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Thue ��� � �� "!$#&%�('�)+*-,/.021

F (x, y) *43658729�:�;6: d <6=�<?>@?A$#4B/0(1 d≥−3 #4B80(1 k *DC�E���9":F#4B80(1 � �G#H�I�J �6K2L�A
F (x, y) = k x, y ∈ Z

* Thue KML?AN#DONPQ1SRG*D9T:?�MUWV �TX"Y 0 � #-Z[]\ ��^ 0_1a`�b I 9T:�# ��c � 9�:G*Ddfe Ig :�h(9:Ni � g :�h8*DjNk021l"m_n *DoNp021
q

Thue K2L�A 2x3 − y3 = 1.
� �K2L�A+i m O�r � (x, y) = (1, 1), (0,−1)

� R �?^ 0 � # �_st iMu6v?021Ne-vNe �&w"��x � v I #4OGP-� ��y eDO6[_\ � I]z�{ hWi � u6vG|&7(O"1
J �6K2L�A"�2}"~ �M� O"1&: � �_�6�f#]�/��LF#M�2O+.021���?�(���2Z/�S�: (x, y, z)

�?^ 0s"������ * X?Y 0 � # � IJ ��K(L+A x2 + y2 = z2 *4R�� � #(i&�+�B80(1�F�Q��| w�� R$i
(x, y, z) = (3, 4, 5), (5, 12, 13) Z ^ 02Z I ���/���]����� (BC1900 � BC1600) �M�?�_ �i��¡�T:�� �m�¢W£ (12709, 13500, 18541) Z(¤f¥ w r"O+0�1 ��w Z2R ��^ 0 � # �]¦?§ i-¨�© � H 0(Z I ��w *ª m kT0 � # �(«_¬ i �_� H 7_O � # � I � � g i � �_®/i]¯2°+7�: � #¡±�)Z ^"²_�?� #4�2'�#ª 7�³N021

Axel Thue(1863–1922)
�?´]µN¶T·2¸ �(: �¹ ��^ 0(1 Thue `�º I 19 »6¼$¥ �W� J ��K�LWA �

� ²�½ | g :�hWi4¾�¿/� w?� 1-À�u w?�_Á"Â �&Ã"Ä�h �?^"²2� 1 Thue
� I_Å�Æ g :�h�7T[_\ �?^ 0J �"K_L�A8*SÇ�È�0M��i4RÉG*SÊ tMË�ÌÍ 1 �-w�� � H 7�Î6Ï"�MÐ�Ñ ��^�²_� 1-Òf| w��MÓTÔ � l2Õ

h �?^�²(� 1
Ö(×

(Thue, 1909) α *Ø<: d≥−2 � g :�h2:Ù#DB+021 ε > 0 #DB+021
⇒
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760 c � :�R �]cWÚ ÃW1
Ä��(d�ÛG*&B+0W# �&wW� I cWÚ ÃW� (p, q) *MÜTO�r I
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Z �ÞÝQß m � #�*4àÙeDr�OW0216B�7(u t Iâá g :�h2: �]c � : �?^ ¥ Ý �Ù��ãTä � H 7(O�å � #�*4à
eDr�OW021� �_� � � inneffective

�"^ 0]1D'6)��_æ�K�Z I C1 = C1(α, ε), C2 = C2(α, ε) Z ^T² r I q1 > C17�0 (1) �&R"Z ^_²S� #aB60"# I %_��R8*��6#&i6e�r]ç8¥�04�M:+è Ýé� H O (1) �&R I B�7]u t q2 > qC2

1760&RWZ ^�²(� |aê�ë I #4OGP � # �?^ 0(vG|D1 � H �_�Tì�vG|&7(O(R q1 *4í�iWeDr I % w `î?�R��TïTð�Z(,/.+| w 0 Í k �?^ 0(vG|D1� ��� � � Thue K2L�A"�2R�� cWÚMñ *-,/.021
Ö(×

