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WITH A RATIONAL 2-TORSION

TAKESHI GOTO

ABSTRACT. A natural number is called a congruent number if it is the area
of a right triangle with rational sides. M. Fujiwara introduced the generalized
concept, 0-congruent numbers by considering triangles with rational sides and
an angle 0. The 0-congruent number problem is to find a criterion to determine
whether a given integer is a 6-congruent number or not. From Fujiwara’s
theorem, this problem is connected to the Q-rank of an elliptic curve with
three rational 2-torsions. The main result of this article is an explicit formula
of the Selmer group of an elliptic curve with at least one rational 2-torsion
(see (4.2) and Section 7.1). Since the Selmer group gives an upper bound of
the rank, we obtain some results about the #-congruent number problem.
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1. INTRODUCTION

1.1. Mordell-Weil rank and Selmer rank. Suppose that F is an elliptic curve
defined by the Weierstrass equation

y? + a1zy + asy = 2° + ax2® + asx + ag,

where a; are in a number field K. Then E(K) is finitely generated abelian group
from the Mordell-Weil theorem. Hence the Mordell-Weil group E(K) has the form

E(K) Y Eiors(K) X Z7,

where the torsion subgroup Eiors(K) is finite and the (Mordell- Weil) rank r of E(K)
is a non-negative integer. From the generalized Nagell-Lutz theorem the torsion
subgroup is computable, but there is no known procedure which is guaranteed to
yield the rank.

However computing the rank is difficult, it is known that the Selmer rank is
computable. In this article, the Selmer rank means the upper bound of the rank
given by the Selmer group. We recall the definition of the Selmer group in Section
2. The main result of this article, the explicit formula for the Selmer rank of the
elliptic curve over Q with a rational 2-torsion (see (4.2)). Such an elliptic curve has
the equation

y? = 2% + Az? + Bz,
where A, B € Q. The essential parts of the main result are the formulae of images

of the connecting homomorphisms. These formulae are stated in Section 7 (see also
Section 10). In Sections 4 and 5, we treat the special cases

v =23+ Dz, and y*=z(z—a)(z—pf),
where D, a, 8 € Q.

1.2. The #-congruent numbers. The congruent number problem is one of the
motivation to study the rank of the elliptic curve. A natural number n is called
a congruent number if it is the area of a right triangle with rational sides. The
congruent number problem is to find a simple criterion to determine whether a
given integer is a congruent number or not. It is well known that n is congruent if
and only if the Mordell-Weil rank of the following elliptic curve E,, is positive (see
Koblitz [18, chap.1] or Knapp [17, pp.52,53,88]):

(1.1) E, :y* =z(z+n)(z —n).

Tunnell’s theorem ([27]) gives a (possibly invalid) criterion to tell whether a given
n is congruent or not. This criterion is verified if the weak form of the Birch and
Swinnerton-Dyer conjecture is true.

Fujiwara [9] defined the generalized concept, a 8-congruent number by consid-
ering triangles with rational sides and an angle 6. For such a triangle, cos@ is
necessarily rational, thus we write cos§ = s/r with ged(r,s) = 1 and r > 0. Then

sinf = v/r2 — s2/r.
Definition. A natural number n is called 8-congruent number if n\/72 — s2 is the
area of a triangle with rational sides and an angle 6.

For § = /2, we have r = 1 and s = 0. Hence m/2-congruent numbers are
nothing but the classical congruent numbers. Since n is #-congruent if and only
if ¢>n is A-congruent for some integer ¢, we may assume without loss of generality
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that n is a squarefree natural number. The #-congruent numbers are also connected
with the following elliptic curves:

(1.2) Eng:y*=z(x+ (r+s)n)(z— (r—s)n).
Theorem 1.1 (Fujiwara [9]). Let n be any squarefree natural number. Then
(1) n is O-congruent if and only if E, ¢ has a rational point of order greater
than 2.

(2) For n # 1,2,3,6, n is 0-congruent if and only if E, ¢(Q) has a positive
rank.

The 6-congruent number problem is to find a simple criterion to determine
whether a given integer is a #-congruent number or not. In view of Fujiwara’s
theorem, this problem is equivalent to determining whether the Q-rank of E, ¢ is
positive or not. Clearly F, ¢ has rational 2-torsions. Conversely, it can be shown
that an elliptic curve with rational 2-torsions is isomorphic to some E, ¢ over Q.
In Section 5, we study such an elliptic curve, then the result is applied to the
f-congruent number problem in Section 6.

2. PRELIMINARIES

2.1. Selmer group. In this part, we recall some basic facts on the Selmer groups
of elliptic curves with at least one 2-torsion rational point. For details, we refer
Silverman and Tate [24, chap.3] and Silverman [23, chap.10].

Let E, E’ be elliptic curves defined over Q, and we assume that there exists an
isogeny ¢ : E — E’ over Q. Let k be a field containing Q. Then there is the exact
sequence of Gal(k/k)-modules

0— E[¢] = E-S E —0,

where E[¢] = Ker(yp). Taking Galois cohomology, we obtain the exact sequence
0 — E'(k)/g(E(k)) = H'(k, B[@]) — H'(k, E)[¢] — 0,

where H'(k, E)[¢] denotes the kernel of the map H'(k, E) = H'(k,E'). The

map 0y, is called the connecting homomorphism. When k = Q (resp. k = Q,, k =

R), we simply write § (resp. 0p, do) for d;. Consider the following commutative

diagram:

0 -  FQ/eEQ) - H@QE) - H@Blp] — 0

1 } Tlresp 1
0 — [IE@)/eEQ)) X2 [H'Q.Ele) — [1H'QpE)e] — o

where the symbol [[ means the direct product over Mg = {primes} U {oo}. Then
we define the o-Selmer group S¥)(E/Q) by

S@(E/Q) = Ker {H'(Q, El¢]) — [[ H'(Qy, B)¢]}
and the Shafarevich-Tate group 111 (E/Q) by
1(E/Q) = Ker {H'(@, B) — [[ H'(Q,. B) } .

From the commutative diagram above and the definition of the Selmer and Shafarevich-
Tate groups, we immediately obtain the exact sequence

(2.1) 0— E'(Q)/¢(E(Q)) — S¥(E/Q) — I (E/Q)[¢] — 0.
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Let ¢’ : E' — E be the dual isogeny of ¢. Interchanging the role of E and E’, we
obtain another exact sequence

(22)  0— E(Q)/¢(E'(Q) — S¥(E/Q — I(E'/Q)|¢] - 0.
And there is the exact sequence
03 0 EO@ | F@ o BQ | EQ

PEQ[m])  ¢EQ)  mEQ)  JEQ)

where m = deg ¢. Note that these groups are all finite from the weak Mordell-Weil
theorem. Moreover the Selmer group is finite by a general theory.
From now on, we let E, E’ be the elliptic curves defined by the equations

E :y* =2+ Az? + Br,
E' :y? =23 — 242% + (A? — 4B)z,

where A, B € Q. There is the isogeny of degree 2 between these curves given by
the formula

¢ : E—E ((zy)— (y*/2% y(B - 2%)/2*).
Note that E[¢] = {0, (0,0)} (we denote by O the point at infinity on the elliptic
curve). From (2.3), we obtain
dimg, E(Q)/2E(Q) = dimg, E(Q)/¢'(E'(Q)) + dims, E'(Q)/¢(E(Q))
— dimp, E'(Q)[¢"]/¢(E(Q)[2])
and it holds that

0, if A2 — 4B is a square,
1, otherwise,

. 2, if A2 — 4B is a square,
rank B(Q) = dimy, E(Q)/2E(Q) + { 1, otherwise.

dime, B'(Q)[ o' /o(E@Q)[2]) = {
(2.4)

Consequently, the rank of the elliptic curve is given by the following formula:
(2.5) rank B(Q) = dimr, E(Q)/¢'(E'(Q)) + dimg, E'(Q)/¢(E(Q)) — 2.
From (2.1) and (2.2), we have
dimg, B(Q)/¢'(E'(Q)) = dimg, S (E'/Q) — dimg, T (E'/Q)[ '],
dimg, E'(Q)/¢(E(Q)) = dimg, S (E/Q) — dimg, I (E/Q)[ ).
Then using (2.5), we have

rank E(Q) = dimg, $@)(E/Q) + dimg, S (E'/Q)
— dimp, II (E/Q)[¢] — dimp, I (E'/Q)[¢'] - 2.
In particular, it holds that
(2.6) rank E(Q) < dimg, S (E/Q) 4 dimg, S (E'/Q) — 2.

The value of the right hand side is called the Selmer rank.
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We now give the method of calculating the Selmer group. From the commutative
diagram and the definition of the Selmer group, we have the equivalent definition

SW(E/Q) ={z € H'(Q, E[¢])| res,(x) € Tm(5,) for ¥p € Mg}
27) = ) (),

p€Mq

where the groups Im(d,) are regarded as the subgroups of the group H(Q, E[¢]).
Roughly speaking, the Selmer group is the intersection of all images of the con-
necting homomorphisms. Then the problem is how to calculate the images of the
connecting homomorphisms. Since H(k, E[¢]) & H(k,{£1}) = k*/k*?, the con-
necting homomorphism dj, can be regarded as the map to k> /k*2. Then we verify
the formula

Z, if P= (‘ray) # (070)a07
(2.8) 5(P)=<¢ B, if P=(0,0),

1, iftP=0

from the definition of the connecting homomorphism. Therefore in order to obtain
Im(dx), we must check what numbers (modulo square) appear in the az-coordinates
of the k-rational points on the elliptic curve E’. Similarly, we must check the
x-coordinates of the k-rational points of the elliptic curve E to obtain the image
of connecting homomorphism &), : E(k)/¢'(E'(k)) — k*/k*?. In view of the
following theorem, if one of the groups Im(d;,) and Im(d,) is given, the other group
is automatically given (see for example Aoki [2]).

Theorem 2.1 ([2]). Let p € Mg and ( , ), be the Hilbert symbol. For a subgroup
VcQy/ X2 we define V+ = {x € Qg/@gz | (z,y)p =1 for ally € V}. Then

P 7
Im(6,) = Im(éz'j)L.

We can describe the Selmer group in other words. The coordinates of a rational
point of order greater then 2 on F are written as

dM? dM N
xTr = 3 7y:
e

)

o3
where M Ne # 0, (M,e) = (N,e) =1 and d is a divisor of B. These numbers must
satisfy the equation (coming from the equation of E)

(2.9) N? =dM* + AM?e* + (5) et

Hence d (# 1, B) is in Im(¢’) if and only if (2.9) has a non-trivial integral solution.
But in general, to determine whether or not (2.9) has such a solution is the unsolved
problem. So we call d the element of the Selmer group (") (E’/Q) when (2.9) has a
solution in R and in Q, for every prime p. Note that the Selmer groups S (@) (E'/Q)
and S(®)(E/Q) can be regarded as subgroups of Q*/Q*? since the images Im(é})
and Im(d,) are regarded as subgroups of Q*/Q*2. Clearly S (E'/Q) D Im(d)
and S(¥)(E/Q) D Im(). Hence the Selmer groups give the upper bound of the
rank.

Finally, we see about the 2-Selmer group. Let F = E’, ¢ = [2] on (2.1), then
we have

dimg, E(Q)/2E(Q) = dimg, S®(E/Q) — dimg, II1 (E/Q)][ 2].
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Suppose that A2—4B is a square, i.e. the elliptic curve has three rational 2-torsions.
Then it holds that

rank B(Q) < dimg, S@(E/Q) — 2

by (2.4). The value of the right hand side is called the 2-Selmer rank. Since there
is the exact sequence

0— SW(E/Q) — SP(E/Q) % ¥ (E/Q),

the 2-Selmer rank is smaller (or same) than the (p-)Selmer rank. In Section 8,
we study the 2-Selmer rank of the elliptic curve connected with the 7/2 or m/3-
congruent number problem.

2.2. Hensel’s lemma. When we calculate the Selmer group, Hensel’s lemma is a
very useful tool. This lemma is often used later. The following version of Hensel’s
lemma is the most powerful (see Birch and Swinnerton-Dyer [4]).

Lemma 2.2 ([4]). Let | € N,z9p € Z and f(x) € Z[X]. Suppose that n =
ord,(f(xo)) and k = ord,(f'(x¢)). For an odd prime p, consider the question:
“Does the equation y*> = f(x) have an solution x € Z, with x = x (mod p!) ?” The
answer is “yes” if

e f(xo) is a p-adic square, or

e k<landn>k+I.
The answer is “no” if

e k<landn<k+I1, or
e k>1andn < 2.

The above lemma does not mention the case that k£ > [ and n > 2[. In this case,
we can obtain the answer by considering the congruence with a higher power, that
is © = 29 + p™z1 (mod p'*t™) with m > 1 and 0 < x; < p. The similar statement
with p = 2 is slightly complicated.

Lemma 2.3 ([4]). Let | € Nyzg € Z and f(x) € Z[X]. Suppose that n =
orda(f(zo)) and k = orda(f'(xg)). Consider the question: “Does the equation
y? = f(x) have an solution x € Zsy with x = zo (mod 2!)#” The answer is “yes” if
o f(xo) is a 2-adic square,
k<landn>k+I,
k<landn=k+1—1 is even, or
k<landn=k+1—2 is even and the 2-free part of f(x¢) is congruent to
5 modulo 8.
The answer is “yes” or “no” if
e k>l andn > 2l, or
e k>1,n=2l—2 and the 2-free part of f(xq) is congruent to 5 modulo 8.
In the other case, the answer is “no”.

The following lemma is the special case of Lemmas 2.2 and 2.3 (see Silverman
[23, p.322] or Serre [22, p.14]). The statement is simple, but useful.

Lemma 2.4 ([23],[22]). Let p be prime and f(z) € Z[X]. Suppose that
ordy(f(wo)) > 2ordy(f'(x0))

for some xy € Z. Then the equation f(x) =0 has a solution in Z,.



