl ≤ L}
� � {0, 1} ��@
�L)�D ∑ = C@ m�� { ε ��� * �	;/� /��

� . {Q1(t), . . . , Qd(p)(t)} J R(p) @ K ?	@ basis U MEGEU ,

{

(

∏

µ t
ε(µ)p
µ

)

Qi(t)
∣

∣

∣ 1 ≤ i ≤ d(p), ε

}

= K ?�D R(2p) J,g 5 MfG � �

dimK R(2p) ≤ 2]{µ=(µ0,...,µm) | 0≤µl≤L}d(p) = 2(L+1)m+1

d(p).

�
�
10. indF (z; t) <∞.

RES
. �
� 6

m~7
, f0(z), . . . , fm(z) = Q(⊂ C(z)) ?2N	)4OCQ 9 < � � ,

F (z; τ) =
∑

µ=(µ0,...,µm),
0≤µl≤L

τµf0(z)
µ0 · · · fm(z)µm 6≡ 0 (τµ ∈ Z).

!	�f@	tAk m�7 , 'EBA) k0
3�& 1x-,/

F (αd
k0

; τ) 6= 0. indF (z; t) = ∞ U,M�G\U , F (z; t) =
∑∞

n=0 Pn(t)z
n U�� �AU�	 , W_X\@ n ≥ 0

*6+x-
Pn(t) ∈ V (τ). Mn{��~� , WfX\@ k ≥ 0

*y+q-
Pn(T (τ ; 1, dk, . . . , dkm; y0, . . . , ym) = 0. o�� / , 0 6= F (αd

k0
; τ) =

∑∞
n=0 Pn(τ)αd

k0
=

∑∞
n=0 Pn(T (τ ; 1, . . . , 1; 0, . . . , 0))αd

k0
= 0 UL{AG 3 , |,}_=����VDEFAG .

Prop. 4 � R	S . Bh(z; t) =
∑p
l=0 Bhl(t)z

l U�MVG�U Bhl(t) ∈ R(p) < � � , {Q(p)
1 (t), . . . , Q

(p)
d(p)(t)}

J R(p) @ K ?A@ basis U0M	}��

Bhl(t) =

d(p)
∑

i=1

ghliQ
(p)
i (t) (ghli ∈ K)

U*)���G .

E(z; t) =

p
∑

h=0

Bh(z; t)F (z; t)h

=

p
∑

h=0

p
∑

l=0

Bhl(t)z
l







∑

µ=(µ0,...,µm),
0≤µl≤L

tµf0(z)
µ0 · · · fm(z)µm







h

=

∞
∑

n=0

En(t)z
n. (32)

En(t) ∈ R(2p) < � � {Q(2p)
1 (t), . . . , Q

(2p)
d(2p)(t)} J R(2p) @ K ?A@ basis U0MfG_U

En(t) =

d(2p)
∑

j=1

fnjQ
(2p)
j (t) (fnj ∈ K)

U*)���G . o�� / , (K[t]/V (τ))[[z]]
* �C� / (32)

m~7

p
∑

h=0

p
∑

l=0





d(p)
∑

i=1

ghliQ
(p)
i (t)



 zl







∑

µ=(µ0,...,µm),
0≤µl≤L

tµf0(z)
µ0 · · · fm(z)µm







h

=
∞
∑

n=0





d(2p)
∑

j=1

fnjQ
(2p)
j (t)



 zn
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UL{AG � � R(2p)[[z]]
* �C� / {Q(2p)

1 (t), . . . , Q
(2p)
d(2p)(t)} @���)wJ����EMfG_U

fnj =

p
∑

h=0

p
∑

l=0

d(p)
∑

i=1

cnhlijghli (cnhlij ∈ K; n ≥ 0, 1 ≤ j ≤ d(2p)).

J = [2−(L+1)m+1

p2] U����2U , �
� 9
m~7

]{ghli | 0 ≤ h ≤ p, 0 ≤ l ≤ p, 1 ≤ i ≤ d(p)} = (p+ 1)2d(p)

> p2d(p) ≥ J2(L+1)m+1

d(p)

≥ Jd(2p) = ]{fnj | 0 ≤ n ≤ J − 1, 1 ≤ j ≤ d(2p)}.

m � / , fnj = 0 (0 ≤ n ≤ J − 1, 1 ≤ j ≤ d(2p)) J6K_;�ME�\{ ��UC�A�wU : = 0 D~=V{��
ghli (0 ≤ h ≤ p, 0 ≤ l ≤ p, 1 ≤ i ≤ d(p))

3�&�1 M~G . fnj = 0 (1 ≤ j ≤ d(2p)) ⇐⇒ En(t) =

0 ⇐⇒ En(t) ∈ V (τ) < � � , |L@ m � { ghli JVU0}�� , I ≥ J
� : u~G h (0 ≤ h ≤ p)

30&/1a-
/

indBh(z; t) <∞.

r := min{h | indBh(z; t) <∞} U - , E0(z; t) :=
∑p

h=r Bh(z; t)F (z; t)h−r U����2U ,

I = ind





r−1
∑

h=0

Bh(z; t)F (z; t)h + F (z; t)rE0(z; t)





∈ V (τ)[[z]]

= ind (F (z; t)rE0(z; t))

= r indF (z; t) + indE0(z; t) (∵ �
� 8).

I ≥ J < � �

indE0(z; t) ≥ J − r indF (z; t) ≥ 2−(L+1)m+1

p2 − 1 − p indF (z; t)

D~FfG . � � 10
mw7

indF (z; t) < ∞ < � � 2−(L+1)m+1

> c1
� :

p J0+ -�. 	n�AUL} �
indE0(z; t) ≥ c1p

2 UC{4G .
m � / , E0(z; t)

* A@	�E)��~@��	��
 -�� J � �	;E�	@nJ E(z; t)

U0M	}�� m � .

��
. t�k 3 @ h4i * ����G p =y>�TA@ m �6*��� O * t � � }fG .

|α|2−(L+1)m+1

< |α|c1 < c3 < 1
m~7

c3 = |α|2−(L+1)m+1−1 U0M	}��

−p log c3 = 2−(L+1)m+1−1p(− log |α|), log c10 =
(

1 + (m+ 1)L(L+ 1)m+1d−1
)

logD

< � �
p > 21+(L+1)m+1 (

1 + (m+ 1)L(L+ 1)m+1d−1
)

(− log |α|)−1 logD

JLKA;CM p JVU0}������ 3�� � }fG .

��� . ?
�E@���� *�m G_U m 3 .�	,����� p J .�	4�2U�G���� 3 F 7 , |,}_=�� �VDEFAG . �y; ,

d
3 .�	,����� p =�! �~�2U0}fG . !
� α

* � -0/ , |α| 3 1
*�" ����� , �y; , D

3 .�	,����� p

J .�	4�2U�G���� 3 FAG .

22



�������
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