′ Thue K2L�A"�2R �]cWÚ Ã �?^ 021
ï(òT� � Z inneffective

�6^ 0 � #Dv�| I � �2� � ′ � inneffective
�"^ 0M1DB67_u t I R�� � H �

��ï�ðN*D,8.T0 � #4Z � H 72O1]R?�(ï�ð � Baker �2� � (1968) i�è ² r z Y r�,8.W| w�� 1 Thue
K2L�A6Z_ó�Ä872�"O � *?eDr�OW0�ô"õ/i � I Padé ãTäW�KTö/i"è ² r���R��TïTðG*-,/.0 � #&Z �H 021 � �KTö��_�6�8� Thue i ^ 021 � �(ô"õ/i � v67 Ý�÷ ��72ïTðG*4Ò/0 � #&Z � H 021
7"ø I F Z(365 ��^ 08#6e �_ù�úG�Mû?Y | w r I F (x, 1) = 0 ZüW7G�T#_� � m �(��ý87�0�R$*

�2r�þM� � ′
� �ÞÝQß m 1
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Ö2×
′ ����� F *��]:6ì2RÙe I F (x, y) = a(x− αy)(x−α′y) · · · (x−α(d)y) #SB�0_1 (x, y) *SRf#

e I y 6= 0
� I

x/y Z α i&ã�OG#DB+0W# I ¦�§ i
|x/y − α| =

|k|

|a(x/y − α′) · · · (x/y − α(d))||y|d
<

c

|y|d

*4Ò/021 l K Thue ��� � vG| I cWÚ ÃW� (x, y) � ¢ *MÜTO�r I
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≥−
1

|y|
d
2
+1+ε

#]76021 � ��� m vG| I
1

|y|
d
2
+1+ε

<
c

|y|d

#]760(Z I d≥−3 �N# H d/2 + 1 < d
�?^ 0(vG| I �&w vG| y � cWÚMñ *4Ò/021

Thue � Ö2× �	���
���� '?)?i � Siegel �	�\ I Wronski ���"A I Taylor ���Z	�"O$| w 0_1
(1) *�� � B c � : p/q Z�� Ú Ã ^ 0?#��"��BW0M1 g :6Ï α

� >f�¡�	�G*_� m >�@6A F (x) ∈ Z[x] *� 0�1 F
�

α
� >��D����*�� m � � I α i��! �i�ã�O c � Ï p/q

� ��" F (p/q)
�$#+Y r ÷ �/�&7

021 l K c � Ï p/q
� � F ��" � 1/qdegF è Ý�÷ �8� � 7 w 7(O"1 �&w è Ý ê�ëG*4Ò/0 � #�*&%�'

B�1�(�)Wi � F
� 9:;": ��� PT¥��¡O6v�* I F (x) = P (x) − αQ(x), P, Q ∈ Z[x] 760 � �?�(� �

α
� >f�¡�	�N*2� m �2�W* ��Ý I F (p/q) � g u Ý i+" γ = P (p1/q1)− (p2/q2)Q(p1/q1) *�,/.T0M1 γ�]c � : �?^ 0(vG| l K ��� ÷ �8�-7 w * I�- K

γ =

(

P

(

p1

q1

)

− αQ

(

p1

q1

))

+

(

α −
p2

q2

)

Q

(

p1

q1

)

#6e-r I�. ��/ 1 A � F (x) Z α
� >��D����*�� m � #�v$| p1/q1 * α i�06ìãÞ�T#(0 � #(i6è ²

r #WY r ÷ �8�-7 Ý I / 2 A � α − p2/q2 *T�+|Mi$0"ì ÷ �8��#_0 � #2i"è ² r #WY r ÷ �8�-7 Ý Iõ6u2³�r γ Z #WY r ÷ �8�-760 � #�*4àÙeDr�ê�ëG*4Ò/021
1 1 (1) �2R��Tì�2 �  /i43 �?^ 0W#DB+021
<8� Siegel ���?\ � èN�¡�Ø| w r?O/01-'8) � �&576ØÝ98 ö$i�è"01 n .6þ I W.M.Schmidt,