3. OVERVIEW OF THE #-CONGRUENT NUMBER PROBLEM

For the old history about the congruent numbers, see Dickson ([8, pp.459-472])
and Guy ([12, D27]). For example, Genocchi (1855) and/or Bastien (1915) showed
that an integer n which has one of the following forms (in which p and ¢ are prime)
is not congruent.

(1) n = p with p =3 (mod 8).

(2) n=2p with p=>5 (mod8).

(3) n=pq with p=q =3 (mod8).
(4) n =2pq with p = q =5 (mod8).
(5) n=2p with p =9 (mod 16).

In the cases (1),(2),(3),(4), the Selmer rank of the elliptic curve E,, is 0 (cf. The-
orems 4.7 and 4.8). Hence we can show the non-congruence of n easily. But in
the case (5), calculating the Selmer rank is not sufficient to show it. In fact, the
2-torsion part of the Shafarevich-Tate group is non-trivial in this case.

Serf [21] listed more sequences of non-congruent numbers, calculating the 2-
Selmer rank (though he does not mention the Selmer group). But his method is
slightly complicated and not enough to calculate the 2-Selmer rank in some cases.

Aoki [1] and Monsky (appendix in Heath-Brown [16]) give each formula for the
2-Selmer rank of the curve F,, defined by (1.1) in different methods. For example,
Monsky’s formula is

2% = 2k — rank M,

where s is 2-Selmer rank of E,,, k is the number of distinct primes dividing n, and
M € Moy (F2) is some matrix defined by Legendre symbols. The author could not
apply Monsky’s method to the #-congruent number problem with 6 # 7/2, but
we shall give an algorithm for the 2-Selmer rank of the elliptic curve connected
with 7/2 and 7/3-congruent number problem in Section 8. Roughly speaking, our
method is to calculate the images of the connecting homomorphisms. Using this
method, we can find more non-congruent numbers containing Serf’s results (see
Section 9).

While calculating the Selmer groups gives non-congruent numbers, many mathe-
maticians tried to list congruent numbers. In 1986, G. Kramarz listed all congruent
numbers up to 2000, calculating the critical values of Hasse-Weil L-function of F,
(see [18, chap.2]). This list was extended by P. Serf (1991, [21]) to 3000, by K.
Noda and H. Wada (1993) to 10000 and by F. R. Nemenzo (1998, [20]) to 40000.
They used the Coates-Wiles theorem and the Gross-Zagier theorem. These theo-
rems are parts of the Birch and Swinnerton-Dyer conjecture. This conjecture says:
“The rank is equal to the analytic rank, namely the order of Hasse-Weil L-function
at s = 1.” It is also believed that the parity of the rank is equal to that of the
Selmer rank. This conjecture is called the Selmer conjecture. These two conjec-
tures lead a new conjecture: “The parity of the analytic rank is equal to that of
the Selmer rank.” The parity of the analytic rank can be identified with the root
number, namely the sign at the functional equation of Hasse-Weil L-function. Part
of the last conjecture is proved by Monsky [19]. Consequently, this conjecture is
valid about the curve connected with #-congruent number problem. It is known
that the analytic rank of F,, is odd if and only if n = 5,6 or 7 (mod 8). Hence the
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Selmer rank is also odd in this case. If the Birch and Swinnerton-Dyer conjecture
is true, the rank is also odd, hence such n is congruent.

Let us go to the #-congruent number problem. M. Fujiwara, M, Kan and M.
Negiki showed the following theorem.

Theorem 3.1 ([9]). Let p be a prime. Then
(1) p=5,7 or 19 (mod24) = p is NOT ©/3-congruent.
(2) p=7,11 or 13 (mod24) = p is NOT 27/3-congruent.

Most of this theorem can be proved by the Selmer rank. But only the calculation
of the Selmer rank is not sufficient to prove the statement

p =13 (mod24) = p is NOT 27/3-congruent.

In this case, the 2-torsion part of the Shafarevich-Tate group is non-trivial. The
proof of this statement is in Kan [15]. Using our method, namely calculating the
images of the connecting homomorphisms, we can prove the analogue statements
(see Theorem 6.7).

In the cases not mentioned in Theorem 3.1, the Selmer rank is 1 or 2. If the
Selmer rank is 1, it is conjectured that the rank is also 1 from the Selmer conjecture.
About this topic, Hibino and Kan [13] proved the following theorem, using the
theory of the Heegner points.

Theorem 3.2 ([13]). Let p be a prime congruent to 23 modulo 24. Then p is
7 /3-congruent and 27 /3-congruent.

Yoshida [30] showed the following theorem at the same time.

Theorem 3.3 ([30]). Let p be a prime congruent to 23 modulo 24. Then p,2p and
3p are 2w /3-congruent.

In the case that the analytic rank is odd, the rank is also odd if the Birch
and Swinnerton-Dyer conjecture is true. Hence it is expected that the following
conjecture is true.

Conjecture 3.4. Let n be a positive squarefree integer.
(1) If n=6,10,11,13,17,18,21,22 or 23 (mod 24), then n is w/3-congruent.
(2) Ifn=5,9,10,15,17,19,21,22 or 23 (mod 24), then n is 27 /3-congruent.

In the above cases, the Selmer ranks of the correspondence elliptic curves are odd
by Monsky’s theorem.

Yoshida [31] also established the analogous result of Tunnel’s theorem with 6 =
27/3, using the theory of modular forms of half-integral weight and Waldspuger’s
theorem.

4. THE CURVE y? = 2°® + Dz

However the main object of this article is the curve y? = 23 + Az? 4+ Bz, we
study the special curve in this section and the next section. You may skip Sections
4.2,5 and 6 (in Section 4.1, we define some notations and deduce an useful formula
for the Selmer rank). The contents in this section are also in the author’s paper
[11].

Let D be a non-zero integer. The curve

Ep:y?> =2+ Dx
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is studied by many mathematicians. For example, Birch and Swinnerton-Dyer
[4],[5] give the table containing the Selmer rank of EFp with small D. Birch and
Stephens [3] give the formula for the parity of the Selmer rank of Ep, and showed
the parity is equal to that of the analytic rank. For the curve E, with a prime p,
it is well-known that

2, ifp=1(mod8),
(4.1) Selmer rank =< 1, if p=3,5,13,15 (mod 16),

0, ifp=7,11 (mod16).
Bremner and Cassels [6] studied the curve E, with p = 5 (mod8). Yoshida [30]
studied the case of D is a product of distinct two primes. Note that the elliptic
curve concerned with the congruent number problem (see the equation (1.1)) is also
this type with D = —n2. We can suppose without loss of generality that D is a
fourth-power free integer and not divided by 4 (if necessary, we must consider the
dual curve E_,p, whose Q-rank is equal to that of Ep).

4.1. Calculating the Selmer group. In order to calculate the Selmer group, we
give formulae for the images of the connecting homomorphisms. For a good prime,
namely odd prime not dividing the discriminant of the elliptic curve, we have

Im(é') Z QXQ/QXZ Im( ) Z QXZ/QXQ
from the local Tate duality. For our curve, this fact can be easily obtained by

Theorem 2.1.
In the case that p = oo, it clearly holds that

D >0= TIm(¢,,) = {1}, Im(Joe) = R*/R*?
D < 0= Im(6, ) =R*/R*? Im(0s) = {1}

from locus Ep(R). The following propositions give the images of the connecting
homomorphisms (5}’, and §, for the bad primes of Ep. In this article, we denote
by (c1,---,¢n) the subgroup of Q*/Q*? or Q) /Q)? for some p € Mg generated
by ¢1,---,¢c, € Q, and u represents a non-square element modulo p. Note that
Q) /Qr? = {1,u,p, pu} for odd prime p, and Q5 JQ5? = {#1, 45,42, +10}.

Proposition 4.1. Let p be an odd prime dividing D, and ord,(D) = a, D = p*D’.
Then the images Im(0;,) and Im(0,) are obtained as follows:
(1) Ifa=1 or 3, then Im(d,) = (D), Im(d,) = (—=D).
(2) Suppose that a =2 and p =1 (mod 4).
(a) If D is a p-adic square then
(i) (=D)#P=D/* =1 (modp) = Im(s,) = (p), Im(3,) = (p),
(ii) (=D")P=D/* = —1 (modp) = Im(8)) = (pu), Im(5,) = (pu).
(b) If D is a p-adic non-square, then Im(é’) = Z;Q)/Qx%, Im(d,) =
Z Q) Q.
(3) Suppose that a =2 and p =3 (mod4).
(a) If D is a p-adic square, then Im(5,) = {1}, Im(6,) = Q) /Q;2.
(b) If D is a p-adic non-square, then Im(d),) = Q) /Q)?, Im( ») = {1}.

Note that (—D")P=1/% = 1 (modp) if and only if —D’ is a quartic residue
modulo p.

Proposition 4.2. The images Im(d5) and Im(d3) are obtained as follows:
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(1) If D=1 (mod38), then Im(8}) = {1}, Im(d2) = Q5 /Q52.

(2) If D=5 (mod8), then Tm(8%) = (5), Im(d) = Z5 Q52 /Qx2.

(3) If D =3 (mod 16), then Im(05) = (=5), Im(d2) = (—2,5).

(4) If D = 17,11 (mod 16), then Tm (%) = Z5 Q2 /Q52, Im(d) = (5).

(5) If D =15 (mod 16), then Im(d5) = (—1), Im(d2) = (2,5).

(6) If D is even, then Im(d2) = (—D) and Im(d%) is given by Theorem 2.1.

Propositions 4.1 and 4.2 are the special cases of the propositions in Section 7,
but we prove these propositions in the next part as a prototype.
Now, We have prepared to calculate Selmer groups S (E’/Q) and S¥)(E/Q).

Example 4.3. Let p be a prime congruent to 1 modulo 8, and consider the curve
E,. From Propositions 4.1 and 4.2, we can obtain the images of the connecting
homomorphisms as the following table:

I | Im()) Im(d)
~| {1} RX/R<
2 | {1} Q/Q3°
p| (p (p)

From the definition of the Selmer group (see (2.7)), it is clear that

5@ (E,/Q) = (p), §©(E,/Q) = {~1,2,p).
Hence the Selmer rank is 2 (see (2.6)). In this way, we can show the fact (4.1).

Example 4.4. Let D = 775 = 52-31 and consider the curve Ep. Note that 31 is a
quartic residue modulo 5. By Propositions 4.1 and 4.2, the images of the connecting
homomorphisms are obtained as follows:

P Im(5]’7) Im(é,)
0 {1} R* /R*2
2 | Z;Q5%/Q%  (5)

5 (10) (10)
31 (31) (—31)

From this table, it is clear that (5,31) c S (E},/Q), (—1,5,31) C S (Ep/Q).

For a convenience, we define a few notations:
S = {p : bad prime| In(8}) — Z; Q) /Q;” # 6} U Six.
T = {p : bad prime| Im(8,) — Z; Q% /Q;* # ¢} UTw,
where S, T are the sets defined by

“lemm(d) = Se={-1}, T =06

For the set X, we denote by Vy the subgroup of Q% /Q*? generated by all elements
of X. In the case of the curve Ep with D = 775,

S ={5,31}, T = {~1,5,31}, Vs = (5,31), Vi = (~1,5,31).
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It is clear that Vg ¢ S¢¥)(Ep/Q) and Vi ¢ S (Ep/Q). Then we give the
matrices A’, A over Fy:

5 31 L/ 101
A'—?j( (1) g > A= 5 o1 0 |
31\ 10 1

where the numbers outside the matrix are the elements of S or T. We shall give
the exact definition of the matrices later. Roughly speaking, the meanings of the
matrices are as follows. For example, that (1, 1)-entry of A’ is 1 means 5 ¢ Im(45),
and that (1,2)-entry is 0 means 5 € Im(d%; ). Therefore that the entries in the second
row are all 0 means 31 € S®)(E},/Q). It is clear that —1,5,31 ¢ S(®)(Ep/Q).
But it follows that —31 € S(¥)(Ep/Q) since Vo /(Im(5,) N V) are groups of order
2 for p = 2,5,31. Note that this does not always hold for p = 2, and hence the
definitions of A’ and A are rather complicated (see the table in p.12) Consequently,
SE)(E/Q) = (31), S¥(E/Q) = (—31), and the Selmer rank of Er75 is 0.
In general, we have the useful formula

4.2 Selmer rank = |S|+ |7 | —rank A’ — rank A — 2.
(

From now on, we use this formula to calculate the Selmer rank. In order to see
the validness of the equation (4.2), let us do the elementary transformation and
compute the rank of the matrix A. Add the first row to the third row, then we have

2 5 31
-1 1 0 1
) 01 0

-31 00 O

Note that the meaning of the third row has changed. This expression means the
rank of A is 2, and the dimension of S*)(Ep/Q) is 1 (= |T| — rank A).

Example 4.5. Let D = 1975 = 52 .79. Note that the type of 1975 and 775
are almost the same, but 79 is a quartic non-residue modulo 5. In the case that
D = 1975, the images of the connecting homomorphisms are obtained as follows:

P Im(0;,) Im(dp)
o (1) R* /R
2 | Z3Q%/QF  (5)
5 (5) (5)
79 (79) (—79)
5 19 L/ 1o
A= 78 < 8 8 ) A= 5| 00 o0
79 1 0 1

Therefore S (E)) = (5,79), S¥)(Ep) = (5,—79) and the Selmer rank is 2
by (4.2). It is fortunate that we can obtain the true rank in this case. Since
§'((0,0)) = 79, §((0,0)) = —79, the non-trivial elements of the Selmer groups are
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essentially only 5 € S&#)(E1,/Q) and 5 € S()(Ep/Q). The element 5 is in Tm(d’)
if and only if

N? =5M* +5 - 79¢*
has an integer solution with M Ne # 0 (see (2.9)). In fact, the equation has a
solution (M, e, N) = (1,1,20). Similarly we can see 5 € Im(J), hence the rank is 2

Definition. We give the exact definition of the matrices A’, A to keep the equation
(4.2) valid. First, we define some sets:

A1 = {p : odd bad primes | Im(8}) = Q) /Q;*}
Az = {p : odd bad primes | Im(,) = {1}}
A3 = {p : odd bad primes | Im(d,) = (p)},

= {p : odd bad primes | Im(d,,) = (pu)}.

