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1 WEROER (Basics of Probability Theory)

HERERISHERD DL SR W HBTERVWE EDLNED, HEPIZZTSIVWIHEHEH D Z L ITED
2V, U LB WHRIZE > TIEZENRE, GEL VAR B CHHEMTE 20 W d 5. AETIE
MRz P T TR EREZPHEE I OWT, HIEROMMSEZ INEETTICHMTES L5, &
INRDFEHIZ DO WTIRSHT 5.

1.1 HFEERZEE & HERZH (Probability Spaces and Random Variables)

fEsRim & &, BT, H 2 YRMHEREM (Q,F,P) B0, ZDO ETERIN, TV X Lkgd=
MERZE X = X(w) OFk& eME (HER) 2R TITZ S L5 7R TH 5.
ZZT(Q,F,P) »HEERZR (probability space) L IZIROUEEZAZTEDE NS,

e VA)XHIES (tE we, T2, Q ORINELAEE 2 TKT).
o F(C29) I Q kD o-hNikHE (0-additive class) X721, o-1liElE (o-field);

(1) Qe F
(2) Ace F= A€ F
3) A, e F(n=12,...)=UJA, eF

o P = P(dw) \TFHIZER (Q, F) LOWHEAE (probability measure), i.e., 2HlE 1 O
[ P F — [0,1] IZEESBEBTRE AT

(1) P(Q) =1
(2) A, e F(n=1,2,...) WEWZIHE = P(UA,) = P(A,) (c-IEM)
A€ F BHEL (event) £\ 5.
M 1.1 (QF,P) 2iERERE 2L E URPKLT 5 Z & 2RE.
(1) o-IEFEIZATRMEDOESEFIZE L THUTWS. A5,
F % o-MiEEE L, A/B/A, e F &35, kb FIZET 5.

0, ANB, A\B, AAB:=(A\B)U(B\A), ﬁAn.

Zhh S lim A, = limsup 4,, := n U Ap, lim A, = liminf A, := U ﬂ A, eF.
N>1n>N N>1n>N
(lim = inf sup, lim = supinf &% X 5 L B\W.)

(2) P(0) =0, {A}i_, CF BHWIZHE = P(UjL, A) = i, P(Ax) (BRIELE).
(3) A,B e F;AC B = P(A) < P(B) (¥).

4) Ay €F, Ayt =P (U An) = lim P(A,).

n—oo

(5) A€ F, A, | = P (ﬂ An) = lim P(4,). LOr&bETHREOEBERMEL .

n—oo
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6) Ay € F(n>1) = P (U An) <3 P(An) (BIEM).
(7) (Borel-Cantelli D##R)
Ap€F (n>1), " P(A,) <00 = P (limsup An> ~0,ie., P (nmian;) =1

Z OWERZER (Q, F,P) ETEBINZEB X =X (w): Q=R P {X <a}:={we %X (w) <
a} € F (Ya € R). 2#7-7 & SHEZLH (random variable) &\ 5. Rz X A HHDMH
S={a;}j>1 CRLMPESRVEE, ZOFRME (X =a;} e F (j>1) &5,

X, ZRERZEM (Q,F, P) EOFEBUEHRER LTS (k=1,2,...,n). 2O E {X;}1_, M
iI (independent) TH 5 &I

P(XlSah'"7XnSa/n):P(X1Sal)"'P(XnSa'n) (vakERakzlw"?n)'

TSI ETn WEEOL E (X, }s1 PHNTHBLIZYN > 1 ITH LT {X, )0, AT e &

n=1

S, BHE X BTTEHDM S = {a;),51 LA ESAVE X, EORITKD & SICEZTHEN
P(X1=b1,~-~ ,anbn)ZP(Xl :bl)"'P(Xn:bn) (bk ES,kzl,...,n).

72 u(A) = px(A) =P(X € A) &2 X D4 (distribution) & \W\©, F(z) = Fx(z) = P(X <
z) % X O2HEA (distribution function) &\ 5.

1.2 HifF{E, F9{E (Expectations, Means)

—RIZHERZEM] (Q, F, P) LOMEREH X OHRHE (expectation) or FI{E (mean) |F

EX = E[X]:= /XdP = /QX(w)P(dw)

CHEFMEE P TD Lebesgue fisr & LTEEIND. LA LI I TRAVR—THRESRIEFRA
WEHMLPT VLD, lEER X ZZ:=ZU{+oo} TEELZEDETE. ZDL SHIRHE
EX FRDESIZEHRINS.

(1) X>00&& EX =) nP(X =n)+o0oP(X = o0).
n=0

(P(X=00)=0%5 coP(X =00)=0,7%. YK, P(X =00)>07%5 EX =00.)
(2) X: MDOLEFXT:=XV0, X :=(-X)VO &BE(ZDLE XT >0, X =Xt - X~

L7b - PO L) EX :=EXt -EX™ &BL. HLU,00—00 &5 & EFEHEINR
WwWed b,

ZOEHERANZETIX EX = Z nP(X =n) T, OB f:Z > RIZHLTH, BN
nez
LEf(X)=)_ f(nP(X =n) LEXKTS. (MEFEOLSIC > & > THIT

nez n;f(n)>0 n;f(n)<0

EHT D)
MERER X TR LT, 2008 %E V(X) = E[(X — EX)?] = E[X?] - (EX)? TE#HT 5 (&
BOFESEENID K). Z0hs (EX)? < B[X?] DD,
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EIE 1.1 (Chebichev DFRER) p>1195. ZOLE 4> 0 ITHL,

E|IX]?]

PX|za) < =2

EEBA] P(X|>a)=P(X|P>a?) £bp=1 & LTRBIEHH.

E|X|=) nP(X|=n)>) nP(X|=n)>a) P(X|=n)=aP(X|>a).

n>1 n>a n>a

EE 1.2 Xi,...,X, 2 Z a2 BMRERE LT, EXH <o (k=1,...,n) £T 5.
ZDEE Xy,..., X, WIS 6, B[X; X, = E[X;|E[Xk] (j #k). SOV EX,] =075

(éﬂ)g

[BEER] (1) j # k o MSIMED S P(X; =m, Xy =n) = P(X; =m)P(Xy =n) &b

n

=> EIX}].

k=1

E[X;X}] = ZmnP =m, X, =n) =Y mnP(X; =m)P(X; = n) = E[X;]E[X,].

( )@Bﬂﬁ <ZX]¢> ZXk+ZX X & J:D J #k AN E[X Xk] E[X]]E[Xk] =
2k
03352 eholSH. ’ ]

1.3 KREDERA] (LLN=Law of Large Numbers)

A VFITT, BITBEHEEPCL TV EROHBEED 1/2 1BV TWL LW BHENDH
5. ZNHRREOEA QMK ZRFITHZH, 2L & 1 B v E2ETF S &0 5 17413
Thb.

BT 2IZE n BEIZIA VERIFC, £ X, =1, 8B45 X, =0 bHRDE. ZDL X
REHYX EX,, = 1/2 (%w} AEE V(X,) =1/2 TER). 20L& n HETEITT, ROW
7 D FA Y 1 — ZXk T, KEDER L 3 ZNDn — 0o D& X, HEREHD 1/2 12 [iE

lc 1
DL WS ZeTHS.

EH 1.3 (KHBDFERI (Weak Law of Large Numbers)) X3, Xo, ... 2SR E
e, W= EX, =m, SBPER v:i=sup,V(X,) <cc THdLT5H. TDLIRMVED
VD Ve > 01T LT,

s) =1

1 n 1 n
. > . .
nhm P<|n kngkfm 6) =0, ie., nhm P<|n kngkfm <

[EEBE]  {X,} PHSITHED S {X, = X, —m} BT L5 (HEhD L) £oT

n

%ZXk—m:%Z(Xk—m)
k=1

k=1
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Mo, X, DROVIZ X, 2BX5ILI2&D, HOHS m=0,ie, E[X,] =0 & LTHWL.
DX EV(X,) = E[X? T, iifEd» S

n 2 n n
E [(Z Xk> ] =Y E[X{] =) V(X)) <nsupV(X,) = nv.
k=1

FoTY%>0izLT,
>6)

1 n
P(n’;Xk

IA Il
I
‘ I/~

LOEMEFMUEZMEDD LT, o LHRWVEERDVED ID. ZNPROEHTH 5.