Diophantine Approximation, Springer L.N.M.785, Lemma 5B, p.127 i ^ 0(Z I ��� iT�]'�)+*Dj
k021
Siegel �	:�; N > M≥−1 #DB+0W# H�I	< �:��_Ã":WZ N

I K2L�A"�_Ã":WZ M �(9:;":!= ß?>
<�K2L�A

N
∑

i=1

aijxi = 0 (j = 1, · · · , M)

i � �$��)67M9:�R �
| R |≤−(N max{|aij |})

M/(N−M)

760�(�"Z ^ 021
�@� N > M è Ý �$��)67]R �$A�B B+021

yj =

N
∑

i=1

aijxi (j = 1, · · · , M)

#]ø H�I �&w * N <!C&D&E���
F�G+Z29: �?^ 0IH&J6Ï�vG| M <!C&D&E�	H&J6Ï!K"��L�MF# £ 021
A = max{|aij |}, X = [(NA)M/(N−M)] #]øN� 1 (x1, · · · , xN )

�
0≤−xi≤−X 760IH&J6Ï�*+N���#DB+021

−Bj , Cj *M% w�O�w ;": aij (1≤−i≤−N) ��P+760�(��ø?è�Q	3+760�(����Rf#DB+021�MW� yj
�

−BjX≤−yj≤−CjX
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*�� � B�1 Bj +Cj≤−NA 72� � I M (y1, · · · , yM )
� l �6�2�/�_Z NAX � M <�C ß K��Ni��W0M1]%

��H
J�Ï���Ã: ≤−(NAX +1)M 1 l K I N+k�0 (x1, · · · , xN ) ��Ã: � (X +1)N 1�# ��� Z I X +1 >

(NA)M/(N−M) è Ý

(NAX + 1)M < (NA)M (X + 1)M < (X + 1)N−M (X + 1)M = (X + 1)N

��^ 0�v$| I NNk�0_Ï��(Ã6:+Z	M8ZG# Ý Ò�0_Ï?�2Ã":$è Ý >"O�v�| I ü+7G�T#_��� m �(��ý+7?0_Ï
(x

(1)
i ), (x

(2)
i ) Z A�B eDr6%�	M � l�� B+021 xi = x

(1)
i − x

(2)
i #]ø�kTþ$��\����$��)67]RÙ#]76021

< � g :��W�(í	�G*�# Ý 9:;":?K2L�A+i�
 H s ³�þ�è]O"1
Siegel �	:�; ′ K *4<: d � g :��F#"e I N > dM #DB+0W# H�I�< �:��_Ã":WZ N

I K2L�A"�
Ã":WZ M 760 I K � g :�h(9:$*S;":Ù#DB+0$= ß?> <�K2L�A

N
∑

i=1

αijxi = 0 (j = 1, · · · , M)

i Á eDr I K � £ i"è ² r�ç$¥(0]�T: c Z ^�² r I �$��)67 c � 9:�R �
| R |≤−(cN max{|αij |})

dM/(N−dM)

760�(�"Z ^ 021 ����� |α|
�

α �������� Á "���� � "$*4d6BT1
Thue � Ö(× ���@� 0 < θ < 1 #DB+021 ( � � θ → 0 #DB+0 .) `"b I �T: c1, c2, . . .

�
α � £ i

èT021
Lemma 1 ( :���������� ) c1 > 0 Z ^]² r I C�E��� �2: N i Á e I M = [(1+θ)dN/2] (< dN)

#]øN��# I ¯�� M <?�(9:;":�>T@�A P (x) =
M
∑

i=0

aix
i, Q(x) =

M
∑

i=0

bix
i �

|ai|, |bi|≤−c
N/θ
1 (i = 0, · · · , M)

*+� � e I v m
F (x) = P (x) − αQ(x)

Z x = α
� ü�7N��#M� N �W����Ï�*(� m �(� I B�7(u t

F (k)(α) = 0, 0≤−k≤−N − 1, (2)

#]760�(�"Z ^ 021
�@� ùú

(2)
�

aM+1

k!
F (k)(α) =

aM+1

k!