Then we have S = AjUA3UAUAg, T = A3UA3UALUAT, where Ag, Ar C {—1,2}.
Let (a,b), be the Hilbert symbol, and let

|0, if (a,b)p, =1,
{a7b}p - { 1, if (a,b)p = —
Next, we define the map \ : Vg — (Fg)m/ and A : Vpr — (F3)™ (m’ and m are

natural numbers which depend on the curve) as follows:
N()= (x, {z,—p}p (€ A2UA3), {x,—puly (p € A1),
AMx) = (xx, {x,p}p (D€ A1UA3), {x,pu}, (p € Aa)),

where for example {x,pu}, (p € A4) represents the numbers {z,pu}, for all p € Ay
arranged horizontally. And #, % represent the numbers described in the following

table.

Im(85) Im(d2) * *ok
{1} Q5 /Q;° {z, —1}2, {z,2}»
(1) (2,5) {z, 2} {z,—1}2
(5) Z;Q3*/Q5* {z, —1}2
(=5) (=2,5) {z, =2} {z, =5}2
(2) (-1,2) {z, —1}2, {z,2}» {z,2}2
(-2) (2,-5) {z,2}2, {z, —5}» {z, =2}
(10) (—1,10) {z, —1}2, {,10}2 {z,10}2
(—10) (—2,—5) {z,—2}2, {z,—-5}2 {z,—10}
Z3Q5%/Q;° (5) {z,—1}s
(-1,2) (2) {z,2}2 {z, —1}s, {z,2}»
(—1,10) (10) {z,10}2 {z,—1}2, {z,10}2
(2,5) (1) {z, —1}2 {z,2}2
(=2,5) (=5) {z, =5}2 {z, =2}
(2,-5) (—2) {z, =2} {z,2}2, {z, —5}»
(=2, —5) (—10) {z,—10}2 {z,—2}2, {z,—5}>2
Q5 /Q5° {1} {z, —1}2, {z,2}»
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For example, € Im(d5) if and only if the values % in the table above are all 0.
Then we have

) (E/Q) = Ker X, S¥)(E/Q) = Ker A.
Let us define the matrices A’, A as follows:
N =) peS), A=(p) peT),
where A (p) and A(p) are row vectors defined above.

Example 4.6. Let D = 2pq? with p=1, ¢ = 3 (mod8), (¢/p) = —1, and consider
the curve Ep. Then we have

I | Im())  Im(d;)
o | {1} RX/R*?
2 <27_5> <_2>
p| (p (p)
g | {1} QF/Qr
2 2 p
2 p g -1 01 0
, 2/ 00 1 2 0 1 0
A= p( 0 0 1 )7 A= P 0 0 O
q 11 1

Since Im(d2) = (—2), the group Vr/(Im(d2) N Vr) is Klein’s four group. Therefore
the definition of the matrix A is slightly complicated. For example, that (1,1)-
entry of A is 0 means —1 € {#1,42} C Q5 /Q?, and that (1,2)-entry is 1 means
—1¢{1,5,-2,-10} € Q5 /Qx2. From the formula (4.2), the Selmer rank of Ep
is 1.

Recall that the curve Ep with D = —n? is connected with the congruent number
problem. Aoki [1] gives the formula of the Selmer rank of this curve. Propositions
4.1 and 4.2 are the extensions of the corresponding facts in [1].

Iskra [14] showed the following theorem.

Theorem 4.7 ([14]). Let primes p1,--- ,p» satisfy the following two conditions:
e p;, =3 (mod8).
o (pi/pj) =1 fori < j, where (/) is the Legendre Symbol.

And let D = —p?---p2. Then the rank of the curve Ep is 0.

In this case, the Selmer rank is 2 - [(r — 1)/2] ([ ] is the Gauss symbol), but the
2-Selmer rank is 0. Iskra proved this theorem by a direct calculation, but this is
also deduced by Monsky’s formula. We can obtain the analogous facts using the
Propositions 4.1, 4.2 and the formula (4.2).

Theorem 4.8. When D has one of the following forms, the rank of the curve Ep
15 0.

(1) D =2p;y---p, with p; =5 (mod8) and (pj/p;) =1 for Vi # j.

(2) D= 2p -+ pp with r is even, p; =5 (mod 8) and (p;/p;) = —1 for Vi # j.
(3) D =p3---p?2 with p; =5 (mod8) and (p;/pi;) =1 for Vi # j.

(4) D =p}---p2 with r is even, p; =5 (mod8) and (pj/p;) = —1 for Vi # j.
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D 2. p? with p; =5 (mod 8).
(6) D=2p}---p2 with p; =5 (mod8) and (p;/p;) =1 for Vi # j.
2p3 - p3 with r is even, p; =5 (mod 8) and (pj/pi) = —1 for Vi # j.

Remark that the cases (3),(4) are connected with the congruent number problem.

Proof. We give only the short proof of (1). In the case that r is even,

[ | Im(o;)  Im(d;)
oo | {1} RX/R*?
2 1(2,-5) (=2)
p1| (2p1) (2p1)

o | @) )

2 D1 Dr 2 21 P Pr
9 1 1 -1 0 1 0 0
1 2 0 1 1 1
A = ?)1 7 A= D1 1 0 ’
» ) Iy : Do I,
" Dy 1 0

where I, is the identity matrix of degree r. Hence we have
Selmer rank = (r+ 1)+ (r+2)—r—(r+1)—-2=0,
and rank Fp(Q) = 0. In the case that r is odd, the proof is similar. O

4.2. Proofs of the propositions. In this part, we give proofs of Propositions 4.1
and 4.2. In view of Theorem 2.1, it is sufficient that we calculate one of the images
Im(d;,) and Im(d,).

Proof of Proposition 4.1. Let p be an odd prime dividing D, and ord,(D) = a, D =
p*D'. For (z,y) € E(Qy), we let ord,(z) = e, x = p°w (w € Z) ), then

y2 — p3ew3 +pe+aD/w
(43) — p3ew3(1 +p—26+aD/w—2)
(44) :pe+aw(p2efaw2 +D/)

from the equation of Ep. If e < (a—1)/2, then e must be even and w = 1 (mod Q?)
by (4.3), hence z = 1 (mod Q?). Similarly, if e > (a+1)/2, then 2 = D (mod Q?)
by (4.4).

In the case that a = 1 or 3, the other points do not exist, hence we have proved
(1)

From now on, we assume that ¢ = 2, then we must investigate the set
H ={(z,y) € Ep(Q)] ordy(z) = 1}.
We set a = 2,e =1, then
(4.5) y? = pPw(w? + D)
from (4.4). Therefore when (~D'/p) = —1, H = ¢ and hence Im(J,,) = (D). Now
we have proved (2),(b) and (3),(a).
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Assume that (—D'/p) = 1. Let —D = p*c® (c € Z), then

y=p w(w+c)(w-c)

from (4.5). Hence w must be congruent to ¢ or —¢ modulo p. For example, if
w—c=pM" 3z (n>2z2¢€ Z,'), then

y2 _ p2nz(p2n—3z + c)(p2n—3z + 20).

From this representation, y € Q, exists if and only if z = 2 (mod (@;2). In this
case, * = pw = p(p** 3z + ¢) = pc (modQ)?). When w + ¢ = p** 3z, we
have # = —pc (mod Q?). Hence we have & (H) = {£pc}. Therefore Im(d)) =
{1,D,pc, —pc} = Q) /Q? in the case that p = 3 (mod4). We have proved (3),(b).
When p = 1 (mod 4), it follows that Tm(d,) = {1, pc} = (p) or (pu) according as c
is a quadratic residue modulo p or not, i.e. —D’ is a quartic residue modulo p or
not. (]

Proof of Proposition 4.2. Firstly, we assume that D is odd. Let (z,y) € Ep(Q2),
then

orda(z) >1 =
orde(z) < =1 =

D (mod QS?),
1 (modQx?).

We must consider the points of ords(z) = 0, so we let
Hy = {(2,y) € Ep(Q2) | orda(z) = 0, orda(y) = n} (n = 1).

If D=1 (mod4), then UH,, = ¢ since orda(z® + Dx) = 1. Hence Im(8}) = (D),
and we have proved (1) and (2).

Secondly, if D =3 (mod8), then UX ,H, = ¢ since ords(z® + Dx) = 2. We
must investigate the set H;. For example, when D = 3 (mod 32),

22+ Dr e Qf? <= 2*+ Dz =4 (mod32) <= x=1,3 (mod16).

Therefore it follows that 05(H,) = {1, —5}, and Im(d5) = (—5). In the other case,
a similar discussion shows that Im(d5) = (—5) or (—1,5) according as D = 3 or
1 (mod 16).
Thirdly, if D =7 (mod8), then H; = ¢ since ords(z® + Dz) > 3. We must
investigate the set H,, (n >2). We let —D = ¢? (c € ZJ), then

y? = a(a+ ) — o)

from the equation of Ep. Hence x must be congruent to ¢ or —¢ modulo 8. For
example, if ¥ — ¢ = 22""lw (w € QJ), then

y2 — 22nw(w2n71w+C)(22n72w+c).

From this representation, y € Q, exists if and only if w = 5 (mod8) for n = 2,
and w = 1 (mod8) for n > 3. In both cases, z = 2" 'w + ¢ = ¢ (mod QS?).
Hence we have 65(UH,) = {£c}. Moreover when D = 7 (mod 16), it holds that
¢ =45 (mod8) and Im(8}) = Z5Q5?/Q5?. When D = 15 (mod 16), it holds that
¢ = =£1 (mod 8) and Im(d5) = (—1).
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Lastly, we assume that D = 2D’ is even. We study Im(dz2) rather than Im(d5)
since the structure of E_,p is simpler than that of Ep. We let 2 = 2°w (w € Z7),
then

y? = 20 — 2¢3 Dy

(4.6) = 20Ty (w? B3w? — D)

(4.7) =233 (1 — 2723 D'w™2)

from the equation of E_4p. If e <0, then z = 1 (mod Q5?) by (4.6). If ¢ > 3, then

z = —D (mod Q5?) by (4.7). Moreover, we find that the points of e = 1,2 do not
exist. Therefore we have Im(dy) = (—D) (mod Q5?). O

5. THE CURVE y? = z(x — a)(x — 3)

In this section, we give formulae for the images of the connecting homomorphisms
of the curve y? = z(z—a)(z— 3), where «, 8 are non-zero distinct rational numbers.
The contents in this section and the next section are also in the author’s paper [10].
Without loss of generality, we can assume that «, 3 are integers and ged(a, 3) is
squarefree. From the locus E(R) the images of ¢/, and 0. are clearly given as
follows.

(1) If @ > 0 and B > 0, then Im(d,) = {1}, Im(doo) = R* /R*2.
(2) fa < 0or B <0, then Im(0/) = R*/R*2, Im(ds) = {1}.
The discriminant of the curve is
A = 160%6%(a — B)%
So bad primes are classified into

e odd primes which divide both « and 3,

e odd primes which divide either « or 3,

e odd primes which divide not o but o — g3,
e even prime 2.

Note that the prime 2 may be a good prime since the above discriminant may not
necessarily be minimal at 2. But it is not a serious matter.

5.1. Formulae for the images of the connecting homomorphisms. Firstly,
we give the statement for odd primes which divide both o and S.

Proposition 5.1. Let p be an odd prime. If ord,(a) > 1, ord,(8) =1, then
Im(d,) = (a, B).

The other group Im(d,) can be obtained by Theorem 2.1.
Secondly, we describe the proposition for odd primes which divide either a or 3.
We denote by ( /) the Legendre symbol.

Proposition 5.2. Let p be an odd prime. Suppose that ord,(a) =a > 1 andp f5.
Then the following holds.
(1) If a is even and (—B/p) = —1, then Im(d,) = Z Qx*/Q;?, Im(d,) =
2303 /Q;2.
(2) In the other case, Im(0),) = Q) /Qx?, Tm(6,) = {1}.

Thirdly, in the case of odd primes which divide not a but o — 3, we have the
following proposition.
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Proposition 5.3. Let p be an odd prime. Suppose that ord,(ac— ) > 1 and p fc.
Then the following holds.

(1) If (a/p) = 1, then Im(5y) = {1}, Im(d,) = (@X/QX2
(2) If (a/p) = =1, then Im(5;) = ZX@XQ/QX2 Im(3,) = Z;Q;?/Q)>.

Lastly, we consider the case that p = 2.

Proposition 5.4. Suppose that ordz(a) = ordy(8) = 0. Then Im(d}) = (o, §)
except the following three cases.

(1) If orda(a — B) = 2 and a + B = 14 (mod 16), then Im(8}) = Z5Q5?/Q2.
(2) Ifordy(a — B) = 3 and a = 3 (mod 4), then Tm(8h) = 25 Q52 /QS2.
(3) Iforda(a— B) =4 and a =1 (mod ), then Im(d5) = (5).
Proposition 5.5. If ords(a) = 1, ords(8) = 0, then
m(d5) = (a, B, 5).

Proposition 5.6. Suppose that ords(«) = orde(8) = 1. Then the following holds.

(1) If orda(a — B) = 2, then Tm(8h) = Q¥ /Q5>
(2) If orda(a — B) = 3, then Im(5}) = (a, 5).
(3) If orda(av — B) > 4, then Im(d}) = ().