EE 1.4 (KA#D3&ZER (Strong Law of Large Numbers))  Xi, X,,... ZS R
ZHRT, ¥E—E EX,, =m, FHPEHR v:=sup, V(X,) <o THDHETS. ZD&EIRMVEK
URVASR

LY
P (nlingonZXk = m> =1.
k=1
ER 1.1 B, PR —ETRWESTE, IRDSK D YLD,
1 n
P (nhjgo - Z(Xk — EX}) = o) =1.
k=1
INOFFHIEE R TR WD, IROMAFITIRARS. D UBNGRMAEDH & TIHIRD & 5 12
HIZEETE 5.
[sup E[X}] < oo DEHEETOER 1.4 DFEFA] X, DDV X, —m 2FEZXBHILITLD,
n 4
m=0,ie, E[X,] =0 X LTREFL . 7 (Zxk> DEFANEZZ BDEH, Mty

k=1
SEEM 0, X 512 B[X?) < (BIXY)V/? ICEEL T,

(&)

22506, HIPCRER (or Fubini OEM) % FH\WT

=Y EX{+ Y. E[X7]E[X}] <n’sup B[X}]
k=1 i£5,1<i,j<n k

E

4 4
E Z(nZXk> :ZEE |:<2Xk> ] SzﬁsipE[Xﬁ]<oo
n=1 k=1 n=1 k=1 n=1
EAD. 12’L£iP<lim 1ZX;€O>1%%K\H*TZ>. |

S OICHEBELGEEE U T, IROHFUMEIREH D H 5 .
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EIE 1.5 (CLT) MHRLHEY] {X,} ML/ (independent identically distributed =
nga@%.%@%ﬁéEXfwmﬁﬁévag:va?aa;%E]wam@ﬁﬁu$
k=1
0, 28 v OIESISA N(0,v) IZPRT 2, ie, (LED a< b ITHL,

1 & 1 b2
lim Pla< — Xp—m)<b zi/e_ﬁdx.
n—00 ( \/ﬁ;( k ) > \/27’(?) a

Stz niE Xy —m) OHAEIZFE 0, 580 1 DIEBSAE N(0,1) [T 3,

1 n
7%%(

2T, NI Y SR OMEIZ DWW T A LR TH L. B = B(RY) % 1 G Borel £&1kE 3 5.
FREREBG] X1, ..., X, IS, X = (X1,...,X,) & UT, TOMREDME px (A% x Ap) =
P(X1€A,,...,X,€A,) (A, €eBY) LEH#TS.

EE 1.6 EMRLES X,..., X, PR S, X = (X4,...,X,) £LT,
px =Qux, ie, px(Arx-xAy)=px, (A1) px, (An).
i=1

ZNURLERR (—00,a] DRIKTEREIND o NIEBKD B L7525 L SERBHD5.
EE 1.7 FEHERLEH XY I35, A5 Borel BB f(z,y) XL,
E[f(X,Y)] = E[E[f(#,Y)]le=x] = E[E[f(X,y)]ly=v]-
TN EFAVTREIE,
/Rz f@,y)uxy)(dz, dy) = /m [, y)px (d)py (dy)
LR BDT, EORERP SIS .
Bl 1.1 EREREH X, Y HHNLR S,

PX<Y)= /RP(J: < Y)ux(dz).

1.4 KEDs&aERIDEERA

2 DONHFRIZ DOV THRRTHL .

— BT HERER X, X TRHLT, "% >0, P(|X,—X|>¢e) =0 (n—o00) DEE, X, - X in
pr. £RU, X, B X IZRERINKRT L2 0S. - PX, > X)=10&% X, - X, Pas. &
KU, X, " X IZBIERT S LS. (as. 1 almost surely D)

B 1.2 “BHNER — BEERINER, ie., X, — X, P-as. = X,, — X in pr. 2%,
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(Ev bk PX,—>X)=1 <
P(r]LJ(]{mg-x¢<;}):1<::13L>”DNDN{Xn—X'>;}):0

k>1N>1n>N
1 1
N>1n>N

n>N

— "k >1, lim P(
N —o0

. 1 . 1
s 1 p (- x> ) g[}%p(QN{XﬂX%})
ZRIERERIGR L A (M5, 1/k & e > 0 CESHMASNG. {1 ?)

AR 1.2 I, EORIOBIER D L7\, BTSSRI U THHEDUR U A WiilaifEn
5. LU, #ERPERL Chud, @Y 28 058RS 2 L5t s Z e dAIS TN S,

B 1.3 TRERICRZR S84 238 5N UTBEDGR] | fe., 7 X, — X inpr. = {ng}; X, — X
a.s. “Zmt.

(Ev b HERIROKE LD, WHH 5 ([HH?) Hny); P (Xnk —X|> 21k> < Zik s

Wk $ %5 Z &5 Borel-Cantelli OFfENEZT P | (| ) {|Xnk - X| < ;k} =1. Zh
N>1k>N
SRBIND.)
X TIND S REDOBIEADFREIZAS 5. —it, B, EHE2RRTEL.

EE 1.8 (K#D5#ERI (Strong Law of Large Numbers)) X1, Xo,... ZM7 kR
ZHT, ¥H—E EX,, =m, P ER v:=sup, V(X,) <o THHETE. D& ZIRMVE
DD

N R
P<nlLr{:on;Xk—m> =1.

n

FERORN] £3 EX, =0 L UTRERERL, S, =) (Xi/k) 1L,

k=1

(1) Kolmogorov MHEAREFR £ b sups,, [Sk — Sn| = 0 (n — o0) in pr.
(2)  THERICR 7 & 8 24 720883 FNT 6 U TR T 2 v iuid,
% 1 T {S,} » Cauchy %1, #UZIRF.

1 n
(3) Kronecker DL D - ZXk — 0 P-a.s.
k=1

EWVWD FETRY. £ D7 Kolmogorov DEAAEFA L Kronecker DA% 5125 A, GEIHY 5.
& 1.1 (Kolmogorov OZARER) {X,} ZM TR ZHYIT, V9 EX, =0 &
Té.%ﬁﬁS@:}jxnmﬁb,

k=1

a>0 = a’P( max |S,|>a) < E[|Sy|* max |S,|>a] < E[Sy|?
1<n<N 1<n<N
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[BEEA] A = {ISk| > a,|S1] < @, |Spa] < a}, ST = Xp g+ + Xy B &, SEHD
N

Y Spla, BHNLT E[SSFHD; Ay] = E[Sela JE[SE] =0, %72 A= | ] Ax (FER). &oT
k=1

Bl|Sn[*; (ax |Sn| 2 a] = E[(Sk + 5" D)2 4]

E[S? 4+ 28,8k+1 4 (§(k+1)y2, 4;]

v

M= 1= [1= I

E[S3; Al

v

E
—

|
S

P( max |S,| > a)
1<n<N

#E 1.2 (Kronecker D) #4 {z,} & {a,};0<a, T oo ITHL,

. Tk . . 1
lim E — exists — lim — E =0

n

[EEER] s0=0, s, = Z(mk/ak) —s &9 5.

k=1
n n n—1
1 aj Tk ay (g1 — Ak
?g T = ;;:g *(Sk*Sk—l)*Snfg a
" —1 k=1 ‘n 9k T U k=1 n
fER, R
n—1
Sp— 8 L —E (ag+1 — ag)sp — s
n 13

DI IFE T 5. Zhid s* =sup,, [sm| < o0 & Ve > 0,°N;Yk > N,|sp —s|<e &, n>N
U, Mz N THIT

1 n—1
—_— E ak+1 — ak S — S
n =

n—1
1 a
(S:a E (akH—ak)s—l—a—Ns Kb’C)

n k=N n
1 n—1 1 N-—1 an
— Z a1 — ag)lsk — s/ + — Z(Wc—&-l — ag)(sup [sm|) + —|s|
Gnp an m QAp
=N k=1
< gln AN | IN O +a—N|s|
a"ﬂ n n

— € (n—o00)

Lo Te>0 DEEME,SMRIE 0. ]

[REDEER (EE 1.4) O8] %7 X, ORDLIZ X, = X, — EX, 2825 L {X,}
LHENIT V(X)) =V(X,) <v &0, Hldhd EX, =0 & LTREETH. Z0& SRS
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E[X, Xy = E[X,]E[X;] =0 (m #n), 7 BEX2] =V(X,) <v. 22T 8, =Y == &8X<
k=1
&, Kolmogorov DI AAER L O LED a > 0 1ZX L,

Y. E[x2 v
2 Q. _q <Q Q121 — k
a P(ng%v's’“ ~Sul>a) < E[Sy - SuP1 = ) < > 5

JIHiZ N — 0o, n — 00 & LT,

lim P(sup [Sk — Sn| >a) =0, ie, Supgep|Sk—Su — 0 (n— o00)in pr.