∑

k≤−i≤−M

aii(i − 1) · · · (i − k + 1)αi−k

− α
∑

k≤−i≤−M

bii(i − 1) · · · (i − k + 1)αi−k






= 0, (3)

0≤−k≤−N − 1

#]76021 ����� I a ∈ Z, aα ∈ OK(K �(9:�� ), K = Q(α) 1
ai, bi:

< �: I %�_Ã": = 2(M + 1)
K2L�A"�_Ã": = N
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| ;": |≤−c′M . .. )
(

i
k

)

≤−2i≤−2M 1
Siegel ����\ ′ è Ý

| R | ≤− (c · 2(M + 1)c′M )dN/(2(M+1)−dN)

≤− (c′′M )dN/((1+θ)dN−dN)

≤− (c′′(1+θ)dN/2)1/θ≤−c
N/θ
1 1

�Mr I � � P (x), Q(x)
� l K6Z - K"���T:��F# � 7 ² r�O?7(O"1

. .
. ) P (x) = cQ(x) # �6�"B+021 c ∈ Q

�?^ 021+è ² r F (x) = (c − α)Q(x), c − α 6= 0. F (x)
�

x = α
�

N �W���$*(� m vG| I Q(x)
�

(x − α)N
� 6 w 021$e � Z ² r I Q(x)

�
α ������>T@�A

� N � � 6 w 021Wè ² r�<:������+vG| dN≤−M #]760(Z I �&wW� M �(ç Y K+i
	"B+021
% ���

W (x) = P (x)Q′(x) − P ′(x)Q(x)

#2ø$� 1 W (x)
�

Wronski ����A�#
�+þ w 0"�T� �W^ 0�1_ï�� � #]v�| W (x) 6≡ 0
�+^ 0T1+¥ �

W (x)
� 9:;":��¯�� 2M − 1 <?�T>T@�A �?^ 021

Lemma 2 c2 > 0 Z ^�² r I C6E?� c � : p1/q1 i Á e I

s = ordx=
p1
q1

W (x) < c2
N

θ log q1
1 (4)

�+|Mi I 0
� 7(O2C6E?� c � : p2/q2 i Á e I l≤−s + 1 760 l Z ^�² r

γ =
1

l!

(

P (l)

(

p1

q1

)

−
p2

q2
Q(l)

(

p1

q1

))

6= 0. (5)

�@� ��Ï6���":������/è Ý I W (x)
�

(x − p1/q1)
s �� ° 6 w 0(Z I Gauss ����\Gè Ý

W (x) = (q1x − p1)
sR(x), R ∈ Z[x]

# 
�k021�B+0W# I
|W (x) ����¯�<?�_;": |≥−qs

1 1
l K I � ���"� ≤−2M · Mc

2N/θ
1 1
.. . s log q1≤− log 2 + 2 logM +

2N

θ
log c1 < c2

N

θ
.

è ² r (4).
���8i m O�r � I s �����$# I Leibniz ���"A8è Ý I

0 6= W (s)

(

p1

q1

)

=

s
∑

i=0

(

s

i

) ∣

∣

∣

∣

P (i)(p1/q1) Q(i)(p1/q1)

P (s−i+1)(p1/q1) Q(s−i+1)(p1/q1)

∣

∣

∣

∣

.

�+e¡B�ÈTr�� 0≤−i≤−s + 1 i m Or I P (i)(p1/q1)−
p2

q2
Q(i)(p1/q1) = 0

��^_w þ]ï"� . ���	���"A � B
È�r 0 i�7 ² r$e�¥6P-� � I ^ 0 0≤−l≤−s + 1 Z ^�² r

γ =
1

l!

