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1. *�+
pn- ,.-�/ K 021�3�4 hK 5(6 K 0 Galois 7 G 8 Z 9�:�;=<&>@?.7�A Z[G] 4 R, B(0�CED�F�GH�IKJ 4 R−, Stickelberger ideal 4 I , I 5 R− 0&L�M�N(-O4 I− 5	6&PQ5SR , T(UQV�WX?ZY�[	1(3Q0\�]$^

h−
K = [R− : I−] 8�_E? . Skula[13]

^a` 0 \�] 02b$02c�d�e=f.0&gah@4.iQ0aW�j.V2k�l P . mn
, Kummer VaW�?�,.-�/$02Y�[(1�3$0 \�] 4&o�p(q (mod pn) 02r�s�t�4u;�-$Vav&wXk�xQ02k�x] 8SY�[(1�3�4uy{z 62P . iQV , Stickelberger ideal I 02|�}$4ur�s�t�4&o�p(qSy�~ 62P2� , I 0�CED
FEG HQI�J I− 0�|{}O4Sh�fZe{V 6�P . <@f&V , I− 0X:	;E��4&r�s�t�42o@p�qX��; 6 q R− 0����
e=f I− 0S:�;�����02����k�x��S�	�$02k(xQV��	����? ` 5 4�� 6&P .

` 0aW�j.V 6 q Stickelberger
ideal 0S:�;�� 5 ,.-�/$02Y�[(1�3 5 0��{0��S�@�(h�f�e�V(��l P .
B ` 8 , ��e�02k�x ] VaW�?.Y�[(1�3$02y��ae=f , [��{�a? Stickelberger ideal 0S:�;��O4u��;��

? ` 5 V2��� 6 ,
` >aV����� a¡{¢ . 5a£ V Inkeri kEx ^�¤ 3@�Xr�s�t=42oap P yE�$V���l�q�¥K� ,

Skula[13] 5.¦2§ 0S¨�©@��ª�o{8 R ? 5�«�¬K6 qS��! �¡�8�® PO5 `�¯ , Inkeri k�xQV��S� 62P :�;�O4u��;��a? ` 5 ��8 RXP .°�± 8S²�j�³�´ ^ , ,.-�/ Q(ζp) 02Y�[(1�3 h−
p V�wEp(q�8�_=� , 5{£ V2µ�¶a0�·�w{02¸(¹ºV�wEp

qS²�j :

• 3 » : Inkeri k�x�e=f Stickelberger Ideal I− 0S:�;��O4u��;��a? ([1]),
• 4 » : h−

p 4 Resultant 8Sy 6 , ¼@½S|�4u¾(¿a�a? .

BS>aÀS>�0(Á2Â ^ , iQ0 5 ¥Ã��8�_E? .
3 »a8 I− 0S:�;��QV�wEp(qS¾(¿a�a? . Inkeri k�x�e=f�ÄOm�? I− 0S:�;��O4u��;��a? ` 5 , h−

p =

[R− : I−] 02b(gah , Inkeri k�x�e=f�ÄOm�?.Å�Æ ] VaW�? h−
p 0 \�] 4uÇ�È��a? .

4 »a8�¼@½S|$V�wEp(qS¾(¿a�a? . “q, p = 2qn + 1 � 5 vSV&É�3Q��f.Ê , q � h−
p 4.ËÌ�ÎÍO? ` 5�5

q � hQ(
√−p) 4.ËÌ�ÎÍO? ` 5 ^ ¦�Ï ”, m P “q ≡ 3 (mod 4), p = 4q + 1 � 5 vSV&É�3Q��f.Ê q

^
h−

p4.ËÌ�ÎÍ�fu�(p ” 5 p�j�¸�Ð�4uÇ�È��a? .

2. Ñ�Ò�Óah°�± 8SÔEo��a?.Ñ�Ò$4 `�` VEm 5.Õ ? .

• p: Ö(É�3 , µ := (p − 1)/2,
• r: mod p 02Ö$02r�s�t , ri: ri 0 mod p 8�02×�Ø(Ù�Ú�Û ,
• ζm := exp(2πi/m), Km := Q(ζm), h−

m: Km 02Y�[(1�3 ,
• G := {1, s, . . . , sp−2}, γ := (1/p)

∑

i r−is
i,

• R := Z[G],
• R− := {α ∈ R | (1 + sµ)α = 0}, (R 0�CED�F�G H@IÜJ )
• I := R ∩ γR, (Stickelberger ideal)
• I− := I ∩ R−, (Stickelberger ideal 0�CED�F�G H@IÜJ )
• f(x) := r0 + r1x + · · · + rp−2x

p−2 ∈ Z[x],
• f1(x) := rp−2 + rp−3x + · · · + r0x

p−2 ∈ Z[x],

• (2p)
p−3

2 h−
p =

∣

∣

∣

∏µ−1
k=0 f(ζ2k+1

p−1 )
∣

∣

∣
(Kummer VaW�? \�] )
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3. Inkeri k�x 5 I− 0S:�;��Q0�� ¤
3.1. Ý�Þ . Inkeri k�x 5 ^ ,

D :=















qµ qµ−1 · · · q0

...
...