& o T Y 7255351 {nj} C N;TL]‘ T oo % tﬂli

lim sup [Sy —S,,|=0 P-as.

j—)OOanj
0o nym >n; 5 |8, — Sp| < [Sh = Su,| +1Sm — S| = 0 (j = 00) P-as., B15, {S,}
X — s \
1% Cauchy # & 720 li_>m Z ?k = lim S, R 1 THEHET 5. #-> T Kronecker DFfiiHE %
k=1

n—oo

Wi, ILm %ZXk:OP—a.s. TRB. [ |
k=1
DR SR D LD,
Rl {X,} 2V 0 OMYARRERSI T 5. ) V(X)) < oo 7SR lim > X
k=1 k=1
IR 1 THEET 5.

% 1.2 KBDOEMOEHEDIAAD T, AEED 6 > 0123 L, IRH WY 3ZD.

. 1
lim
n—o00 n1+6

> (Xk—EXp) =0 P-as.
k=1

AEWIE KRB DIEHI DT S, L LT Y (X /VEH) &% ZNIER.

THET 6% 0L LEESCRESABOES > ? ZORMICHT 5 (HY7% 5D FT0)
E2BEZ DDA EHOHONERERTH 5, ZTDIENICIE. FrEERE WIEN 5, weRlE
@ Fourier Z#1% F\WT, ZNHBPERT 2 L DM NERT 2 L WO HEVNHW OGNS, £ I Tz
FHEREBUZ DOWTIER, ZDINR & DA DPRIZE T 2 CH 2B TH 5, FULMRIREH & Z DFE
HE52 L5 E/ES.

1.5 $RFHEEEHE 2 DUINR (Characteristic Functions & Convergence of
Distributions)

MEREE X 1T/ U, IO ¢ = px : R — C % X OFMEREE (characteristic function)
EWnS,
0(z) = ox(2) = E[e"*] (z€R).
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F-ZDLE X ONF (distribution) pu(A) = ux(A) = P(X € A) IZH L, RO LS ITH &KX
na.
o) = [ (o)
R

F7- R LOMRHE o W52 6N7E & (IThEHBIZHMT (dist.) WO A, LTERIND
o(z) & p ORI E WS

FTERAAEERLTHL.

R DN p(de) = g(z)dx 23

1 (x —m)?
o) == exp | -5
THALND L E, TN% I m, 78 v DERDF (normal dist.), 25 \WVIEA Y X2 (Gauss
dist.) 2\, ZIEXRTFS L LT N(m,v) ZHWS (IEBAM %2 S DOMEREHE UTHWS Z
LLdH5).
Z DA OREREEIZIRD L 512745,

2

(2) /00 e’ = e [ (z = m)T dr =e {zmz vz }
= xXp | — =ex - —.
v o V27 P 2v p 2

1.4 EORVERBEBOEZMEHPD &

FYRNEH KB (—1,1) 04T 0 T, BIE 3 £ (=1,0), (0,1), (1,0) 2D TIEAZ ST 7
2L OMHE T(z) £T 5, L.,

1
T(2) = 5(je+ 1+ |z — 1] = 2|z]).

¥/ —co<a<b<ooh>0ZHL, X (a,b) LOES h D7 NEH%E

Ty psn(x) = hT (b_Qa (x _a ; b))

L. THITESI A>T 0Ty MEB»SES 1 D EOHRZU D> TTE 2RI D, b,
ZIRTREDD.

D pin(2) = min{T, p:n (), 1} = Tap:0(2) — Tat(b—a)/(2h),b—(b—a) /(2h);h—1(T).
ZOF Y MEBUIIRD & 5 oG EHNS.

B 1.5 UV Z2HNIRHEREHRTLEIZ[0,0] (a>0) EO—BROHIMKS>LE, X =U-V D
DATDEERNE T_ 010 £785 2 2RE. TTORMEBEBIIIRTEAND Z L 2Rt
2(1 — cosaz)
oxE) = "—ga
(¥ b))  HH7% Borel BE f 12X L,

a

E[f(X)] = f(x)jvfa,a;l/CLdJj

—a
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ZREIERV. 20L&, (U,V) OREGAHIMIMED? S, TNENORHEORITRD Z L2 HW
5. Wb,

1 1
PU € du,V €dv)=P(U € du)P(V € dv) = El[o’a] (u)dugl[oﬁ] (v)dwv.

ZHIZEY, EORMEIRRICRET .

1
) / ]-[O,a] (v)]-[O,a] (l’ + U)dv = T—a,a;l/a<x)
R

a2

®BEE, U, -V ORFMEROBE 22205,
W 1.1 HEREH X ORI o(2) 1T L,

1 [ 1 —cosz
I » 1 — cog =)z
BTy (X)) = m/_ playeior=2 2S5y,
B E IR &LV,
/_ ei”T(x)dx = W'
EBITRAR D LD T EAVRE S, (FE, Fourier WZ5H)
(1.1) / pize 1 —Z(;oszdz A T(a),

INERDNIE, 2~ X 2RAL, WFHEZ £ % &, Fubini D&% H\WT

1 *© <1 —cosz 1 [ 1—cosz
E[T(X)]:EU e”Xde}z/ ox(2) =gz

s — o0 z T J -0

BHD BT, pn (X)) IZOWTIREEEHUZ L0, BBITRES. BARIZ (1.1) 2%, (1—cosz)/2?
PEBEBTHE L L

1
cos zz(1 — cos z) = cos zx — §(cos z(x+ 1)+ cosz(z — 1))
CEFAEBIZED, (1.1) OLELIFIRD L D174 5.

OOcoszfcl_ﬂdz = 1 OO1_Lz(%—~_1)olz—|—1 001_Lzl(glc_l)dz
—o0 22 2 22 2 22

—co —0o0

> 17coszxd
B 2
— 00

> 1—cosz 1
_ / 5 dz<2(x+1|+x—1|)—|1:|).

— 00

— COsz

:ma%iﬁ/ lez:ﬂ' o (1.1) 2445, |
E1.6 (i) HoMEDzEHCTHED I(t):/ e sinzdz (t>0) &R . 1/(1+t%)
0
(i) %ﬁ/ I(t)dtz/ Mg a2 R, TORAOIMERD k. /2
0 0
(i) %Bﬁ*ﬁﬁ%ﬂ%mf%ﬁﬁﬁo)%fé@%iﬁ/ Lo e — b &
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TEREH XY ﬁiﬂﬁ?ﬁff)é CIHMEED a e RIZHL, P(X >a)=P(Y >a) PEDIDE
ERANMANESS G x Yy ey, (X =Y in the sense of distribution D)
EIE 1.9 WRZH XY OFWEREE ox, oy TRL, px(2)=py(2) (z€eR) 86 X &Y
DPAEE BT D, e, X Dy,

SRR ARE L DM SALEDT > MBI Ty WU, E[Tapin(X)] = ElTupn(Y)], HUZAT
%ﬁ@ﬁﬂéﬁgﬁ Da,b;h L’_;ﬁbf% E[Da’b;h(X)] = E[Da}b;h( )] ‘% T hllm Da,b;h( ) = I(a,b) (3;‘)