(

P (l)

(

p1

q1

)

−
p2

q2
Q(l)

(

p1

q1

))

6= 0.

γ
��c � : �6^ 02Z I P, Q �2<�:�Z M

��^ 0 � #2è Ý I (5) �(ì�2?� � H �"* £ 0�# I γ
� ÷ �

�-7 w 7(O"1�B�7(u t
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Lemma 3 |γ|≥−
1

qM−l
1 q2

.

�@� (5) è Ý 1
l K F

�
x = α

� �$*����� t I l Z ÷ #]760������Tb ��� I l �
	�ì�eDr��$� � ����� ² r�O
r I p1/q1, p2/q2 Z α i&ã�OG# γ

� ÷ #]76021 �&wW� ê�ëG*��� 1 �&w * ª 0 �TY i
γ =

1

l!

(

P (l)

(

p1

q1

)

−
p2

q2
Q(l)

(

p1

q1

))

=
1

l!

(

P (l)

(

p1

q1

)

− αQ(l)

(

p1

q1

))

+
1

l!

(

α −
p2

q2

)

Q(l)

(

p1

q1

)

=
1

l!
F (l)

(

p1

q1

)

+
1

l!

(

α −
p2

q2

)

Q(l)

(

p1

q1

) (6)

#�� � B+021 � � Y i����W� � ¥]v67(K��N*��ÈW021 (6) ��/ 1 @�i m O�r � I F
�

x = α
�

N �
���$*(� m � � I Taylor �7��B+0W#

F (x) =
F (N)(α)

N !
(x − α)N + · · · .

è ² r
F (l)(x) =

N · · · (N − l + 1)

N !
F (N)(α)(x − α)N−l + · · · .

N Z � H � l Z ÷ �MO������Tb ��� I p1/q1 Z α i$0"ìTã�OG#

F (l)

(

p1

q1

)

=
N · · · (N − l + 1)

N !
F (N)(α)

(

p1

q1
− α

)N−l

+ · · ·

� �� /i ÷ �8�-76021W¥ � I (6) ��/ 2 @�i m O�r � I p2/q2 * α i��+|Mi&ã���#_0 � #2i"è ² r�/
1 @f#]�/�
��� ÷ �8�QB+0 � #&Z � H 0212`"b �&w *è Ý���� i £ 021
Lemma 4 c3 > 0 Z ^�² r I l < N #]7 ² r�OW0T7�|�þ I (1) �_C6E?�2R p1/q1, p2/q2 i Á e ,

|γ| < c
N/θ
3 max

{

1

q
(N−l)ρ
1

,
1

qρ
2

}

.

� Í e I
ρ =

d

2
+ 1 + ε.

�@� (6) ��/ 1 @�i m O�r"1 F (x) * x = α i�ø(O�r Taylor �7��B+0W#
F (x) =

∑

N≤−k≤−M

F (k)(α)

k!
(x − α)k,

� .�i
F (l)(x) =

∑

N≤−k≤−M

k · · · (k − l + 1)

k!
F (k)(α)(x − α)k−l.

è ² r
(6) ��/ 1 @ =

∑

N≤−k≤−M

(

k

l

)

1

k!
F (k)(α)

(

p1

q1
− α

)k−l

.
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�&w *&ï�vG| ���?B+021 ∑ �
M Ã�`"b6��R I (

k
l

)

≤−2M
I

F (k)(α) �(@?�_Ã": ≤−2(M + 1)
I

1
k!x

i � k� 	�ì8i"è ² r��(rf��0-;": � i···(i−k+1)
k! ≤−2M

I
F �_;": � |ai|, |bi|≤−c

N/θ
1

I
α �È H � ¯�� M + 1 1

e � Z ² r
|(6) ��/ 1 @ |≤−M4M · 2(M + 1)c

N/θ
1 (max{|α|, 1})M+1 ·

1

q
ρ(N−l)
1

*SÒW0M1 (6) ��/ 2 @8i m O�r � Taylor ����³&*�i s�� � �"B�0]1 Q(l)(p1/q1) �M@6��Ã: ≤−(M +1)
I