...
q2µ−2 q2µ−3 · · · qµ−2

rµ rµ−1 · · · r0

1 1 · · · 1















,

(

qi :=
rri − ri+1

p

)

,

8{_�� , h−
p = det D 4�® P � (Inkeri[5])

` 5 �Xßàfá>�q�p�? . qi �XrEs�t�42oap�qXy�<2>EqEp{? `
5 V�âO4�w�ã	�	�=f�ä�å 62Pº5 `�¯ , iQ02æ�ç�4uè P :

Theorem 3.1. ([1]) εk = sk(1 − sµ), qi = (rri − ri+1)/p, f = (r − 1)/2, ρk =
∑

i(q−i+k − f)si,
τ =

∑

i(2r−i − p)si, g(x) = q0 + q1x + · · · + qp−2x
p−2 ∈ Z[x], E− = {εk | k = 0, . . . , µ − 1}(

` >^
R− 02���$V(��? ) V�[ 6 q ,

• B− = {ρk | k = 0, . . . , µ − 2} ∪ {τ}
^

I− 0S:�;���8�_E? .
• P 4 “E− e=f B− ��02����k�x ” 5 �a? 5 , h−

p = det P , h−
p = [R− : I−] �S;�é��a? . ê�ë

V B− ^ I− 02���a8�_E? .

•
(

2µ−1(rµ + 1)/p
)

h−
p =

∣

∣

∣

∏µ−1
k=0 g(ζ2k+1

p−1 )
∣

∣

∣ �S;�é��a? .

�E��� P w . ����z@ì , “Inkeri k�xQ0 ¤ 3$V�� ¤ 62P ¤ 3�4�v&w I− 02��� B− 4u��;a8 R , B(02�
�$V����a?.����k�xQ02k�x ]$^ Inkeri k�xQ02k�x ] VS�	�{�a? .”

× � 0 (

2µ−1(rµ + 1)/p
)

h−
p =

∣

∣

∣

∏µ−1
k=0 g(ζ2k+1

p−1 )
∣

∣

∣

^
, í(îº0 h−

p 02�$V�e�e@l�q�p{? ¤ 3a� p 8XË
�ÎÍ{>{�(pQW�j.V�8 R ? P(Õ , ï(î�4uð{ñ@? ` 5 VaW	l�qSÙ�ò(|$0�ó@ôáõSöS�Sk@p�÷E� £ ��?�ø�ù�|^ _E? .

4. h−
p 5 Resultant 0�� ¤

4.1. úEû . Lehmer[8]
^

, iQ0aW�j.V 6 q Kummer 0 h−
p 0 \�] e=f h−

p 02-�ü�4uè P :

(2p)µ−1h−
p =

∣

∣

∣

∣

∣

µ−1
∏

k=0

f1(ζ
2k+1
p−1 )

∣

∣

∣

∣

∣

=
∣

∣

∣Res(f1(x), x
p−1

2 + 1)
∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∏

βi

(β
p−1

2

i + 1)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∏

d|p−1

2λ





∏

βi

Φ2λd(βi)





∣

∣

∣

∣

∣

∣

∣

.

P ¢ 6 , λ
^

2λ||(p− 1) 4X® P �ºvS0�8�_=� , Φd(x)
^ ,.-�Å�Æ ] 8�_E? . m P , βi

^
f1(x) = 0 02t

8�_=� ,
∏

βi
Φ2λd(βi) ∈ Z 8�_E?Xe=f , ï(î ^ í(î�4Z¼�3$0&ýaþ�8S-�ü 6 q�p{? . Lehmer[8] 8 ^ <

f.V2ÿ(î@e=f (2p)µ−1 4u���½�p(q����Q� h−
p 02-�ü�4���ë(q�p{? .

µ�¶ , 9(ÑQ0&���Q0	��
�V Resultant ��y�>�q�pE? ` 5 V.��� 6 ,
` >@4.o{p	q2¼a½�|O4Z¾�¿���? .