(23 LT Lebesgue DIHEMED Pla< X <b)=Pla<Y <b). $>T XLy %52, m
EIE 110 REEEM X LHERZE (X, ) OFIEEEE ZNTN o(2), {pn(z)} LT 5.
liIr;O on(2) = p(2) (z€RY)  [EAICK]

n—

BHAMEED a<b;P(X =a)=P(X =0 =0I1ZXL, ILm P(X, >a)=P(X > a).
FEER RE L |on(2)] <1, T 51T Lebesgue OUHEHIZ & D

im [ o (2)ei(atD)=/2 1 —cos((b—a)2/2) , _ /OO o(2)eia+0)2/2 - COS((bQ— @)2/2) ,

n—oo J_ 2’2

[o'e) — 00 z
ﬁé’)fﬁéﬁ% 1.1 cl: D hm E[ abh(X )] = E[Ta,b;h(X)]. J:’)fﬁ;‘%f@@ﬁéggﬁ Da,b;h Kﬁb’c
H hﬁm E[Da,b;h(Xn)] = E[Da/b h( )} 5T h> l,a<b C:;FIL/,

Ttab)(®) 2 Dapin(2) = Tjat(v—a)/(2h) b—(b—a)/2m)) (%) (z € R)
IZHERT B L

liminf P(a < X, <b) > lim E[Dgp:n(Xn)]

n— oo n—oo

b—a b—a
= FED,pp(X)]>P <X<b- .
Do) 2 P (a5 < x <0220

ZZTh—=00b—=00 &THUE Yac RIZHL,

liminf P(X,, > a) > P(X > a).

n—oQ
F72 h—o00,a— —00 & U,b% a ZEHEIX Yac RIZHL, limian(Xn<a)2P(X<a). Z
N6 X 51T limsup P(X, >a)<17hm1an(X <a)<17P(X<a):P(X2a) AN
n—oo
T eR;P(X =a)=0 T/,
limsup P(X,, > a) < P(X > a).

n—roo

#->T lim P(X, >a)=P(X >a) 2135. [

n— oo

1.6 HUOMERREIE (CLT=Central Limit Theorem)

£ 1.11 (CLT) ﬁ@:%ﬂzﬁu {X,} ZHSIFASA (id) &35, F¥E EX, =m, SilE
V(X))=v &95E — Z X —m) O 0, D8 1 DIEHST N(0,1) (TINS5,
ie, fETED a<b iz ﬁb

1 n
lim P
Jim ( Vi 2~ <"> et
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ETREHDRNC B E i E 5 A TH L.

WE13 EX=0V(X)=EX? =17%5MEEH X T,

w () (-5) =) v

e —1—iz+ 7 = 229(2)

TEHTD L |g(z) <1, li_I)r%)g(z) =0 %A BB, 747 —DEHIZLD,

SR g(z) %

. 22
30 e (0,1);e* =1 —iz = —?e’gz

ERWIIE [g(2) <1, >0 (t = 0) REBICHNSE. 22T

izX ) izX  22X? 22X? (22X
AW

exp —

\/ﬁ_ + NG 2n + n
2B W T L DOWRHEZ & i,

() s[5 ()]

Z T BERDOHMFHIZ DO WTIX

9 (2X 5 . zX
B — < —_— =
Xg<ﬁ>_X7 nhmg(\/ﬁ> 0

& 0, Lebesgue DIPREHAEILTE T, n — 00 TOIWCINHKHT S, o TRDBHER%2G5. 1

(

[CLT O3EH]

X, =(Xp—m)/yov 35 EX,=0,V(X,)=1T{X,} Fiid £&BDT, m=0v=1
D FIREER. Y, = (X7, Xp)/vn iU, Z OREEBIE (X} 8 iid Thas L

o,
wo(GE)| - o () - ()

IO EOHBEIZED, & 2e RITXL,

@n(z) =F

IS

(1—22+o(i)>n: (1—i)n+3n(z)

T Ru(z) 2EHET DL |R.(2)] = 0o(1) (n — o0) RED (FOM). /oT, ,(z) BIEB DA
N(0,1) DRMERIEL o(2) = exp|—22/2] IZ&RIERT 2 D THIER (EEL 1.10) & 0, EHSAED
BRERZRNZ T, B O D 5. [ ]

M 1.7 FEHOEED |R,(2)] =o(1) (n — c0) ZRE.
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1.7 HHEHOME

& 1.2 R EONA p OREBIEL o = ¢, (2H L, KA D LD,
(1) (0) =1, |p(2)] < 1, 9(2) = p(—2).
(2) ¢ IX R B0l
)

(3) [EERFBM] "n>1," €C,"2,eR(k=1,...,n) IZXL, Z ajapp(z; — z) > 0.
jk=1

GERR) (1) &5, (2) Y2.h € RASHL, [elEH0e — et2e] < e —1] = 0 (h — 0) 22

lethe — 1] < 2 72D T, Lebesgue DINHEHA 5,
sup |p(z + h) — p(2)| < /|6ihz — 1pu(dx) =0 (h—0).

(3) IZDWVWT.
2

) > 0.

Z aop(25 — 2k) / Z e’ BT ()

G k=1 jk=1

E a eZZJI

B 112 WIS o L, SO D 0. B L, L (dp) = LY(R, B, j) £ T 5.
(1) &€ L' (dp) 525 p € C1 T, /(z) = z/ i ().
(2) 3"(0) 75 22 € LY (dp).
(GEFR) (1) RIZER T UL, Lebesgue DIPCREI D S BGITRED. h# 0 1T/ L,
—;z /h ee(z+s) gs 1 1 ettt — el
h Jo ’

h

eiac(z+h) _ elmz
h

|z]

h| }
S

(2) h#0 ITH L,
¥n(2) == (p(z + h) + @(z — h) — 2p(2))/h?
(RFRE) b B, ZorE

(12) i) = [ o= (“in,ﬁ’/f/g))ﬂ(dx)

ERES. im0 ¥r(0) = ¢”(0) & b, Fatou DfiE % FH\WT,

1=t [ (T02) ey [ et

1.8 EOFHETR (1.2) & limyo v (0) = ¢"(0) %Rt
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1.8 Lévy OREAR

L' BB D Fourier 22U LU CTIXE BRI TE 52D BOTH D & 0D LN HES 5
7. MOEBIZZNZ I S5IZ—BEL7ZH DT, FMAELU TR YLD,

EIE 1.13 (Lévy OREAR) R LD p &2 ORERE o 123 L, p({a}) = p({b}) =0

75 . .
1 ) o120 _ iz
pl(an) = o tim [ (e
£ O — I IZIRAIE D LD
By — 1 i T 67iza _ efizb b
u«m))—éng;4@444554*@@)2—*[GM)+MH}H

GEBR) 7 240 1CHL, (%0 — e=i%¥) fiz| < (b—a) ICHEEEL T, Fubini ®EHA S
T _—iza _ ,—izb T _iz(x—a) _ Liz(z—b)
/ %ap(z)dz:/ /L(dl’)/ ¢ - ¢ dz.
T 1z R ol 1z
DEED 2 I8P % J(T,z,2,0) LB LHFAKITHEASDT

T oo T
J(T,x,a,b):Q/ Md2—2/ Mdz.
0 z 0

z

T IT, ESHIBNT VWA LS (= AEHOZOM)

00 i 0o s 71'/2 (SU>0)
/ =T 1z, / =4 0 (z = 0)
0 z 2 0 z
—m/2 (x<0).
ZhizkD
0 (x<aorb<ux)
lim J(T,z,a,b) =< © (x=aorz=0)
T— 00

2r (a <z <D).

T sinz

—7i, sin DN S |J(T, x,a,b)| < 4/ dz. 7> T Lebesgue QPREMH D 5

0

lim J(T,z,a,b)u(dx) = W/Rl{a“ (x)p(dx) + Qﬂ/lal(a’b) (x)p(dx).

T—o0 R
I oRODEAERS. |

sin z

1.9 J:0)|JT:cab|<4/ dz. ZmRU, Ec:/ ?dt f%%ﬁiﬁaiﬂzéﬁ,%b<
0 0

HIRDFE A BT THED D L. (759 EﬁtT—m@

T T
t
/ gdt / </ t“du) sin tdt = / du/ “sin tdt
o 1 0 0

(RIEDEY ) 2>0%45 T >0IZxL,

T o Tx - T .
sin xt sin z sin z
/ dt = / dz < / dz.
0 t 0 z 0o %
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EIE 1.14 (—EMEE) R LODA pv TNENORMEE o, oo ITHL, 0, = ¢, %45
pw=uv.