Proposition 5.7. Suppose that orda(«) = a > 2, ordy() = 1. Then the following
holds.

(1) If a4+ =2 (mod8), then Im(dy) = (e, B, —5).
(2) If a+ =6 (mod8), then Im(dy) = (o, B, —1).

Proposition 5.8. Suppose that orda(a) = a > 2, orde(8) = 0 and put a =
290/ (o/ € Z5). Then images Im(6) and Im(d2) are obtained as the following
table:

B mod8 | orda(a) | o' mod4 Im(63) Im(62)
1 2 1 (5) Z3Q3?/Q5*
—1 Z5 Q5% /Q5* (5)
3 1 Q3 /Q5” {1}
1 (—2,5) (—5)
>4 1 (2,5) (-1)
-1 Q5 /Q5* {1}
-1 2 1 Z5 Q5% /Q5” (5)
-1 Q5 /Q3? {1}
3 —— Q5 /Q5* {1}
4 —— Q32/Q5* (5)
>5 —— Q5 /Q5* {1}




3 mod8 | orda(a) o’ mod 4 Im(63) Im(62)
5 2 1 (5) Z5 Q5% /Q5*
~1 Z5 Q5% /Qy* (5)
3 1 (2,5) (-1)
-1 Q5 /Q5? {1}
even > 4 1 (—2,5) (—5)
-1 Q5 /Q5? {1}
odd >5 1 Q3 /Q5* {1}
-1 (—2,5) (—5)
-5 2 1 Q5 /Q5*? {1}
—1 Z5 Q5% /Q5* (5)
odd >3 —— Q5 /Q3* {1}
even > 4 - ZQXQ;Z/(@QX2 (5)

Example 5.9. Consider the elliptic curve

E : y? = x(x + 483)(x — 483).
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If the Q-rank of E were positive, 483 would be congruent. By the propositions in

this section, the images of 51’), 0p for the bad primes p = 2,3, 7 and 23, are obtained

as the following table:

p Im(d,,) Im(6p)
0o | R*/R*2 {1}
2 | Z;Q3%/Q5* ()
3| QF/Q3? {1}
7 QF/QF7 {1}
23 | Qy5/Q5% {1}

Recall that Selmer group S (E’/Q) is the intersection of all Im(d;,) regarded as

subgroups of Q% /Q*2. Therefore by the above table it is clear that S (E’/Q) =
(—1,3,7,23) and S&®)(E/Q) = {1}. Tt follows that rank E(Q) < 2 by (2.6).
By some translation, the curve E will be

F . y? = x(x — 483)(z — 966).

Note that rank E(Q) = rank F(Q). By the above propositions, the images of the
connecting homomorphisms are clear.

p | Im(s,)  TIm(dy,)
oo | {1}  RX/R*2
2 | QF/Q* {1}
31Q5/Q% {1}
T (=7 (7)
23| (—23) (23)




19

) go 2 3 7 23
3 Lo -1 111 1
A= L1 |oa= 7 100 1
03 0 1 23 110 0

From this matrices we have S(*)(E'/Q) = (2,483), S®(E'/Q) = {1}. Hence it
follows that rank F/(Q) = 0 and 483 is not congruent.

The curves E and F' are essentially the same. But 2-isogenies given in Section
2 are different. As we have seen, the Selmer rank can change by a change of the
2-isogenies. So we can take the smallest bound of the three. But the 2-Selmer rank
is smaller (or same) than these Selmer ranks.

5.2. Proofs of the propositions. Recall that our elliptic curve and the dual curve
are given by the equations

E: 9y’ =z(x—a)(z—p) =2 (a+B)z? + apa,
E' =123 —2(a+0)z® + (a — f)3x,

where «, 8 are non-zero distinct integers and ged(q, 8) is squarefree. We define
subsets of E(Q,) as follows ([26]):

E (Qp) =A{(z,y) € E(Qp) | ordp(z) < =20} U{O} (v =1,2,--),
Eo(Qp) = {(z,9) € E(Qp)|(£,7) € Eus(Fp)} U{O},
where theNtilde means t~he reduction modulo p and E‘ns is the set of non-singular
points of E. If (0,0) € FE is singular, then
Fo(@y) = {(2,9) € B(Q,)| ordy(z) < 0} U{O}.
If (0,0) € E is non-singular, then
Fo(@y) € {(2,9) € B(@,)| ordy(z) # 0} U{O}.

The order of E(Q,)/Ey(Qp) can be obtained by Tate’s algorithm (see Tate [26]
or Cremona [7, pp.64-68], but this algorithm is not used in this article). If the
representatives of E(Q,)/FEo(Qy) and §,(Eo(Q,)) are given, we can obtain the
image Im(d;,). This method owes its origin to Aoki [1]. The following lemma
describes the cases that the order of the z-coordinate is enough small or large.

Lemma 5.10. Let p be an odd prime and consider the elliptic curve y?> = 3 +
Az? + Bz with ord,(A) = a, ord,(B) = b. Suppose that (x,y) is a Q,-point on the
curve and x = p°w with e = ord,(x), w € Z). Then

b—1
e<min{a—1, 2} = =1 (monf),

b+1
eZmax{a+b+1, ;L} = =B (mod(@;2).

Proof. Put A =p*A’, B = p’B’, then

y2 — p3ew3 +p2€+aA’w2 +pe+bB/w
(51) — p3ew3(1 er*eJ“IA'w*l +p72e+bB/w72)
(5.2) _ p€+bw(p2€fbw2 +pe+a7bA/w + B/).
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If —e+a>1and —2e+b > 1, then e must be even and w = 1 (mod Q) by (5.1).
Hence we have z = 1 (modQ)?). If 2¢ —b>1and e+ a — b > 1, then e + b must
be even and w = B’ (mod Q;?) by (5.2). Hence we have z = B (mod Q?). O

For our elliptic curve, we have
ordy(z) < =2 = z =1 (mod Q;Q)
since «, 3 are integers. In particular, if a > 1, b > 1, then
ordp(z) =0 = z=1 (mongz).
When p = 2, the different situation occurs.

Lemma 5.11. Consider the elliptic curve y*> = 23 + Ax? + Bz with ordy(A) = a,
orde(B) = b. Suppose that (x,y) is a Qq-point on the curve and x = 2°w with

e =ords(z), w € Z5. Then
b—3
e<min{a—3, 2} = z=1 (mon;2)>

b
e> max{a+b+3, —’2_3} = =B (mod(@;z).

Proof. The proof is similar to that of the previous lemma. O
For our elliptic curve E, g,
ordy(z) < —4 = 2 =1 (mod Qy?)
since a, 3 are integers. In particular, if a > 1, then
ordg(z) = —2 = 2 =1 (mod Qy?).

Remark. The following equation appears in the proof of Lemma 5.11 (see the
proof of Lemma 5.10):

y2 — 23ew3(1 + 27e+aA/w71 + 2726+bB/w72).
Put X = 2-¢teA'w=1 42726t B/y=2 then
y? = 2%w’(1+ X).

Therefore if ordy(X) > 3, then = 1 (mod Q5 ?). Tt is sufficient that —e +a > 3,
—2e + b > 3, then we obtained Lemma 5.11. Note that it is also sufficient that
—e+a = —2e+b=2. We have one more important remark. If ords(X) = 2, then
=5 (mod Q?).

We prepare one more lemma.

Lemma 5.12. Let (x,y) be a point on E(Q)\E[2]. Then the following formulae
hold.

1) (z,y) + (0,0) = (Of _0;523/)
(2) (,9) + (0,0) = ( 2le—5) —O‘(f__f)ly)-
®) @)+ (0) = (A=, PO,

Proof. This follows immediately from the addition formula. O
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The following lemma is a key of Proposition 5.1.

Lemma 5.13. Let p be an odd prime. Suppose that ord,(c) = a > 1, ord,(8) = 1.
Consider a point (z,y) € E(Qp). If a =1, then the following holds.
(1) Ifordy(z) > 2, then P = (0,0) (mod Ep(Qp)).
(2) If ordy(z) =1, then P = (,0) or (5,0) (mod Ep(Qp)).
If a > 2, then the following holds.
(1) Ifordy(z) > a+1, then P = (0,0) (mod Ep(Qp)).
(2) If ordy(z) = a, then P = (a,0) (mod Ey(Qy)).
(3) There does not exist a point with 2 < ord,(z) < a—1.
(4) Ifordy(z) =1, then P = (5,0) (mod Ep(Qp)).
In both cases, we have E(Qp)/Ey(Q,) = E[2].

Proof. In this case, the equation of E is y2 = 2®. Since the point (0,0) at this curve
is singular, we have

Eo(Qp) = {(z,y) € E(Qp) | ordy(z) < 0} U{O}.

The formulae in Lemma 5.12 are used many times. The y-coordinates are not
important, so they are represented by O. First, we see the case that a = 1.

(1) Put P/ = P +(0,0) = (Of, D). Since ord, () = 2 and ord,(z) > 2, we

have P’ € Ey(Q,). Hence P = (0,0) (mod Eo(Qy)).

(2) Since ordy(x) = 1, we have ord,(z — a) # ord,(z — 3). Indeed, if ord,(z —a) =
ord,(z — ), then ord,(z(z — a)(x — B)) is odd, a contradiction. For example, if
ord,(z — ) > ord,(z — 3), then

P+(a,0)_<

Hence P = («,0) (mod Ey(Qy)). Similarly, if ord,(z — ) < ord,(x — 3), then we
have P = (8,0) (mod Ey(Qp)).

Next, we see the case that a > 2.

(1) Put P =P+ (0,0) = (Cf, D). Since ord,(ef) = a+1 and ord,(z) > a+1,

M, D) € EO(Qp)~

r—«

we have P’ € Ey(Qp). Hence P = (0,0) (mod Ep(Qp)).
(2) Since ordy(z) = a, we have ord,(z — ) = 1, ordy(z — @) > a. But since
ord,(z(xz — a)(x — B)) is even, we have ord,(z — @) > a + 1. Then

P+(a,0):<

Hence P = («,0) (mod Ep(Qp)).

(3) Assume that ord,(z) = b with 1 < b < a — 1. Then ord,(z —a) = b and
ord,(z — B) =1, so ord,(z(z — a)(xz — 3)) is odd, a contradiction.

(4) Since ordy(z) = 1, we have ordy(z — ) = 1, ordp(z — B) > 1. But since
ord,(z(z — «)(x — B)) is even, we have ord,(z — 3) > 2. Then

Lﬁa), D> € Eo(Qp).

€T —

M7 D) S Eo(Qp)~

r—«

P+(6,0)(

Hence P = (3,0) (mod Ey(Q,)). O
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Proof of Proposition 5.1. By Lemma 5.10, 6,(Eo(Q,)) = {1}. Hence the proposi-
tion holds by Lemma 5.13. d

Lemma 5.13 says that in the case that p divides both a and 3, representatives
of E/Ey can be selected as these are only trivial points (we call the points of order
2 trivial). So this case is easy, but the other cases are more difficult. The following
lemma describes this situation.

Lemma 5.14. Let E be an elliptic curve defined by y> = x® + Ax? + Bz with
A, B € Z. Suppose that p is an odd prime and ord,(A) =0, ord,(B) =b>1, P =
(z,y) € E(Qp). Then the following holds.
(1) Ifordy(z) <0, then P = 0O (mod Ey(Qp)).
(2) If ordy(z) > b, then P =(0,0) (mod Ep(Qy)).
(3) If (A/p) = —1, then there does not exist a point with 1 < ord,(z) <b—1.
If (A/p) = 1, then there exist points with ord,(z) =1,2,--- ,b—1, and any
elements of Z,; appear in the p-free part of x.

Proof. (1) In this case, the equation of E is y? = 23 + Az? = z2(z + A). Since the
point (0,0) at this curve is singular, we have
Ey(Qp) = {(z,y) € E(Qp) | ord,(z) <0} U{O}.

So the statement is clear.
(2) By Lemma 5.12,

B

P+ 0.0 = (5.0) € Fo@)
Hence P = (0,0) (mod Ey(Qy)).
(3) Let x = p®w with 1 <e <b—1, w € Z) and suppose that B = p*B’, then

y2 _ pSewB +p2eAU)2 +peBw

:p26w2(pew + A+p_e+bB/U}_l).
Note that e > 1, —e+b > 1. The number y € Q, exists if and only if A is a square
modulo p. In this case, e and w may be arbitrary. ([

The following lemma is also used in the proof of Proposition 5.2.

Lemma 5.15. Let p be an odd prime. Suppose that ord,(a) =a > 1 and p 5.
Then we have

u € 5;,(E0(Qp)\E1 (Qp))-

(Recall that u represents a non-square element modulo p.)

Proof. Suppose that (x,y) € Eo(Qp)\E1(Q,), that is ord,(z) = 0. Since z(x—a) =
22 (mod p), z— 3 is a square modulo p. Assume that such x must be a square modulo
p. Then § must be a square modulo p since (3,0) € E and ord,(8) = 0. Next,
consider that x = 23, then = — (3 is a square modulo p, so 28 must be also a square
modulo p. Repeating this step, we have squares

ﬂv 25,,([)—1)[3

Since 8 € (Z/pZ)*, this is a rearrangement of 1,2,--- ,p — 1. It is a contradiction
that 1,2,--- ,p — 1 are all squares modulo p. (I
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Proof of Proposition 5.2. In view of Theorem 2.1, we must consider only Im(d,). By
Lemma 5.15, Im(¢,,) O {1,u}. First, suppose that a is odd. Since 0,,((0,0)) = af,
p or pu is in Im(d;,), consequently Tm(d,) = {1, u,p,pu}. Next, suppose that a is
even and (—3/p) = 1. Since there exists a point of order 1 by Lemma 5.14, we have

Im(6,) = {1, u, p, pu}.