4.2. �� . h−
p 0&¼@½S|�4 mod q 02Å�Æ ] 02×�� \�� 3$0����$V	p�p(e�ë{? . q 6= 2, p ��?uÉ�3$V

[ 6 q ,

h−
p ≡ 0 (mod q)

⇔ Res(f1(x), x
p−2

2 + 1) ≡ 0 (mod q)

⇔ deg(gcd(f1(x), x
p−2

2 + 1)) > 0 (Fq [x] Á	8 )

�E��� P w . µ�¶ ,
` 0�����4&o�p(q�ä�åa�a? .
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4.3. Ý�Þ . iQ02æ�ç�4uè P :

Theorem 4.1. p = 2qn + 1, q � 5 vSV&É�3Q��f.Ê , q | h−
p ⇔ q | hQ(

√−p) �E��� P w .
�

Metsänkylä[10] 0SæEç ^ 9O0 n = 1 0����Q8a_�� ,
` > ^ B�0����QV�_ P ? . m P , p ≡ 3

mod 4 0 5XR hQ(
√−p)|h

−
p �E��� P w ` 5 ^ , Lehmer[8] 02Y�[(1�3$0�i(3�b�-�üae=f zEe�? .

Theorem 4.2. p = 4q + 1, q ≡ 3 (mod 4) � 5 vSV&É�3Q��f.Ê , q - h−
p �E��� P w .

� ` 0&¼@½S|���/ ^� V T.Agoh �Sb�¨"!a8S� 6 q�p{? .

4.4. #�$&%"' . Theorem 4.1 0�(�) (p = 2qn + 1, q � 5 v�V.É�3 ) 4�® P � (q, n) 0��&*�yO4,+	; 6
P (Table 1). m n ^ Web 4.-0/QV 62P � ,

` 0��$0&É�3 ^�102 <&>Eq�p��(p . B ` 8&3�w�ãºf >{�
e@l P vS0 ^a` ì$f�8�ä�å 62P . ä�å54�607�8�9 ^ newpgen 5 prp, proth 8�_E? .

• Web 8&3�w�ã P vS0
– q = 3 0�:(ýaþ (On-Line Encyclopedia of Integer Sequences e=f ).
– (q, n) = (5, 121995), (23, 47589), (23, 93337), (71, 36977), (107, 26303), (107, 48043),

(251, 51905)(The Prime Pages e=f ).
•
` ì$f�8�ä�å 62P vS0

– 3 < q ≤ 101 0 1 ≤ n ≤ 104
^ ä�å0;@®(8 ,

– 101 < q ≤ 257 0 1 ≤ n ≤ 105 0&ýaþ ^ ä�å<
	8�_E? .
• y�
�0 · · · N ^ , B(0&ýaþ{0&É�3$0���� ^�= h ( >a��?�@ 6 q�p��(p ) 5 p�jBADC�8�_E? .

Table 1. 2qn + 1 ��É�3$V(��? q, n 0� 
q n

3 1

3 2

3 4

3 5

3 6

3 9

3 16

3 17

3 30

3 54

q n

3 57

3 60

3 65

3 132

3 180

3 320

3 696

3 782

3 822

3 897

q n

3 1252

3 1454

3 4217

3 5480

3 6225

3 7842

3 12096

3 13782

3 17720

3 43956

q n

3 64822

3 82780

3 105106

3 152529

3 165896

3 191814

5 1

5 3

5 13

5 45

q n

5 105

5 159

5 297

5 1443

5 2977

5 3699

5 · · ·

5 121995

11 1

11 3

q n

11 9

11 43

11 79

11 175

17 47

17 5991

23 1

23 21

23 261

23 · · ·

q n

23 47589

23 · · ·

23 93337

29 1

29 7

29 23

29 177

29 327

29 875

29 6645

q n

29 26605

41 1

41 819

41 1449

41 1677

47 175

53 1

53 5

59 3

71 3

q n

71 29

71 83

71 153

71 327

71 753

71 879

71 3333

71 · · ·

71 36977

83 1

q n

83 65

89 1

89 93

89 931

107 551

107 1775

107 26303

107 · · ·

107 48043

113 1

q n

113 77

131 1

131 3139

131 8485

137 327

137 3443

137 31947

149 5

149 15

149 75

q n

149 2075

149 7941

149 8959

149 19395

149 43911

149 52135

149 64107

167 6547

167 12447

173 1

q n

173 21

179 1

179 7

179 4239

191 1

191 61

191 2211

191 4005

191 14993

191 61303

q n

191 66971

227 347

227 2159

227 3395

233 1

233 9

233 277

233 1389

233 4225

239 1

q n

239 25

239 9157

251 1

251 5

251 23

251 251

251 · · ·

251 51905

257 12183

257 16863

q n

239 25

239 9157

251 1

251 5

251 23

251 251

251 · · ·

251 51905

257 12183

257 16863
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