(BERR)  (a,b);u({a}) = p({b}) =v({a}) =v({b}) =0 RBXHEDOREE T &35, ZN%in
eIV IR E 2 TRECH 5 Z L ITER T L (ROMSR), EEOHAKME [a,b]) 2 E2 5k
T BZLIZ&D; 3 (an,bn) €T (an,by) | [a,b], KEEARXN®S p=vonZ T, 940 kM
25, u(la, b)) = v(a,b]). >To({[a,b];—c0o<a<b<oo})=BIZ&V,p=vonB%2Z%. 1
B 1.10 R EDRA p 2L, p({a}) >07%5% a e R IF@EAAEMEL RN & 2RE.

A L FRVERBUZ I S, Z MO EEARGEFEIZOWTIREBEICHEAZITLTE IS, TN,
AAEBICOVWTOERLFHEREZGATHL.

1.9 Lebesgue-Stielties JAIE

BE  HEREN (QF, P) EOFEBUAMRZH X TN, F(z) =P(X <z) £BE, Iz X
DA EAEL (distribution function) & \5.

(1) 20X E F:R—[0,1] XxEW23
(1) BFHM, ie., x <y = F(z) < F(y).
) AT, EMRE H D ie., F(x) = F(z+) := lim  F(y),’F(z—):= lim F(y).

Yy—x,y>x y—x,y<zx

(2
(3) lim F(z)=1, mEIPoo F(z)=0.

r—r+00

filt
i

EOB® 3 DOWEEZTHEBF R = [0,1] 5260722 & 20 F(r) #8IZR
rosmBEHE VS,
TIEZDORHEBNGZ oML & F(r) = P(X <2) 2729 & 5 7R 28 & R EE
WEETEN? L WO HREREZEZ SNENTOEZ 2 ETHIZEZEDRRDOTHTH B.

fit
]

[Lebesgue-Stielties & (Lebesgue-Stielties measure)]
DA F R — [0,1] 126U, F1p: BY — [0,1] 24; u((—oo,x]) = F(x).

Z D5 pon (R,BY) &34 F(x) IZ & % Lebesgue-Stielties IE (27) &£\ 5.
FLEINTEDIBDNVERTE LD, Thz

filt
il

/ f(z)dF(z) := / f(z)u(dr); Lebesgue-Stielties 3 &\ 5.
R R

FOF OfEEE [0,1] 226 RIZEXATH (ZD L ENMBBE LX), Fkkfb R
MEK DL DD T, —fRIIZ u % Lebesgue-Stielties JIE & WS A% T 5.

1.10 GAEDTBINK

ot R EOPTEE LT, oy B8 p RS 5 205 DR RCEHT 2.

Hn — 14 g vaCb(R),</,Ln7f> — <M7f>'

ZITGR) R EOHEFEEMRRT, (1 f) = / fdu THB.
FIMERER X, X 1T L, ZOMBIERT 2 L & GERINERT 505, Blb,
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X, > X inlaw €% Yf e Gy (R), E[f(Xn)] = E[f(X)).

1 1.11 BEPURZ: S IRAICRAY, HERPUR CERAPERA K D LD Z & &, TN TNEEE, "t

B, f DA FERER DT Lebesgue OINAEI KL W B S 2. #F1K, £7 limsup OEE &
D, Hng};lim E[f(X,,)] = limsup Ef(X,,)]. B2, HERPERZ S BNERT 2 505 R e b DT,
HY;} c {Xn, 1Y — X, iREORERD S limsup E£(X,,)] = lim E[f(Y;)] = E[f(X)] £%&D,
liminf (Z2WTCTHFAEZDT, Rt

HIRA, PO REZEHZT SOOI, BRIZEZ DL, VA € B, un(A) = u(A) L3500, H
R ES B Lniwn, UL, EBRICEK, 2NTREEVELUEE T, RIZLZRNDTH S,
FTNERLUTWEDONUFIZRRDIERTH .

EE 1.15 R EODM p.p R U, IRIZ4ETRHME.
(1) pin =
(2) YU c R: B%EE, liminf u, (U) > p(U).
(3) VF C R: FA%EA, limsup p, (F) < pu(F).
(4) YA € BY; u(0A) = 0, lim pu,, (A) = p(A).
(5) Foy F % pin, p TNTNDORAREBE T 5. Yo F Ol ie., F(z—) = F(x), F,(z) —
(6) Yf € C.(R), {in, f) — {u, f). AL, Co(R) 1% compact 725 % b DEGEEK AT, &
(support) &id supp f={f #0} TH5.

AEAHIE, (1) = (2) 1&, EEBEE 1y 2 T2 oI ADERBKT, KRUELTE2ED0< hy 1T 1y
ZAENER. EEX, pn(he) < pa(U) T, limposoo(pn, hie) = (s hie) 1 (s 1u) = p(U) DT,
Yn > 1, u(U) < p(U) 285 DT, liminf 2 fiEIEEV. £72, by ZEES £ TOHRMREBN
HRTHEILE2HWT, U & 1/k ZUMDLMES Uy, = {z € U;d(2,U°) > 1/k} I L,
hy = d(x,U°)/(d(x,Uy) + d(x,U°)) LBFERV. HU, d(x, A) = infyca d(z,y) THS.

(2) <= (3) IFHiEE%E, (2),3) = 4) X, BH. (4) = (5) I F Ol x (23 L, A = (—o0, 2]
EFZEZNIERW. (5) = (6) & f € C.(R) DHBIBGLEDY, BB (EHBBAKBTREIND
LED) LD, L ZONilE, F OEFRTHELIICTELZ L E2HAVNIRES. (6) = (1)
X f € Cy(R) %2 C.(R) DT, —RRIGELIL TRIIXR V. BARIIZIE gr € Co(R);0 < gp < 1
% [—k,k] T1,[-k—1,k+1]° TO &a5dkARE LT, +OKER K >1 2EELT, fogk
EFZNIER. [ |

INTH, 77, DGONEDOEBEDZYMEIZIAR+HELES 2 Lvw. UL, Hixd
MR E LT, IRORHEEBOIUR E OBMERH D, 22k D, TDEHED, BEIO+HTH B &
HoTRWOTIXRWES S by,

EHE 1.16 ¢, ¢ 2ZTNTNR EOBH i, p OFFEEBET S, = n 725 0, — ¢ (A
#EhR)

f(z) = e PWEFEGEE RO T, ZANHT 2 DIEHH ST, IRF—FKRE VD 720121, R
WCRARDEIDRBEEL 25, {un} XTIV R2 M 2DT, BEL WS FERZ.)
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TR 1.17 (Lévy OEHBMEEE) ¢, 2 R EONME p, OFEREEE T 5. 300, — o (%
FUGR) 222, p DFE S THEGER S T R EOSA,; ¢ & p ORMEREEL 1, — p, ULD2E ¢, =
(IRFE—HK).

% 1.3 (Glivenko DER) ¢,,p & R EDBAA py, p OFRVEREEE T 5. ¢, — ¢ (F R
) 85, i — e

Lévy OERLT, ¢ OFUSTOMGNMEDSRMEITE LRV, HIZIE, N(0,n) DRMEREIX ¢, (2) =
exp(—nz?/2) — 1oy (2) Z 7z U, MBI ATl T O TRIPEBIET IR e,

ZOFEBDIEZIX, IRD, THELREDHHEED A ITHL, BE (tight) «— B3N
7 K~ (relatively compact) | THd I &z 5.

EHE 1.18 ACPR): B% L% Vo5 0,3K, ¢ R: compact; Ypu € Ap(K)>1—c
A HHF Y87 b e, EROFNTH U, PHRT DEAFIDPEET S, "{un} C A, FHni}p €
P(R); iny, = 1

O TR Y87 b REEIE, THE RFI 3 Y82 R BIE A OFFE A 2SI a v NS
WS ZeThb.