Lastly, suppose that a is even and (—3/p) = —1. Let P = (z,y) € E(Qp).
By Lemma 5.10, if ord,(z) < 0, then z = 1 (mod Q*?). If ord,(z) = 0, then
r = 1 or u (modQ*?). By Lemma 5.14, there does not exist a point of order
which is from 1 to a — 1. If ordy(z) > a, then P = (0,0) (mod Ex(Q,)), so
x =1 or u (mod Q*?). We have found that p and pu do not appear, hence Im(0;,) =
{1, u}. O

Next, we prove Proposition 5.3 by calculating the image Im(d,). The following
lemma is used in the proof.

Lemma 5.16. Let p be an odd prime. Suppose that ord,(c — 3) > 1 and p fc.
Then we have

u € 6, (Ep(Qp)\E1(Qp))-
Proof. The equation of F’ is
v =23 +2(a+ B)2® + (a — )%z = 2%(x + 2(a + B)) + (a — B)*x.
Hence the point (0,0) at E’ is singular, and

Ep(Qp) = {(z,y) € E'(Qp) | ordp(z) < 0}.
We shall show that there exists € Z, such that r = —2(a + ) (mod p) and the
right hand side is in Q;z. This fact can be shown by Hensel’s lemma, but we prove
it more elementarily. Let x = p°2 — 2(a+ ) withe €N, 2 € Z) and a — 3 = pby
with b € N, v € Z,;, then
(53) v = 22 (0°2) + 9 = pf e (e o).
If there exists an even number e such that 1 < e < 2b, the right hand side can be
in Q;Q, hence there exists x satisfying the conditions. There is not such number e
if and only if b = 1, so suppose that b = 1. In particular, if e = 2, then
the right hand side of (5.3) = pz?z + p°~v%x = p*2?(z + %2 1).

Since z +~+22~! can be a square modulo p, there exists = satisfying the conditions.

Let us come back to the proof of the lemma. If —2(a+ ) is a non-square modulo
p, the proposition holds by the above fact. Suppose that it is a square. Putting
x = —4(a+ ) the right side hand is a square, so the proposition holds if —4(a+ )
is a non-square modulo p. If we always have square elements in repeating this step,
then we have squares

—2(a+8), —4(a+p), -+, =2(p— )(a+p),

a contradiction. O

Proof of Proposition 5.3. By Lemma 5.16, we have Im(d,) D {1, u}.

(3)-(22)-()- ()

so the proposition holds by Lemma 5.14. (]
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We prepare lemmas in order to prove Proposition 5.4.

Lemma 5.17. Suppose that ordy(a) = 0, orda(8) = 0, orda(av — 8) = 1. Consider
a point (x,y) € E(Q2). Then the following holds.

(1) If orda(z) > 1, then P = (0,0) (mod E1(Q3)).

(2) Iforda(z) =0, then P = («,0) or (5,0) (mod E1(Q3)).
Therefore E(Q2)/E1(Q2) = E[2].

Proof. (1) By Lemma 5.12, P 4 (0,0) = (Cf, D) € F1(Q2). Hence P =

(0, O) (mod E1 (Qg))

(2) In this case, ords(z — «) # orda(z — 3). Indeed, if 2% ||z — o, © — 0 with a > 1,
then 2¢%! |o — 3. This is contradictory to the assumption ords(a — 8) = 1. For
example, if orda(z — @) > orda(x — ), then

P+ (a,0) = (O‘f__f) m) € E1(Qy).
Hence P = (a,0) (mod E1(Q2)). Similarly, if orda(z — «) < orda(x — (), then
P=(6,0) (modFE;(Q2)). O

Lemma 5.17 says that in the case that ordy(« — 3) = 1, representatives of E/FE;
can be selected as these are only trivial points. But in the case that ords(a—f) > 2,
the other situation can occur. The point which is not equivalent to any trivial point
modulo E4(Qg2) must be in Ey(Q2)\E1(Q2). So we need the following lemma.

Lemma 5.18. Suppose that orda(a) = 0, orda(8) = 0, orda(a — 3) > 2. Then
05(Eo(Q2)\E1(Q2)) C {(«, B) except the following three cases.
(1) Ifords(a— B) =2 and a + 3 = 14 (mod 16), then §5(Fo(Q2)\F1(Q2)) =
{+1,+5).
(2) Iforda(a—p) =3 and o = 3 (mod 4), then 65(Ey(Q2)\F1(Q2)) = {—1,£5}.
(3) Iforda(a— B) =4 and a =1 (mod ), then §4(Eo(Q2)\E1(Q2)) = {1,5}.

Proof. Consider a point (z,y) € Eo(Q2)\E1(Q2). Let x = 2°2 + o with e >
1, z € Z3. We investigate how x appears for each number e. If e > 3, then
r = a (mod QF?). In fact, there is such a point (a,0), so we must consider only
the points of e = 1, 2.

First, let e =1 and x = 2z 4+ «, then

(%)2 — 2(22 4 ) (z + agﬁ)

— 4
(5.4) =2 -+ %
The last expression must be congruent to 1 modulo 8.

Secondly, consider the points of e = 2. Suppose that ords(a — 3) = 2. If e = 2,
then z = 8 (mod Q§<2). In fact, there is such a point (3, 0), so we need not consider
the points of e = 2. Next, suppose that ords(a — 8) > 3. Put « = 4z + «, then

(%)2 — 2(4z + @) (z + O‘f)

(5.5) =2a— [+ Wz

z (mod8).

(mod 8).
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The last expression must be congruent to 1 modulo 8.
In the case that ords(a — 3) = 2, we must consider only the points of e = 1. The

expression (5.4) is congruent to o modulo 4, so it must hold that & = 1 (mod4).
For example, suppose that « = 1 (mod 16). Then the expression (5.4) is congruent
to 1 modulo 8 if and only if 5 = 13 (mod 16). In this way, we have the following
conditions.

e a =1 (mod16), =13 (mod 16),
e a =5 (mod16), 5 =9 (mod 16),
e =9 (mod16), =5 (mod 16),
e a =13 (mod16), =1 (mod16).

These conditions are equivalent to a+ (3 = 14 (mod 16). Conversely if this condition
holds, we have §5(Eo(Q2)\E1(Q2)) = {£1,£5}.

In the case that ords(a — 3) = 3, we must consider the points of e = 1,2. First,
consider the points of e = 1. Since a(ov — ) +4 = 8 +4 = 12 (mod 16), the
expression (5.4) is congruent to o+ 6z modulo 8. So this is congruent to 1 modulo
8 if and only if one of the following two conditions holds.

e =3 (mod8), 2 =1 (mod4),

e a =7 (mod8), z =3 (mod4).
In both cases, © = 2z + a = 5 (mod8). Next, consider the points of e = 2.
In order to the expression (5.5) is congruent to 1 modulo 8, it is necessary that
a = 3 (mod4). In this case, we have z = a + 42 = a+ 4 (mod 8). We have shown

Next, we see the case that ords(a — 3) = 4. First, consider the points of e = 1.
Since the expression (5.4) is congruent to a + 2z modulo 8, this is congruent to 1
modulo 8 if and only if one of the following conditions holds.

e =3 (mod8), z =3 (mod4),
e a =7 (mod8), z=1 (mod4).
In both cases, we have x = 224+ a = 1 (mod 8). Next, consider the points of e = 2.
Since the expression (5.5) is congruent to o modulo 8, this is congruent to 1 modulo
8 if and only if @ = 1 (mod 8). In this case, we have z = 42+ a =5 (mod 8). We
have shown that §5(Fo(Q2)\EF1(Q2)) = {1,5} if @ =1 (mod 8).
In the case that ords(a — 8) > 5, most situations are the same as the last case.

Since the expression (5.5) is congruent to « + 4 modulo 8, this is congruent to 1
modulo 8 if and only if & = 5 (mod8). In this case, we have z = 4z + o = 1
(mod 8). O

Proof of Proposition 5.4. By Lemma 5.11, 65(E1(Q2)) = {1}. When orda(a— ) =
1, the proposition holds by Lemma 5.17. When ords (v — 3) > 2, it holds that
orda(z) >1 = P =(0,0) (mod E;1(Q2))

(see the proof of Lemma 5.17). So Im(d}) is generated by 65(Ep(Q2)\E1(Q2)) and

d5(F[2]). Hence the proposition holds by Lemma 5.18. O
We proof the Proposition 5.5.

Lemma 5.19. Suppose that orda(«) = 1, orda(8) = 0. Consider a point (z,y) €

E(Q3). Then the following holds.

(1) If ordy(z) > 2, then P = (0,0) (mod F1(Q2)).
(2) Iforda(z) =1, then P = (a,0) (mod E1(Q2)).
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(3) Iforda(z) =0, then P = (5,0) (mod E1(Q2)).
Therefore E(Q2)/F1(Q2) = E[2].

Proof. The proof is similar to that of Lemma 5.13. (]

Proof of Proposition 5.5. By Lemma 5.11, we have §5(F2(Qz)) = {1}. By the re-
mark below Lemma 5.11, we have §5(F1(Q2)\E2(Q2)) = {5}. Hence the proposition
holds by Lemma 5.19. |

We prove Proposition 5.6.
Lemma 5.20. Suppose that orda(a) = ordy(B) = 1. Consider a point (z,y) €
E(Q2). Then the following holds.
(1) If orday(z) > 2, then P = (0,0) (mod Ey(Q2)).
(2) Iforda(z) =1, then P = («,0) or (5,0) (mod Ep(Qs2)).
Therefore E(Q2)/Eo(Q2) = E[2].

Proof. The proof is similar to that of Lemma 5.13. O

Proof of Proposition 5.6. First, suppose that ords(a—f3) = 2, then ords(a+3) > 3.
By the remark below Lemma 5.11, we have 65(Ey(Q2)\E1(Q2)) = {5}. Hence
Im(8h) = (o, 3,5) = Q5 /Qy? by Lemma 5.20.

Next, suppose that orda(a — 3) > 3, then ordy(« + 5) = 2. By the remark
below Lemma 5.11, we have 05(Ep(Q2)\F1(Q2)) = {1}. Hence Im(d5) = (v, 5) by
Lemma 5.20. In particular, when ords (o — 8) = 3, we have Im(05) = (o, 5). When
orda(a — 3) > 4, we have Im(d4) = (). O

We prepare the lemmas to prove Proposition 5.7.

Lemma 5.21. Suppose that ords(a) = a > 2, ordy(B8) = 1. Consider a point
(z,y) € E(Q2). Then the following holds.
(1) Iforda(z) > a+ 1, then P = (0,0) (mod Ep(Qz2)).
(2) Iforda(z) = a, then P = (a,0) (mod Ep(Qz2)).
(3) There does not exist a point with 2 < orda(z) < a— 1.
(4) If orda(z) =1, then P = (6,0) (mod Ey(Q2)).

Therefore, E(Q2)/Eo(Q2) = E[2].
Proof. The proof is similar to that of Lemma 5.13. O

Lemma 5.22. Suppose that ords(a) = a > 2, orda(8) = 1. Consider a point
(z,y) € E(Q2). Then the following holds.

(1) If a4+ B =2 (mod8), then 65(Eo(Q2)\E1(Q2)) = {-5}.
(2) If a+ B =6 (mod8), then 65(Ey(Q2)\E1(Q2)) = {—1}.

Proof. When ordy(z) = 0, we have
V=2 (a+p)r* +afr=2*(r—(a+B)+aBr=z— (a+p) (mod8).
Hence the lemma holds. ]

Proof of Proposition 5.7. By Lemma 5.11, we have 65(E1(Q2)) = {1}. So the
proposition follows immediately from Lemmas 5.21 and 5.22. ([

Lastly, we prove Proposition 5.8.
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Lemma 5.23. Suppose that ords(a) = a > 2, ordy(B8) = 0. Consider a point
(z,y) € E(Qz). Then the following holds.

(1) Iforda(z) > a+ 1, then P = (0,0) (mod E1(Q2)).
(2) Iforda(z) = a, then P = (a,0) (mod E1(Q2)).
(3) Iforda(z) =0, then P = (,0) (mod E1(Q2)).

Proof. The proof is similar to that of Lemma 5.13. O

Lemma 5.23 does not mention the points with 1 < ordy(z) < a — 1. Actually,
this part is most complicated and the cause of the big table in Proposition 5.8.

Proof of Proposition 5.8. From the remark below Lemma 5.11, it follows that
55(F1(Q2)\E2(Q2)) = {5} and {(a, 5,5) C Im(d}). For this subgroup, we have

[ {a,5), if =1 (mod4),
(o, B3,5) = { (o, —1,5), if = —1 (mod4).

By Lemma 5.11, 65(E2(Q2)) = {1}. In view of Lemma 5.23, we must consider the
points of 1 < orda(z) <a— 1.
The equation of F is
y? = x(x — a)(z — B) = 2® + Az* + Bu,
where A is odd and ords(B) = a. Put B = 2°B’, then B’ = o/f is odd. Put
r = 2°w and B = 2°B’, then
y2 _ 22ew2(2ew T+ A+ 2fe+aB/w71).
Suppose that 1 <e<a—1,thene>1, —e4+a > 1. Put X = 2°w + 2 ¢teB'w~!
then ordy(X) > 1 and we have
y? = 22w (X + A).

For example, when A = 1 (mod8), there are points such that X = 0 (mod8).
Investigating the condition of «, 8 to exist a point of e > 1, —e +a > 1, and the
contribution of such points to Im(d5), we have the table in the proposition. O

6. APPLICATION TO THE #-CONGRUENT NUMBER PROBLEM

In this section, we apply the result in Section 5 to the #-congruent number
problem. Recall that the 6-congruent number problem is connected with the elliptic
curve E,, o defined by (1.2).

When 6 = /3 or § = 2m/3, we must consider the elliptic curves

Bz y® = z(z + 3n)(z — n),
E, 2 y* = z(x +n)(x — 3n).