1
l!x

i � l
� 	�ì8i"è ² r��(rf��0-;": � i···(i−l+1)

l! ≤−2M
I

Q �_;": � |bi|≤−c
N/θ
1

I
|p1/q1| < |α|+ 1 #

eDr8è+� I %�È H � ¯�� M 1Ne � Z ² r
|(6) ��/ 2 @ | < (M + 1)2Mc

N/θ
1 (|α| + 1)M ·

1

qρ
2

#]76021 � ��� m *-õ6u2³�r I

|γ| < c
N/θ
3 max

{

1

q
(N−l)ρ
1

,
1

qρ
2

}

.

�Mr I (1)
� � Ú ÃW�2R$*(� m I # �6�"B+021�%NeDr�ê�ëG*��� 1

( `������	��vG|�
�/i�760 � #&Z�ì�v602� Í Z� ����� I ρ = d
2 + 1 + ε i Á e I 0 < θ < 1 *I0"ì÷ i I N1 *I0"ì � i�# Ý I

θ >
1

N1

v m

(1 − θ)(ρ − 1) −
1 + θ

2
d −

1

N1

= (1 − θ)(
d

2
+ ε) −

1 + θ

2
d −

1

N1

= ε − θ(d + ε) −
1

N1
> 0

(7)

#]7606è?P2i]B+021�%NeDr I (1) �2R p1/q1 *
c2

θ(θ − 1
N1

)
< log q1 (8)

ø?è�Q
log c3

θ
<

(

(1 − θ)(ρ − 1) −
1 + θ

2
d −

1

N1

)

log q1 (9)

*+� � B/è?P2i�#_021_<�i (1) �2R p2/q2 *
log q2≥−N1 log q1

i�#_021�% ��� N = [log q2/ log q1] #]øN� 1�B�7(u t I N *
qN+1
1 > q2≥−qN

1 (10)

#�7"0T�_��#SBW0_1 N≥−N1
��^ 02v�| I (7),(8),(9)

�
N1 * N

��� H Ñ8.]r?� ��Ý�ß ² rO�0 � #
i 1 E6B+021��Mr I � � N i m O�r Lemma 1 �������_:$* � 021 (4),(8) è Ý I

s <
c2N

θ log q1
<

c2N

θ
·
θ(θ − 1/N)

c2
= θN − 1,

.. . l≤−s + 1 < θN. (11)
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Lemma 3, 4 è Ý I
c
N/θ
3 max

{

1

q
(N−l)ρ
1

,
1

qρ
2

}

> |γ|≥−
1

qM−l
1 q2

. (12)

(10) è Ý
1

q
(N−l)ρ
1

≥−
1

qNρ
1

≥−
1

qρ
2

.

è ² r (12)
�

(10) #Sõ6u2³�r
c
N/θ
3

q
(N−l)ρ
1

> |γ|≥−
1

qM−l
1 q2

>
1

qM−l
1 qN+1

1

. (13)

#]76021 � .�i I (11) ø?è�Q M = [(1 + θ)dN/2]≤−(1 + θ)dN/2 è Ý

c
N/θ
3 > q

(N−l)ρ−M+l−N−1
1

= q
(N−l)(ρ−1)−M−1
1

> q
(N−θN)(ρ−1)−M−1
1

≥− q
(N−θN)(ρ−1)− 1+θ

2
dN−1

1

= q
((1−θ)(ρ−1)− 1+θ

2
d−1/N)N

1 .

�-w��
(9) i-êë"B�0_1 � �2êë � (1) Z	� Ú Ã?�_RG*2� m #��"��e �?� #-vN|��G� � 1�è ² r I (1)�]cWÚ ÃW�2RFe-v�� � 7(O"1

� � �('�)�� Ý
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