(EBR)  THIM I Y82 MARSRE] BMHT, b LBEETAVET L, T > 0,"K: cpt
XU, Pug € Mpg(K) < 1—¢. K = [-nn] &UT, pu, = px 35, KEIZLD,
i, = E€PMR). np >n 235, tn, ([-1,1]) < pn, ([—11,m1]) <1 —e. k=00 2T 5L,
w((=n,n)) < liminf g, ([-n,n]) <1—e. DS, n> 1 IHMEBROT, u(R)<1—¢ &0, FJF.

MBI D TRER S a2 b T, EFHOGATE HWEOED, MigoAsz. 34
B r, TOADMES] Fo(ry) = pn((—oo,7x]) € [0,1] ZF A, & k= 1,2,... IZHL, £
DU A {F(ri)} & {nf ™'} C {nf} LIRIRY I, KK n; = nl; Fy (ry) &
Yk AH L, WORT BT, ZOMERE F(r) == lim F, () &35, 5 Y2 € RITHL,
F(@) = infrommeq F(r) & UTHETNE, A, 2o, B TAREE S5, B, Rl
D, F(—00) =0, F(c0) = 1 B 5. ftoT, F(z) BB E 20, L, B4 TO F, O
INRERHE D DTEHHD KD 5. [ |

[Lévy DEMEIEERDIIA] IKED S, {u,} PWRETHZ I EARELDT, I 7 b
PED, 3, = pePR). Thh b, o=, T, BOHMI VT MERS, 1, > p E5Z5.
P ZSTRNETBE Ty, > A u B, op = o, BB, —FEMEHED, = p 2o
TUEVWFIE

REMIzoOWTIE, £97, M2, v e P(R),L > 0 125t L,

1/L

(|=2L.2L)°) < L [ 0 utea:

P D LD, EEE, Fubini 1I2£ 0, (|1 — e?| < 2 [ZHER)

(F:4) L/_ll//LL dz /R(l — ") y(dx) = /Rz/(dm)L/_ll//LL(l — %) dz

_ /Ry(dx)Z/O (1—cos(zx/L))dz=/RQ(1— b”;ff) v(da).

sinz/L 1 . > 2 /e
/L Sii*),*&béiﬁ’i’ﬁ?%.

] sinz/L

ZZ7T,1—-
’ z/L

>0 & |z > 2L %5
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£ Z T, ¢: conti. at 0 £ D,

1/L h
lim L/ (1 —¢(z)dz = lim 1 (1 —¢(2))dz =2(1—¢(0)) =0.
L—o0 l/L h—0 h —h

BBEDEFX, 00) =limp,(0) =1 12&5. 2T, 0, =0 &, |1 —pn(2)] <2 THEELT, k
DFEREMAGOENIL, Ve > 0,7L > 1; limsup p, ([-2L,2L)°) < e 213%. i£>7C, ?N;a

n> N, pn(—2L,2L)) < & T, BT, BEAS LAKRECHOETILIZED, Yn < N 290V TH
RO DEDIZTES. [

BEIZ, Tpp = pu 725 ¢p — ¢ (JEFE—FR)] IZDWVT.
{py i }: FF IV RO N XD BEELRBDT, % >0,7K C R: cpt; u(K), un(K) <1—¢e. T
D&,
35> 0;Yh| < §,sup e — 1] < ¢
zeK

MDD, THED, FAU h T U, sup,eg lon(z + h) — pn(2)| < 3e DO LD, £ I T, f+
BO cpt C C RIZHU, 6-F% {z1,..., 21}, e, "2 € O35z — 25 <0 D, N >1%
n > N, |on(z;) — p(z)] <e e, Yz € C 1T U —BRIZIRAEL D LD,

[on(2) = 0(2)] < len(2) = en(2)] + len(z) — @(2))] + le(2) — @(2)] < Te.

2 KRZERE (Large Deviation Principle)

(X,)}: iid, EX,=m eRV(X)=v>0 £T 3.
Sp=> 41Xk EBE, a>m TN, P(S, >an) ~? ZFNTzW.
KEDIEHI LD, S, /n— m, as. DT, P(S, >an) — 0 THBH, BT, FULGBREI L D,

S, —mn

P (S, >+vna+mn) =P <\/ﬁ > a> 5 \/%/a o/ (20) gy
RDT,a % /a(a—m) ETHUE, T TITHE,

1 ° :
P (S, > na) ~ Worm /\f( )ef‘rz/(%)d:r

IND n— oo TOWDDA— K —& F DRI % FART N,
HO 2L CEY) O RELSHNZEHRD OMREZFANS Z L1250 T, [KFE£L] LW,
IRDTHEDEK D LD,

T 2.1 (KMRZERE ; Cramér OEE) {X,}: iid, T, "t € R, E[e!¥] < 00 T 5.
Y(t) = B[] &BL. ZDLE, S, =37 Xy £8LE, Va> EXy TR,

1
lim —log P(S, > an) = —I(a), 8%, P(S, > an) ~ e 1@,

n—o00 N,

Z I T, I(x) = supser(at —logy(t)) T, RIZHWT, R MBEHT, izl d.

lim I(z)=o00, I(x)>0=I(EX;) (z€R).

z—+o0
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Cramér 1%, &> LFFVERM Tty > 0; EfetlX1] < 0o DFTRUTZ.

HILAIT,

- I. T¥E#H (lower semi-conti.) at v <= "¢ > 0,35 > 0; Yy — 2| < §,I(y) > I(z) —&.
(F5 elETMASOND, [(x) D) ZH&D, I(z) <liminf,,, I(y) AL

- I: (4EIE (convex) on XM I <= Yp,q > 0;p+q= 1,2,y € I, I(px+qy) < pl(x)+ql(y).

TP, EEL LT, MOBEHZEE 22 TEL.

EIE 2.2 [SINEEHE (sub-additive theorem)] FEHF| {a,} PEIENE amin < am+an

H07% 5, Flim(a,/n) = inf(an/n). W2, FEE {b,} DENIEVE bypyyn > by + b, 2HD%5,
Flim(b,, /n) = sup(b, /n).

[FEBA] liminf(a,/n) > inf(a,/n) &0, limsup(a,/n) < am/m 58 ¥m >1 THOIDI L%
AREIEREW. mZ212BEEL, n 2 m CTHoEREZn= kn+r £EXT. 0 <r <m. ZINEE
£0.a, <ka,+a,.. n TH->T,

an < km Am, &'

n — km+r m n

MT, limsup, ., 2E28, k=k, > oo &0, KHBEREES. BLLAKTHZ. m

£9,a>EX; DL E, R I(a) DFECDWTimL & 5.
(X,} BREDAET, PLEWD Z L ps,

P(S;, > ma)P(S, > na) = P(Spmin — Sn > ma, S, > na) <= P(Sp+n > (m+n)a).

pn = log P(S, > na) B L BINEREEZEOZ L2250 T, HIMEEE L Y, “lim(p,/n) =
sup(pp/n) =: —I(a) BT, 0 < I(a) < c0.

T, KRB OFEH X, ARG U - ERMENFEL, 612, The i LT
© DA RARRAE DT 7o R A (L MR ZEM]) KT E 2 Z 2 HWS. £1UZIE, Lebesgue-
Stielties HIE DFIEEM L Kolmogorov DILIREEH PN L 72 5.

BMOBAT, TN DOVWTIEELBTRRSEZLIZLT, BICiIHEZLTLESS.

[RKIRZEFREOFER] Yo > EX; IZHL, lim, o0 2 log P(S, > an) = —I(a) 2T DD, £
T, X OROVIZ Xy +a ZFRADILIZED, () & et*p(t) 12, I(a) = sup,{at — log(t)}
X 1(0) 725D T,a=0,EX; <0 &ULTREIFRWV. 7z, D2z X; = X &EHL.
p:=infier Y(t) LBIHE, 1(0) = —logp T, RZEREFIXREWV. HL, log0 =0 TH 3.