Suppose that p is a prime greater than 3, and n = p, 2p, or 3p, then we have the
following theorems which give the Selmer groups of our elliptic curves.

Theorem 6.1. For E'= Ej, = (n =p,0 = 7/3), we have the following.

(1) p=1 (mod24) = SCI(E'/Q) = (~1,3,p), S®(E/Q) = (p),

(2) p=5,7,19 (mod24) = SE)(E'/Q) = (-3,p), S¥(E/Q) = {1},
(3) p=11,17,23 (mod 24) = S@)(E'/Q) = (-1,3,p), S (E/Q) = {1},
(4) p

4) p=13 (mod24) = S (E'/Q) = (-3,p), S (E/Q) = (p).
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2, ifp=1 (mod24),
ifp=11,13,17,23 (mod 24),
0, ifp=5,7,19 (mod24).

Theorem 6.2. For E = E5) = (n = 2p,0 = w/3), we have the following.

(1) p=1 (mod24) = S (E'/@) (2,-3,p), SY(E/Q) = (),
(2) p=5,17 (mod24) = S@W)(E'/Q) = (2,-3,p), SWY(E/Q) = {1},
(3) p=7,13 (mod24) = SW)(E'/Q) = (—3,2p), S (E/Q) = {1},
(4) p

() p

Therefore, the Selmer rank = {

3
4) p=11,23 (mod24) = SC)(E'/Q) = (—2,-3,—p), S®(E/Q) = {1},
5) p=19 (mod24) = S¥)(E'/Q) = (~2,-3,—p), S¥(E/Q) = (p).
{ 2, ifp=1,19 (mod?24),
Therefore the Selmer rank =< 1, if p=>5,11,17,23 (mod 24),
0, ifp=7,13 (mod24).
Theorem 6.3. For E = Ej3, = (n = 3p,0 = 7/3), we have the following.
(1) p=1,13 (mod24) = S¥)(E'/Q) = (~1,3,p), S (E/Q) = (p),
(2) p=5,11,17,19 (mod24) = SE)(E'/Q) = (=3,-p), S®(E/Q) = {1},
(3) p=7 (mod24) = SE)(E/Q) = (~3,—p), S(E/Q) = (p),
(4) p= — 23 (mod24) = S@)(E'/Q) = (-3,-p), S® = (3).
{ 2, ifp=1,13 (mod24),
Therefore the Selmer rank =< 1, if p=7,23 (mod 24),
0, ifp=5,11,17,19 (mod 24).

Theorem 6.4. For E = Ep%r (n=1p,0 =2n/3), we have the following.

(1) p=1,13 (mod24) = S¥)(E'/Q) = (~1,3,p), S (E/Q) = (p),
(2) p=5,17,23 (mod 24) = S ©)(E'/Q) = (~1,3,p), S®(E/Q) = {1},
(3) p=T7,11 (mod24) = SWI(E'/Q) = (=3, —p), S¥(E/Q) = {1},
(4) p=19 (mod24) = S@)(E'/Q) = (=3, —p), S®(E/Q) = (p).
{ 2, ifp=1,13 (mod24),
Therefore the Selmer rank =< 1, ifp=>5,17,19,23 (mod 24),
0, 4fp=7,11 (mod24).

)

Theorem 6.5. For F = E2p72‘77r (n =2p,0 = 2xw/3), we have the following.

(1) p=1 (mod24) = S(*”(E’/Q) (=2,-3,p), SY(E/Q) = (p),
(2) p=5,17 (mod24) = S< )(E')Q) = (—2,-3,p), S®¥(E/Q) = {1},
(3) p=7 (mod24) = SW)(E'/Q) = (2,-3,—p), S (E/Q) = (p),
(4) p=11,23 (mod24) = S (E'/Q) = (2,-3,—p), S¥(E/Q) = {1},
(5) p=13,19 (mod24) = S¥)(E'/Q) = (-3,-2p), S¥)(E/Q) = {1}.
2, ifp=1,7 (mod24),

1, ifp=5,11,17,23 (mod 24),

0, ifp=13,19 (mod24).

Theorem 6.6. For £ = Ej), »= (n = 3p,0 = 27/3), we have the following.
(1) p=1 (mod24) = S (E'/@) (=3,p), SY(E/Q) = (3,p),
(2) p=5,11,23 (mod24) = S@)(E'/Q) = (-1,3,p), S®(E/Q) = {1},
(3) p=7,19 (mod24) = S@I(E'/Q) = (=3,p), S¥(E/Q) = (3p),
(4) p=13 (mod24) = SWH(E'/Q) = (=3,p), SY(E/Q) = (p),

Therefore the Selmer rank = {
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(5) p=17 (mod24) = S¥)(E'/Q) = (=3,p), S¥)(E/Q) = {1}.
2, ifp=1 (mod24),
Therefore the Selmer rank =< 1, if p=>5,7,11,13,19,23 (mod 24),
0, ifp=17 (mod24).

From these theorems, we obtain the following result.

Theorem 6.7. Let p be a prime. Then

5,7 or 19 (mod24) = p is NOT 7 /3-congruent.

7 or 13 (mod24) = 2p is NOT 7/3-congruent.
5,11,17 or 19 (mod 24) = 3p is NOT w/3-congruent.
7 or 11 (mod24) = p is NOT 27/3-congruent.

13 or 19 (mod24) = 2p is NOT 27 /3-congruent.

17 (mod 24) = 3p is NOT 2w /3-congruent.

Some of these results have already been proved by Fujiwara [9] (see Theorem
3.1), and Yoshida [30] also proved all of them by a direct calculation. But the
method in this article makes the calculation easier for arbitrary 6 and n. The
tables in Section 9 contain the curves with another n and § = 7/3. The following
lemmas are useful to calculate the Selmer groups for E, z.

Lemma 6.8. For E, =, the images of the connecting homomorphisms 61’9 are given
as follows.

(1) Let p (>5) be a prime which divides n, then

, (n), if p=1 (mod3),
(5p) = { Q;/ ;2’ Z’fﬁ = —1 (mod 3).

, (—3), if n =6 (mod9),
(2) () = { QF Q% ifn#6 (mod9).
(5), if n =5 (mod8),
Z3Q5?/Qx?,  ifn=41,-5 (mod8),
(2, 5), if n =2 (mod8),
(—2,5), if n = —2 (mod38).

\/

(3) Im(d3) =

Proof. This is the immediate consequence of Propositions 5.1, 5.2, 5.4 and 5.6. [

Lemma 6.9. For E, =z, the images of the connecting homomorphisms o, are given
as follows.

(1) Let p (>5) be a prime which divides n, then
_f (—n), ifp=1(mod3),
fm(dp) = { {1}, if p=—1 (mod 3).
[ (3), ifn=6(mod9),
(2) In(03) = { {1}, ifn6 (mod9).
Z3Q52/Q52%,  ifn=5 (mod8),

) (5, if n = +1, -5 (mod 8),
(3) Tm(3,) = (1), if n =2 (mod38),
(—5), if n = —2 (mod38).

Proof. This is the immediate consequence of Lemma 6.8 and Theorem 2.1. (]
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Using the notations stated in Section 4, we have
S = {primes which divide n} U {-1, 3},
T = {odd primes which divide n and congruent to 1 modulo 3}
(U{3} if n =6 (mod?9)).
Remark that E_, z = Ensz« (in general, E_, 9 = E,._g). Hence we can
regard the 7/3 and 27 /3-congruent number problems as the same, admitting n to
be negative.

Since Theorem 6.1 is contained in [9], we prove only Theorem 6.2. The others
can be proved similarly.

Proof of Theorem 6.2. In the case that p =1 (mod 24),

p [ Tm(0,)  Tm(,) j '

o | RX/R*2 {1} / s (o o 2 3 p
2 <2,5>2 (-1) N= 511 o A=p (0 0 0)
3| Q5 /Q3 {1} » \0 0

p (2p) (—2p)

Therefore S (E'/Q) = (2, —3,p), S®(E/Q) = (p).
In the case that p = 5,17 (mod 24),

p [ Im(5,)  Tm(3,) L
o | RX/R*2 {1} / 2 | o
2 (2,5}2 (1) A= R A = empty.
31Qy/Q5% {1} » \o
p | QY Q% {1}

Therefore S (E'/Q) = (2, —3,p), S¥)(E/Q) = {1}.

In the case that p = 7 (mod 24),
p [ () Tm(,) P
0o | RX/RX2 {1} a1 0 ) 2 3 p
2 | (=25  (-5) N= 3|, L] A=p (101
31Q5/Q {1} » \1 0
p| () (=2p)

Therefore S (E'/Q) = (—3,2p), S (E/Q) = {1}.

In the case that p = 13 (mod 24),
p [ In() Tm(,) -
0o | RX/R*X2 {1} oo B 3 p
2| (25 (-] N= 3|, o] A=p (101
31Q5/Q" {1} » \o 1
p| (2p)  (—2p)




Therefore S (E'/Q) = (—3,2p), S (E/Q) = {1}.
In the case that p = 19 (mod 24),

p [ Tm(0,) Tm(,) 2P
oo | RX/R*2 {1} _; } 1
2 | (-2,5) (-5) M= o] | A=p(
31QF/Q {1} » \1 1
p| (2p)  (-2p)
Therefore S (E'/Q) = (=2, -3, —p), Sel®)(E/Q) = (p).
In the case that p = 11,23 (mod 24),
p | Tm(0,)  Tm(d,) 2
o | RX/R*2 {1} > (1
2 | (-2,5) (-H) AN = e A = empty.
31Q5/Q {1} 1
p | Q% {1}

Therefore S(*D/)(E’/Q) = (-2,-3,-p), SY(E/Q) = {1}.
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O

Remark. From our method, we can see that the Selmer rank of the elliptic curve
E, = depends on only the type of the factorization of the integer n, namely the
primes modulo 24 and the Legendre symbols of one another (cf. the tables in

Section 9).

The result in Section 5 can be applied to the other integers n or the other angles
. For example, let 6 be the angle with cos@ = 1/3. Then we have the following.

Theorem 6.10. Let p be a prime and 6 the angle with cosd = 1/3. Then for the

curve I = E, g, the following holds.

—_

(

(2)

(3) p=11 (mod24) = S@)(E'/Q) = {

(4) p=13 (mod24) = S (E'/Q) = (

(5) p=17 (mod24) = S&)(E'/Q) = (-2

(6) p=23 (mod24) = S@)(E'/Q) = (-2,—p), S¥)(E/Q

, ifp=1 (mod?24),

3
Therefore the Selmer rank = ?’ i p =17 (mod 24).

a7p>7 S(W)(E/Q

, if p=11,13,23 (mod 24).

0, ifp=5,7,19 (mod24).
In particular, a prime p is not 0-congruent number if p = 5,7 or 19 (mod 24).

Proof. The equation of the elliptic curve E, g is

y* = z(z + 4p)(z — 2p).

)=
)=

) p=1 (mod24) = S@)(E'/Q) = (—1,2,p), S©)(E/Q) = (2,p).

-2,-p), S¥(E/Q) = (3p).
—1,2,p), SY(E/Q) = {1}.

(2,p).
(6).
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The bad primes of the curve are 2,3 and p. Using Propositions 5.1,5.3 and 5.7, the
following holds.

iy ) (=p,2p,—1), ifp=1(modd),

o ZXQF/QF2, ifp=1 (mod3),
Im(03) = { QZX?/S(@;Q% if p=—1 (mod3).

| =), if p=1,3 (mod8),
Im(%y) = { QX/QX2, ifp=>57 (mod8),
Then we can prove the theorem similarly to Theorem 6.2. 0

Next, we fix n = 1 and vary the angle 6.

Theorem 6.11. Let p be Sophie Germain’s prime, i.e. ¢ = 2p — 1 is also prime,
and 0 be the angle with cos = (p—1)/p. Then for the curve E = E g, the following
holds.

(1) p=1 (mod4) = SCI(E'/Q) = (~1,9), SV (E/Q) = (2,p).

(2) p=3 (mod4) = S¥I(E'/Q) = (~q), SV (E/Q) = (2p).
2, ifp=1(mod4),
0, 4fp=3(mod4).
In particular, 1 is not 0-congruent for arbitrary small angle 0 if Sophie Germain’s
primes p with p =3 (mod 4) exist infinitely.

Therefore the Selmer rank = {

Proof. The equation of the elliptic curve F g is
y? =z(z+q)(z —1).

The bad primes of the curve are 2,p and ¢g. Using Proposition 5.2,5.3 and 5.4, we
can prove the theorem similarly to Theorem 6.2. O

7. THE CURVE y? = 2® + Ax? + Bx

In this section, we study our main object, namely the elliptic curve with a rational
2-torsion. In this section, we let f(x) = 23 + Ax? + Bx. Without loss of generality,
we can assume that either A is squarefree or B is fourth-power-free.

From the locus E(R), the images of §, and d., are clearly given as follows.

(1) f B> 0and (A < 0or A2 — 4B < 0), then Im(5.) = {1}, Im(ds) =
R* /R*2,
(2) In the other case, Im(d7.) = R*/R*? Im(d) = {1}

The discriminant of the curve is
A =16B*(A? — 4B).
So bad primes are classified into

odd primes which divide both A and B,

odd primes which divide not A but B,

odd primes which divide not B but A% — 4B,
e even prime 2.

Note that the prime 2 may be a good prime since the above discriminant may not
necessarily be minimal at 2. But it is not a serious matter.
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7.1. Formulae for the images of the connecting homomorphisms. First, we
give the statements for odd primes which divide the discriminant A.

Proposition 7.1. Let p be an odd prime dividing both A and B. Put ord,(A) = a,
ord,(B) = b and A = p®A’, B = p®B’. Then the images of homomorphisms are
obtained as follows.