1
lim —log P(S,, > 0) = log p.

n—00 1N,

S ARED V€ R, Ele!!X1] < 00 12k D, Y0 > 1, € R, B[|X1]"e!!X1]] < 0o (EB, >0 756
" <nle® £0.) o T, PUREHIZ LD (K DFEL <1, BB OB & B0 O e Bl B 2.3 12
£ D), () 1& C® T, ¢/(t) = E[XetX], ¢¥"(t) = E[X%¥] > 0. (EX <0 &0, P(X =0) <1,
e, P(X #0)>0Z3ER.) £oT,¢(t) I3 te R T, WFNT, ' (0)=EX <0. AT, X =X,
DRFIZE>THERITLTEX LS.

(Case 1) P(X <0) =1,PX =0) >0 0&Z. o FESEKT, POREHIZLD,
YO L P(X=0)=p>0(t100). £72,p>07%85, P(S, >0)=P(X;=0,---,X, =0)=p"
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&2y, RKOLZANDLEMIE logp 7%, p=0TH, P(S, >0) =0 T, log) = —cc 72D T,
—00=—00 & UTRDLHEREZED. (ZOFHEIFLIZEENDEES>THR.)

(Case 2) P(X <0) >0,P(X >0) >0 D&E. ¢(+oo) = c0 &5, EE, HERD
R LD, 36 > 0;P(X >6) >0 &RBDT,0<t— o0 86 Y(t) > Ele™; X > 4] >
e*P(X >6) = 00 0>t — —oco bl Tz, v PEENT, ' (0) = EX <0 7Z572DT,
7> 0, (1) = 0,9(1) =infep = p> 0. TIT, X O/GABEBF(x) = P(X <z) iZxtL, 25
A —)VZEH#: (Cramér transform)

F(z) = 1/ eVdF(y) = 1E[eTX;X < a]
PJ oo p

LBLE, Foo) = (r )/p—l L0, ThESMER L 5. ZHhITHIRT 5 1id. OERERS
(X, 2L, S, =30 X, &BL L,
EX, =0, 32:=V(X))€e(0,00), P(Sy,>0)=p"E [e*T§n1{§L>O}]
79
Ik —H, DT, VM >0,

o~

~ S, ~
—TMG&\/n —7Sn1
e P(O NG ) <E[ 1{5@0}} <1

M

—7i, 8, \iZxt U, CLT 20 i o DT, LOWEEIX n — 0o T, / e~ 2dx /\2m > 0 1EDK
0

$oT, % Tlog 2D, n THDY, liminf 2T &, XA BIZLD,

1 .
liminf — log 67TS"1{§,1>0}} =0

n—oo N

INne ETROBEBEDOALY, KD DHERERS.

1
lim —log P(S,, > 0) = log p.

n—00 1N,

TREDIFERERT. (1) = BletX] £ BL &,

O(t) = /R e dF(z) = % /R e dF (z) = %¢(t+7).
)/p =0, V(X1) =4"(0) =¢"(r)/p € (0,00) L72%.

YoT P b C® T, EXy = 9/(0) =/(r
pe~T*dF(z) DT,

=y
£72, dF () = LemdF(x) £ b, dF(z) =

P(S, > 0) = / AF(21) - - dF () = p"/ e Sier T P (21) -+ dF(z)
{3r=1 x>0} {3 k=1 x>0}

INE RO HmBOAREGES.

BRI, I(z) = sup;cg{at —logi(t)} = —sup, > ([log P(S, > an)]/n) ODEZHFHRS. —i
Iz, ﬁﬁxﬁgéﬁ@ﬁ%@iﬁﬁli, BT, A B DD TR, TRk L RS DT (— LD X))
I E R B © — ot —logy(t) D ERTH S I(z) 1 FHERRNEBTH 5.

I(x) = 00 (1 = +00) IZD2WVWT, £F, 0 200 DEE, ZT5TRVWETSE, L > 0,72, >
n;I(x,) < L, ie., "t € Ryt —logtp(t) < L. £ZTt=2L/x, L2 %¥&, 2L —logy(2L/x,) <
L oz, = oo & ¢ OEfGMENS, 0 < L < logy(2L/x,) — logw(0) = logl = 0 &%,
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FIE. 1 = —oco OEEBREL WIT, I(z) > 0 = I(EX) KOWT. I(z) > —logy(0) = 0
(t =0 &2UL7z) T, HIZ, —logz D FITMRD T, Jensen DAEFENX ROM) 2256, Yt € R,
log(t) = log E[eX] > E[loge!X] = tEX, ie., tEX —log(t) <0. 7z, I(z) >0 25720 T,
0 < I(EX) =sup,(tEX —logy(t)) < 0. #Z, I(EX) = 0. [ ]

T 2.3 (MR LBOORBER) (X, F,pn) 2—BOWEZEFE TS, t € (a,b) ITRL, AT
BB f, = fi(x) € LY(dp) BBV, prae x € X 1T U, fi(x) Bt € (a,b) ITDWTHHI &
3—5 ZD& %, Supte(ayb) |8tft| S Ll 73:6,

dy t dx) = Ot It dx).
[ si@tan) = [ as@ntas)
Kz, (X, F)=(R,BY) T, p=pux: X DRHR5,
A E[fi(X)] = B0 fi(X)].
ZZT, dy = d)dt, 0, = 8/t THS.

(FEPR) EAMEOEH L Lebesgue ODINFER K DB S M. EBE, t,t +h € (a,b);h # 0 ITXF L,
SEEOREE D ae x ITDWVWT,

0 € (0.1); 1 (ian(e) — fil@) = Oferon(o).

Lo T EPS, THIE A2 ¢ IZH BEERATAMBEBTIHZA SN DT, INFEHAHEZ T,
h — 0 DGR & D DRZMINTE 5. ]

B 2.1 (1 TVEYDOFER (Jensen’s ineq.)) —oco<a<b<oo ZxfL, KM I = (a,b) ED
MBI f & T TR & DA R HERA X TR,

F(EX) < BIf(X)], e, f( / :c;u(dx)) < [ ryx(as)

MBAEIE ZE N AT O — IR D EIRTREIND, ie., f(z) =sup{laxr +bjax +b < f(z)} ERS
nedZexH0NE, aEX +b < Ef(X)] &0, HoM EB a<s<t<u<blINUL, Mk
X0,

f) = f(s) _ f(w) = f(D)
t—s - u—t
(t =ps+qu;p,q = 0,p+q = 1ITHL, f(t) <pf(s)+af(u) T, p=(u—t)/(u—s),q = (t—s)/(u—s)
&2 p(F(1)—F(5)) < alf (W)~ F(1)) T, (u—s) FELT (u—t)(t—5) THAUZEN) o = sup,(
Hild) & 958, a(u—t) < flu)— f(t), ie, f(u) > a(u—1t)+ f(t) (u>t) THIF ap DERH
0, u<t THHEOYD, ¥R, ETDa<u<bTHEIVD. oTa<t<bBEELAE
5., FEHOPIZ t =u BOoFLLLRZ2DT, —IXEHD LR LTINS, HLLIE, BHE,
fw)>ai(u—t)+ f(t) Tt=EX,u=X ZMRAL, F% X kDB X255 [

M 2.2 HEBEBOBKED LIRTH A oS BBIE T ki L 05 Z & &2 RE.

Yt €T, fi(x): conti. in z, 785 g = infser fi: lower semi-conti.

Voo fixed. EROMEELD, Ve > 0,7t € T;9(x) —¢/2 < fi(x) (£ g(x)). fir conti. at z

0,36 > 0,y — x| < 6 1fi(y) — filz)] < /2. £oT, filx) —¢/2 < fily). ThH kb,
g(y) > fily) > feilx) — /2 > g(x) — e 2155 DT F . m
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3 B DILRER & i

ARETIEHEOIRETHE 2 AW, MR TR M E L 725 3 DOEERTEHIZDOWTHENT 5.

FIIREHOMERN—Y a Vv E2IBRRTEL.

R DIGEEE] A% Q EOIERE T 5. A EOIMENEAEE Py A — [0,1] A8
P(Q) =1 &AL, A E oMk

(31) A, eA(n=1,2,..)disjoint 22 | J A, e A = Po(|J An) =) Po(4n)
n=1 n=1 =

Thd%6, (Q0(A) EOMEHE P TPly=P 25500M—DFET 5. 20O P IXEE
2, Py 2K 59H8IE outer measure) & L THEZHN5;

mf{ZPO ); Ap € A, UA DA}

n=1
T, ACQIMEEDBAEAL LT, EHTES.
ED (31) TA L o-IERY ] & RMEZRSEMFZERTH <.

(3.2) An€ ALD = lim Py(A,) =0
(3.3) An € Al lim Py(4,) >0 = () An # 0
n>1

FER, IRHIZBWTIE (3.3) 2F v 7952 2L,

3.1 ERRITEEERXRZTME
(Qn, Fn, Py) ZHERZME T 5. n HOBARKITCHERZMZRD XS 128K.

(Q(n) ]:n) p(n) HQk7®Fk,®Pk

k=1 k=1

Q=1L Q, &B<.
A:{A:AHXQ,L+1xQn+2x-~~ ;Ane}"("),nzl,Q,...}

EBLE AFQ EOMERERS. ZDTE A= Ay x Qi1 X Qugox--- 1L, Py(A) = PM(A,)
EBITIE, P(0) =0 2A72T A EONENEAREK L 05, X SICIREHDEM: (3.3) &2 A7
TIEWRED. o T P HERHE on 0(A); P=Pyon A B, & n iZxfL,

P(A; % - x Ay X Quat X Qoo X -+-) = Py (A1) -+ Pa(An) (A € Fr)

BT o(A) LOMKMED BT 2. 20L& Q) Fr=0(A), Q) P.:i=P &L,

k=1 n=1
(T 2 Q@ Fn. QR Pa) % (2, Far ) (n = 1,2,...) OERRTEMEMEEER (infinite-

dimensional pr(;duct probability space) &\5.
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RIS DIEK]

ZDFRERITE D, 52 6N 7534 % 5D AR R AE O JT 70 i R AU BARIICRER 5 2 &
NHkS. (L2, ASMATEH, RBTRLRLZH0MTEHRE) B, & n > 1ITHL, g, 2
(R = [0,00), B(R,)) EOHMEE LTHASNELT B, NOEREREMI T 50T, 2
nE (Q,F,P) L UT, BT, w=(w,) € Q=RP IZHL, HERLHI] X, & X, (w) =w, LEHK
FhIE, ZOMENE 1y T, UDBIT 72 5. FI,

P(X1 S Al,XQ S Ag) = P(Al x Ag X Rf) = MI(AI)M2(A2)

LOEHIT, Q, =R OEHITIE, RO XS ITHETE 5.

3.2 Kolmogorov DLiREE
Fn>1 KL, (R",BY,P,) % n RuERZE- L $5. ZNPROMNLEM
Po(A) = Po1(AxR) (A€B")

EATET 5.
B> = B(R>) :=o(| J (B" x R™))
n>1
& EIRVT Borel £AKE W, 2D E & P(A, x R®) = P,(A,) (A, € B") 24727 (R®, B®)
LOMERME P R —ERITFET 5.

B, EEFERIZCA={A=A4, xR A4, eB" " n=1,2,...} LBE, ZDit A=A, x R®
KU, Py(A) = P(A,) &BTIE, Py(0) =0 2A723 A EONENESRBEET, IKREEDOSK
ff(3.3) ZAT-T ZEDWRES. 5T P(4, x R®) = P,(A,) (A, € B") ZHAT=F B® =0(A)
EOREREE P 2 —BRITFET 5.

RD 2 DDOEIIT— M OBPEEFM TR LN, RN —Y a v E2RRTEL.

EH 3.1 (ALLLEHE (Approximating Theorem)) (Q,F,P) iRz 45, ACF
DR S,
YAca(A), A, € A, lim P(AAA,) = 0.
(AAB = (A\ B)U (B\ A): MF%TH3.)

GEB) EHOLMEHET ACQDRhE G LT32, Zhix A 280 o MEEL 552
ERRB. T, o(A) CG LD, HEEED. n

3.1 ED G W o kL2 2 & E2RE.

ABEAIIZDOVWTI, e >0 %280, &% A, € GizxtL, TOHEMHIT, B, € A; P(A,AB,) <
/2" BB DR 1 DIOEET S, A:=UA, 2ERNU, v A, TEBLL, (E5EREC &
b, ZOMERE ¢/2 TMAZ.) Bizthd, Cy :=U,cyBn € A TELITEZDT, Ac G 21%

5. FEBE,
Bn> c (A\ (U An>> U |J4.2By)

n=1
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BV N AIRVASH

N N N
P(AA( Bn>><P<A\< An>>+ZP(AnABn)<E.

= n=1

(R4, B, P) iRz 35, Ac B IiHL, 3C, ARHESR, °G, HES;
Cr C AC Gy, limP(A\ Cp) =lim P(G,, \ A) = 0.

(GEER) A ZFEAFIY 10, (ar, br] DERMEKE T2 &, MEHT, o(A) = BY. JIEOHLE
EHDFEHIZH 5 & 512, P(A) I3SNIETHEH 5 DT,

P(A) = inf {ZP(A,L);ATL €A J4o A}
n>1

n>1

* 3.1

0, Yes>0TRUL, A, THRS /2 BBTES. & A, IZHSPICHRMOBEROARMT
g/2nTLEMTE B DT, ZOAHEMS, FIEEST /2 BMTE S 2T 5. > T A VHES

T e EMTES. MESEEANE, HESEMNTE DT, ThEED, AREESTEMTNE
B, ({Jz] < n) & OIEHS 2 ZUTEN.)

3.3 EREOHIIKICEATS

5@ (Topics on infinitely many indepen-
dence)

AHEITHE, & n> ITHU, X, 2 EBUEMRER, F, % o INEKR F QD o INEHEE 5.
Borel-Cantelli Offi# T, HRIOMERDOFAERTH L, EMBEOMERN 0 725 2 LIFFE
HH U 7228,

A, € F, ZP(A,L) < 0o = P(limsupA4,) =0
TiE, ZOMMPMRDOERHE, HERPIEL LD, HDHWIE, 1 ITRDBHRELVWS ZEIFERLDEAD
PRI T D 1 DDOEADVRDFERTH 5.
EH 3.2 (Borel-Cantelli DEE)
A, € F WSO E E, 3 P(A,) =00 726 P(limsup 4,,) = 1.

[BEBA]  P(liminf A9) Hmy oo PN,y A%) T, {A5) ML E 735 2 LITHBELT,

ZITC, 1—a < e® &) Py = 00 &0,
P(liminf AS) =0 2195.

|
o MR sy 0 (Unsw Fu) PIEEKRER (tail event) 211, ZHUT DN TAIHIZRGER

28 % REBE (tail function) & \W5. 72, F, =0(X,) = X, !B) 0L &, {X,} KET3
REER, REEHE WS,

M 3.2 A, eF, T, limsup Ay, liminf A, IFKEFHFRLTHS. £72 {X, -0} b {X,,} IZH
LT, E5THAZ LeEmtE.

F7IZEAE, BRED Fi, . F X X, X BRI HESR, MERERE NS
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£ 3.3 (Kolmogorov ® 0-1 j£RI)
Fn CF DMSIZER o NNEBED & &, REEROMRIZELT, 0 1.
(GEBA) 3 P(A)=0o0rl1 <= P(A)? =P(A) <— ADPHSHHLMIZHEETS. 2
NERTOIZ, EERZ EFSHWT, REFR A MSREEHR A, Bend e 25,

gn:a(Ufk>, A= ]G

k<n n>1

LB L, ABIERT, o(A) =0 (U,@fk) EWi=T. Aco(A) THHBDT, EFEMLD,

Ve > 0, A A P(AMA) < e ADEHED, I A € Gy 212, A€ 0 (Upspis Fr) BOT, A
YIRS, TS, A D A LI pe., P(A) = P(ANA) = P(A)? %{35DT, P(A) =0
orl 75, EBE —MIZAC(ANB)U(AAB) C BU(AAB) ZHWT,

P(A) < P(ANA.)+P(ALNA,) < P(A)P(A.)+e < P(A)(P(A)+ P(ALAL))+e < P(A)2 + 2e.
FHIZ LT,
P(A) > P(ANA.) — P(AAA,) > P(A)P(A.) —e > P(A)(P(A) — P(AAA.)) —e > P(A)* — 2¢.