(1) Ifb=1, orb=3 and a > 2, thenIm(é'):
(2) Ifb>3 and a =1, thenIm(é’) (—A, B).
(3) Suppose that b =2 and a > 2.
a —B s a p-adic non-square, then Im = .
If —B d hen Tm(d;, B
uppose that —B is a p-adic square.
(b) S h B d
(i) If p=3 (mod4), then Im(d),) = QX /Qx>.
(ii) If p=1 (mod4), then
(A) (-=B)P=D/* =1 (modp) = Im(d,) =
(B) (=B")»=Y/* = —1 (modp) = Im(d,)
uppose that b =2 and a = 1.
(4) Supp hat b d
(a) If (A2 —4B'/p) = 0, then Tm(3,) = (24, A? — 4B).
(b) If (A2 —4B'/p) = —1, then Im(d,) = (B).
(¢) Suppose that (A2 —4B'/p) = 1.
(i) If B is not a p-adic square, then Im(d,) = Q /(@;2.
(ii) If B is a p-adic square, then the congruence x> = B’ (mod p)
has solutions. Let v/ B’ be one of the solutions, then
(A) (4 +2VF fp) =1 = Im(8,) = (p),
(B) (A +2vB'/p)=—-1 = Im(d,) = (pu).

Proposition 7.2. Let p be an odd prime dividing not A but B. Put ord,(B) =b
and B = p*B’. Then the images of the connecting homomorphisms are obtained as
follows.

(1) If bis even and (A/p) = —1, then Im(5)) = ZXQ?/Qx2.

(2) In the other case, Im(0),) = Q) /Qx2.

(B).

(),
= (pu).

Proposition 7.3. Let p be an odd prime dividing not B but A2 — 4B. Put a =
ordp(A2 —4B). Then the images of the connecting homomorphisms are obtained as
follows.

(1) If a is even and (—2A/p) = —1, then Im(0;,) = ZXQ;?/Q)>.

(2) In the other case, Im(d,,) = {1}.

Next, we give the statements for Im(d5) and Im(d2). One of the propositions
below can be applied to either the original curve or the dual curve (for details, see
Section 10).

Proposition 7.4. Suppose that ords(A) = orda(B) = 0. Then the following holds.
(1) If B=3 (mod4) or A= B+ 2 (mod8), then Im(8y) = Z5 Q5% /Q52.
(2) In the other case, Im(d5) = (5).

Proposition 7.5. Suppose that orda(A) = 0, orda(B) = b > 1. Then the image
Im(d%) is obtained as the following table.
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’ Amod8 ‘ b ‘ Im(85) ‘ ’ AmodS8 ‘ b ‘ Im(85) ‘
1 1 <5,B) 5 1 <5,B>
2,3 Q5 /Q3? 2 Q5 /Q3*?
4 Z5 Q3% /Q5* >3 :o0dd | QF/Q}°
>5 Q5 /Q5*? >4 even | Z3 Q5% /Q57
3 1 Q3 /Q3? 7 1 Q3 /Q3?
2 <5,B) 2 (5,B)
3 (2,5, B) 3 (—2,5,B)
>4 (—2,5,B) >4 <2,5, B)

Proposition 7.6. If orde(A) > 1, orda(B) =1 or orda(A) = 1, orde(B) = 2, then
Im(05) = (B, (B+1)(—A+1)).

Proposition 7.7. Suppose that ords(A) = 1, orda(B) > 3. Then the image Tm(d5)
is obtained as the following table.

| A mod16 | B mod32| 1m(s,) | [A modi6|B mod32| Im(s) |
2 0 (-1,2, B) 10 0 (—1,10, B)
8 Q3 /Q5* 8 (-1,2)
16 (—1,10, B) 16 (—1,2, B)
24 QF /Qx? 24 (—1,10)
6 0 (—2,-5,B) 14 0 (2,—5, B)
Q3 /Q5? 8 (2, —5)
16 (2, -5, B) 16 (—2,—-5, B)
24 2,-5) a0 | /0

Proposition 7.8. Iforda(A4) > 2, orde(B) = 0, then the following holds.
(1) If B =3 (mod4) and A+B =7 or 11 (mod 16), then Im(8}) = Z5Qx*/Q>.
(2) In the other case, Im(8}) = (B).
Proposition 7.9. If ords(A) = 2, ordy(B) = 3, then Im(d5) = (5, B).
Proposition 7.10. If ords(A) > 3, orda(B) = 3, then Im(d}) = (B).

Now, we have prepared to calculate the Selmer group. For example, Stroeker
and Top [25] showed the following theorem.

Theorem 7.11 ([25]). Let p be prime and E be the elliptic curve defined by the
equation y* = (z + p)(x? + p?). Then
3, ifp=1(mod8) and ((1++v-1)/p) =1,
the Selmer rank of E = Lo ifp %1 (mod8) and ((1++=1)/p) = —1,
orp="7 (mod8),
0, ifp==5(mod8) orp=2.

We give another proof using the propositions in this section.
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Proof. By some translation, E will be the curve whose equation is
y? = 23 — 2pa? + 2.
From the locus of this curve, we have Im(6._) = {1}. If p is odd, then

(p), if p=1 (mod8) and ((1++v2)/p) =1,

(pu), if p=1 (mod8) and ((1++/2)/p) = —1,
Im(d;,) = ¢ ZXQx?/Qx2, if p=3 (mod8),

Qr/Qx?, if p=5 (mod8),

{1}, if p=7 (mod8)

from Proposition 7.1. Note that ((1+v/2)/p) = ((1+v/—1)/p) since (1 ++/2)(1 +
vV—1) = (1 + (s)?, where (g is a primitive 8-th root of unity (s € Q, since p =1
(mod 8)). By Propositions 7.6 and 7.9, we have
N (2), if p=1 (mod4),
fm(ds) = { (2,5), if p=3 (mod4) or p= 2.

Considering the matrices A’, A (see the proof of Theorem 6.2), we have the follow-
ing.

e If p =1 (mod8) and ((1 4+ v/=1)/p) = 1, then S®)(E'/Q) = (2,p),

S(@) (E/@) = <_1’ 2ap>7
eIf p =1 (mod8) and ((1 + v/—1)/p) = —1, then S®)(E'/Q) = (2),
SO(B/Q) = (-1,2),

e If p= 45 (mod8) or p = 2, then S¥)(E'/Q) = (2), S¥)(E/Q) = (—1),

e If p=7 (mod8), then S (E’'/Q) = (2), S®)(E/Q) = (—1,p).
Hence the proof is complete. (Il
7.2. Proofs of the propositions. Suppose that p is an odd prime which divides
both A and B, and let ord,(A) = a, ord,(B) =b, A=p*A’, B=p"B’.
Proof of Proposition 7.1. (1) Let (z,y) € E(Qp). In the case that b=1,

e ordy(z) <0 = z=1 (modQ;?),

e ordy(z) >1 = x =B (modQ;?),
by Lemma 5.10. Hence Im(¢;,) = (B). In the case that b =3 and a > 2,

e ordy(z) <1 = z=1 (modQ;?),
e ordy(z) >2 = x =B (modQ;?).
Hence Im(d;,) = (B).
(2) Let b >3 and a = 1. By Lemma 5.10,

e ordy(z) <0 = =1 (modQ;?),

e ordy(z) >b = z =B (modQ;?).

Let z = pw with w € Z,'. From the equation of the elliptic curve,
y2 _ p2e+1w2(pe—1w + Al +p_€+b_1B’w_1).

The right hand side is not a p-adic square if 2 < e < b — 2. Hence we must consider
only a point with e = 1 (if ord,(x) = b — 1, then the order of the z-coordinate of
(z,y) + (0,0) is 1). If e = 1, then the equation will be

y2 :p3w2(w+A’+pb72B'w71),
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so it is necessary that w = —A’ (modp), that is = —A (mod Q)*?). We show that
such a point exists using Hensel’s lemma (see Section 2.2). Let k be an integer,
then f(—A+p2k) = p*(kA’ — A’B’) (mod p®). When k = A’' B’ (mod p), we have
ord,(f(—A + p*k)) > 5 and f'(—A + p*k) = A? (mod p?). By Hensel’s lemma, a
point with z = —A + p*k (mod p?) does exist. Hence —A € Im(7,).

(3) Let b=2 and a > 2. By Lemma 5.10,

e ordy(z) <0 = =1 (modQ;?),
e ordy(z) >2 = x =B (modQ?).

Hence we must consider only a point with ord,(z) = 1. Let = pw with w € Zy,
then the equation of the curve will be

y2 :p3w(w2 +pa—1A/w + Bl),

so it is necessary that —B is a p-adic square. We have proved (a). Assume that —B
is a p-adic square. Let w be an integer satisfying w? = —B’ (mod p). We show that a
point with x = pw (mod p?) exists using Hensel’s lemma. Since —B’ = w? (mod p),
there exists a integer ! satisfying B = —p?w? + p3l. Let k be an integer, then
fpw + p2k) = p*(2kw? + p*~2A'w? + lw) (mod p®). Hence ord,(f(pw + p*k)) > 5
for a suitable k. And we have f'(pw + p?k) = 2p?w? (mod p3). By Hensel’s lemma,
a point with z = pw (mod p?) does exist.

If p =3 (mod4), then Im(5,) = {1,pw, —pw, B} = Q) /Q;2. If p =1 (mod 4),
then Im(d;,) = {1,pw} = (p) or (pu) according as w is a quadratic residue modulo
p or not, i.e. —B’ is a quartic residue modulo p or not.

(4) Let b=2 and a = 1. By Lemma 5.10,

e ordy(z) <0 = =1 (modQ;?),
o ordy(z) >2 = x =B (modQ;?).

Hence we must consider only a point with ord,(z) = 1. Let z = pw with w € Zy,
then the equation of the curve will be

y2 :p3w(w2 +A/w—|—B/)7

so it is necessary that that A’ — 4B’ is a square modulo p. We have proved (b). If
A”? — 4B’ =0 (modp), then ord,(A2 — 4B) > 3. About the dual curve

y? = a® — 2427 + (A® — 4B)z,

we have ord,(—2A4) = 1, ord,(A%? — 4B) > 3, and hence Im(d,) = (24, A? — 4B)
from the statement (2). We have proved (a).

Suppose that A’ 2 _ 4B’ is a non-zero square modulo p. Let w be an integer
satisfying w? + A'w+ B’ = 0 (mod p?). We show that a point with 2 = pw (mod p?)
exists using Hensel’s lemma. By a direct calculation, we have f(pw) = 0 (modp®)
and f'(pw) = p?(3w? + 2A’w + B') (mod p?). Since w is not a double root of the
congruence w? + A'w? + B'w = 0 (mod p), we have ord,(f’(pw)) = 2. By Hensel’s
lemma, a point with = pw (mod p?) does exist.

If B is a p-adic non-square, then Im(d,) = Q; /(@;2. Suppose that B is a p-adic
square, then Tm(d;,) = (p) or (pu) according as w is a quadratic residue or not. We
give another algorithm. Now the equation of the dual curve is

y? =z(z — (A+2VB))(z — (A —2VB)).
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By Proposition 5.1 (note that this proposition also holds when «, 5 € Q,, from the
proof of it), we have Im(d,) = {1, A+ 2v/B, A — 2v/B, A? — 4B}. Since A?> — 4B is
a p-adic square, Im(d,) = (p(A’ + 2V B’)). Hence the proof is complete. O

Proof of Proposition 7.2. Let (z,y) € E(Q,). From Lemma 5.10, the following
holds.
e ordp(z) < -2 = z =1 (modQ)?),
e ordy(z) >b+2 = z =B (modQ;?).
There does not exist a point with ord,(z) = —1 or b+ 1. Lemma 5.14 (3) describes
the points with 1 < ord,(z) <b— 1.
If (A/p) = —1, then there does not exist a point with 1 < ord,(z) <
b—1. If (A/p) = 1, then there exist points with ord,(z) =
1,2,---,b—1, and any elements of Z,* appear in the p-free part of
x.

Hence we must investigate points with ord,(z) = 0.

Claim. u € 5;(E[)(@p)\E1(QP))‘

First, assume that (—A/p) = 1. Suppose that (x,y) € Eo(Qp)\E1(Qy), i.e.
ord,(x) = 0. Since 23 + Az? + Br = 2%(z + A) (mod p), = + A is a square modulo
p. Conversely, if z + A is a square modulo p, then = € z(Ey(Q,)\E1(Q,)). Assume
that such x must be a square modulo p. Then we have squares —A, —2A4,---,
—(p—1)A. Since A € (Z/pZ)*, this is a rearrangement of 1,2,--- ,p— 1. It is a
contradiction that 1,2,--- ,p — 1 are all squares modulo p.

Next, assume that (—A/p) = —1. Since A? — 4B is a square modulo p, the
quadratic equation z? + Az + B = 0 has solutions «, 3 € Q,. Then we obtain the
points («,0),(8,0) € E(Q,). Since one of o, 3 is congruent to —A modulo p, the
claim holds.

Let us come back to the proof of the proposition. If b is odd, then B = p or
pu (mod Q;Q), and hence Im(0;,) = Q) /Q;Q. Suppose that b is even. If (4/p) =1,
then the point (z,y) with 1 < ordy(z) < b—1 and z = p (mod Q)?) does exist,
and hence Im(¢;,) = Q) /QgQ. If (A/p) = —1, then p and pu do not appear, and
hence Im(4,) = ZXQx%/Qx2. O

Proof of Proposition 7.3. This is the immediate consequence of Proposition 7.2 and
Theorem 2.1. (]

Proof of Proposition 7.4. Let (z,y) € F(Q2). From Lemma 5.11 and the remark
below the lemma, the following holds.

ordy(z) < —4 = =1 (mod Q5?),

ordy(z) = -2 = z =5 (mod Q5?),

ordy(z) =2 = z =5B (mod Q5?),

ordy(z) >3 = = B (modQ}?).

Hence we have Im(8}) = Z5Q5?/Qx? when B = 3 (mod4). Assume that B
(mod4). We must consider the point with ords(z) = 0. The equation y? =
has a solution with z = 3 (mod 4) if and only if

f(3) =274+9A+ 3B =1 (mod8).
Therefore Im(8y) = Z5Q5?/Q5? or (5) according as A = B+2 (mod8) or not. [J

=1
f(z)
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Proof of Proposition 7.5. Let (z,y) € E(Q2). From Lemma 5.11 and the remark
below the lemma, the following holds.

ordy(z) < —4 = =1 (mod Q5?),

ordy(z) = —2 = z =5 (mod Q5?),

ordg(z) =b+2 = x=5B (mod Q)?),

ordy(z) > b+4 = x= B (mod QS?).

If b > 6, then the following holds. This fact is similar to Lemma 5.14 (3).

o If A=1 (mod8), then there exist points with 3 < ords(z) < b—3, and any
elements of ZSQ5?/Q? appear in the 2-free part of .
e In the other case, there does not exist a point with 3 < orda(z) < b— 3.

Then we must consider points with orda(z) = 0,1 or 2. Note that we need not
consider points with ordy(z) = b,b — 1 or b — 2 since

(7.1) (2,y) + (0,0) = (B, —By>.

T 2

Suppose that ordy(x) = 0. The equation y?> = f(x) has a solution with z = 3
(mod 4) if and only if

f(3)=27+9A+ 3B =0 (mod4)

from Hensel’s lemma. Hence Im(8}) D Z5Q5?/Q5% if A+ B =1 (mod4). Suppose
that ords(xz) = 1. From (7.1), we may assume that b > 2. In this case, we have
orda(f(x)) = 2. Hence the following holds.

e f(2)/4=2+A+B/2=1 (mod8) = 2,10 € Im(d}).
o f(-2)/4=-2+A-B/2=1 (mod8) = —2,—10 € Im(&).

Suppose that orda(z) = 2. From (7.1), we may assume that b > 3. In this case, we
have ords(f(z)) = 4. Hence —1, —5 € Im(d}) if
f(-4)/16 = -4+ A - B/4=1 (mod8).

From the facts above, we have the table in the proposition. (Il

Proof of Proposition 7.6. When ords(A) > 1 and ords(B) = 1, the following holds.

e ordy(z) < -2 = 2 =1 (mod Qx?),
e ordy(z) >3 = x =B (modQ5?).

When orda(A) = 1 and ordz(B) = 2, the following holds.

e ordy(z) < -2 = z=1 (modQ?),
e ordy(z) >4 = 2= B (mod Q).

Let ords(z) = 0, then
v =23+ Az? + Br = (B+ 1)z + A=1 (mod8),
and hence z = (B +1)(—A + 1) (mod 8). The proof is complete. O

Proof of Proposition 7.7. Let (z,y) € E(Q2), then the following holds.

e ordy(z) < -2 = 2 =1 (mod Qx?),
e ordy(z) >b+2 = x=DB (mod Q).
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Let orda(z) = 0, then
v =2+ Ar* + Br=2+ A=1 (mod8),
and hence z = —A + 1 (mod Q?).

Since points with 2 < ords(z) < b — 2 do not exist, we must consider points
with ordy(z) = 1. In this case, orda(f(z)) > 4 and ords(f/(z)) = 2. From Hensel’s
lemma, 2 € Im(d}) if

f(2) =0 or 16 (mod 64).
This is equivalent to that 2A+ B = 4 or 28 (mod 32). Similarly, the following holds.
o —2¢cIm(d)if 24 — B =4 or 12 (mod 32).
e 10 € Im(8%) if 24+ B =12 or 20 (mod 32).
e —10 € Im(d4) if 2A — B =20 or 28 (mod 32).
From these facts, we have the table in the proposition. O

Proof of Proposition 7.8. Let (x,y) € E(Q3), then the following holds.

e ordy(z) < -2 = 2 =1 (modQx?),

e ordy(z) >2 = 2 = B (mod Q).
Let ordy(z) = 0, then

23+ Az? + B = (B + 1)z =0 (mod 4),
and hence it must follow that B = 3 (mod4). The equation y?> = f(x) has a
solution with =5 (mod 8) if and only if
f(5) =0 or 4 (mod 16)

from Hensel’s lemma. This is equivalent to that A+ B =7 or 11 (mod 16). O

Proof of Proposition 7.9. Let (z,y) € E(Q2), then the following holds.

ordy(z) < -2 = z =1 (mod Q5?),

ordy(z) =0 = x =5 (mod QS?),

ordy(z) =3 = x=5B (mod Qs?),

ordy(z) > 5 = = B (modQy?).

Since points with orda(z) = 1 or 2 do not exist, the proposition holds. O

Proof of Proposition 7.10. Let (x,y) € E(Q3), then the following holds.

e ordy(z) <0 = z =1 (modQ)?),
e ordy(z) >3 = 2= B (mod Q).

Since points with ords(z) = 1 or 2 do not exist, the proposition holds. O

8. COMPLETE 2-DESCENT

In this section, we calculate the 2-Selmer rank of the elliptic curve connected
with the 7/2 or 7/3-congruent number problem. Recall that the 2-Selmer group is
defined by

SH(E/Q) = (] m(5,),

pEMq

where 4, is the connecting homomorphism:

b+ BE(Qy)/2E(Q,) — H'(Qy, E[2]).
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From now on, we consider an elliptic curve E whose equation is
y* =a(x —a)(z - p),

where «, 3 € Q. About this curve, E[2] = {O, (0,0), («,0), (3,0)} 2 Fy Fy, and
hence H'(Qy, E[2]) = Q) /Q;% © Q) /Q;2 = K, where

K ={(a,b,c)|a,b,ccQ,/ ;2, abe € Q;Q}.
So the connecting homomorphism 5;, can be regarded as the map to K. Then we
verify the formula

T, T — O, T — ﬁ) lfng[ ]’

) o, (o= B),a = f3), if P=(c,0),
(8.1) 6(P)=1q (B,8—a,B(f—a), if P=(5,0),
af, —a,—0), if P=1(0,0),
1,1, 1), if P= (’).

from the definition of the connecting homomorphism. Remark that the order of
the elements is not essential, and the third element can be omitted.

We can describe the connecting homomorphism §, as follows. Let F' and G be
the curves defined by

F:y’=a(z+a)(z+a-p),
G:y*=z(@+p0)(z—a+p).

Note that the curves F' and G can be given by translations of E. Let g denotﬁe
the connecting homomorphism for the curve E defined by (2.8). Then the map 4,
is described by 6,(0) = (1,1,1) and

p(x,y) = (0 (2, 9), O, (z — o, y), 0, (€ — B,y)).

Consider the elliptic curve connected with the 7/ 2—congruent number problem,
namely

Enz :y* =z(z+n)(z—n).
Set & = —n and § = n at the equation (8.1). Then the following proposition holds.

Proposition 8.1. The images of the connecting homomorphisms for E, = are
obtained as follows.

(1) Tm(6s0) = {(1,1,1),(=1,1,—-1)}.

(2) For an odd prime p dividing n,

Im(5,) = {(1,1,1), (n,2n,2), (-n,2,—2n), (—=1,n,—n)}.
(3) Ifn is odd, then
1,1,1), (1,5,5), (n,2n,2), (n,10n,10),

sy J o
m(d2) { (=n,2,—2n), (—=n,10,—10n), (—1,n, —n), (—1,5n, —5n) }
n =2 (mod 8) then
_ (1,1, —1,-5), (n,2n,2), (—n,2, —2n),
(5n, — 0) (=5n,—2,10n), (=5, —n,5n), (-1,n,—n) [’
(5) If n =6 (mod 8) then
| @,1,1), (5,-5,-1), (n,2n,2), (—n,2, —2n),
- { (5n,710n —2), (—=5n,—10,2n), (—5,—5n,n), (—1,n, —n) }
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Proof. Let E, F,G be the curves defined by
E :y? =z(x+n)(z—n),
F : 9% =2(x—n)(z —2n),
G : y? =x(x +n)(x+2n).
(1) This statement is clear from the loci E(R), F(R) and G(R).
(2) Let (z,y) € E(Qp). From Proposition 5.1 and the proof of it, the following
holds.
e If ord,(z) <0, then 63 ,(z,y) =
e If ord,(z) = 1, then é% (z,y) =n or —
e If ord,(x) > 2, then dj ,(z,y) = —1.
Let (z,y) € F(Qp), then the following holds.
e If ord,(z) <0, then &% (z,y) = 1.
e If ord,(x) = 1, then 6% (z,y) = n or 2n.
e If ord,(z) > 2, then &% (z,y) = 2.
Let (z,y) € G(Qp), then the following holds.
e If ord,(z) <0, then o ,(z,y) = 1.
e If ord,(z) = 1, then o ,(z,y) = —n or —2n.
e If ord,(x) > 2, then dg ,(z,y) = 2.

From now on, suppose that (z,y) € E(Qp). If ord,(z) <0, then ord,(z+n) <0
and ord,(z —n) <0, and hence 6,(z,y) = (1,1,1).

Next, suppose that ord,(z) = 1. If ord,(z + n) = 1, then ordy(z —n) > 2 from
the equation of E. Hence 6,(x,y) = (n,2n,2) (note that the product of the three
must be a square in Q). If ord,(z —n) = 1, then ordy(x + n) > 2, and hence
6_17(:177 y) = (—’I’L7 27 —271)

Lastly, suppose that ord,(x) > 2. Then ordy,(x + n) = ord,(z —n) = 1, and
hence 6,(v,y) = (=1,n,—n) or (—=1,2n,—2n). But it must be (—1,n,—n) by the
group low of Im(d,). We have proved (2).

The proof of the statements (3),(4) and (5) are similar to that of (2), but slightly
complicated. We only give the proof of (3).

Let (z,y) € G(Q2). From Proposition 5.5 and the proof of it, the following holds.

Let (x,y) € E(Q2). From Proposition 5.4 and the proof of it, the following holds.
e If ordy(z) < -2, then 0% 5(7,y) = 1.
o If orda(z) = 0, then (5E72(£E y) =n or —n.
e If orda(z) > 2, then 0% 5(z,y) = —1.
Let (z,y) € F(Q2). From Proposition 5.5 and the proof of it, the following holds.
e If ordy(z) < —4, then 0% ,(z,y) = 1.
e If ordy(z) = —2, then 0%, (z,y) = 5.
e If ordy(z) = 0, then 0% y(z,y) = n or 5n.
e If ordy(z) = 1, then 0% 5(z,y) = 2n or 10n.
e If ordy(z) = 3, then 0% ,(z,y) = 10.
e If ordy(z) > 5, then 0% 5(z,y) = 2.
2

e If ordy(z) < —4, then 0g 5(7,y) = 1.

e If ordy(z) = —2, then g 5(7,y) = 5.

e If ordy(z) = 0, then o »(z,y) = —n or —bn.
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e If ordy(z) = 1, then ¢ »(7,y) = —2n or —10n.
e If ordy(z) = 3, then dg »(z,y) = 10.
e If orda(z) > 5, then o 5(z,y) = 2.

From now on, suppose that (z,y) € E(Q2). If orda(z) < —4, then ordy(z+n) < —4
and ords(x — n) < —4, and hence do(x,y) = (1,1,1). If ordy(z) = —2, then
ordy(x +n) = —2 and ordy(x — n) = —2, and hence d3(z,y) = (1,5,5).

The trivial elements 65(0,0) = (—1,n,—n), d2(n,0) = (n,2n,2), do(—n,0) =
(—n,2,—2n) are in Im(dz). Therefore (—1,5n, —5n), (n,10n,10), (—n, 10, —10n)
are also in Im(dz) by its group low. No other elements are in this group from the
facts above. O

Example 8.2. Let n = 570 = 2-3-5-19. Then the Selmer rank of the curve
E = Es70,z is 2, but the 2-Selmer rank is 0, hence 570 is not m /2-congruent.

From Proposition 8.1, the images of the connecting homomorphisms are given
as follows.

p Im(0y)

—1[{(1,1,1),(~1,1,-1)}

) (1,1,1), (5,—1,—5), (10,5,2), (~10,2, —5),
(2,-5,-10), (=2, —2,1), (=5, —10,2), (=1, 10, —10)

3 1{(1,1,1),(3,-3,-1),(—3,-1,3),(-1,3,-3)}

5 1{(1,1,1),(5,10,2),(5,2,10),(1,5,5)}

19 | {(1,1,1), (19,19, —1), (—19,—1,19), (—1,19, —19)}

The Selmer group S (E/Q) is the subgroup of the group generated by

(17 2’ 2)7 (17 3’ 3)’ (17 57 5)’ (17 197 19)7
(_1a 17 _1)7 (27 1, 2)7 (Sa 17 3)7 (5a 17 5)7 (197 ]-7 19)

For example, (1,2,2) ¢ S®(E/Q) since (1,2,2) & Im(d;). Checking the 2° ele-

ments in this way, we have

SA(E/Q) ={(1,1,1),(~1,570,—570), (570, 1140, 2), (—570,2, —1140)}
(=0(E[2])).
Therefore the 2-Selmer rank is 0.

Remark. We can also formulate the 2-Selmer rank similarly to (4.2), but this
formulation is rather complicated. From this formulation, we can see that the 2-
Selmer rank of the elliptic curve E;, z depends on only the type of the factorization
of the integer n similarly to the case of Selmer rank. For details, see the tables in
Section 9.

Next, consider the elliptic curve connected with the 7/3-congruent number prob-
lem, namely

Enz : y? = z(x + 3n)(z —n).

Set @« = —3n and 8 = n at the equation (8.1). Then the following propositions
hold. The proof is similar to that of Proposition 8.1.
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Proposition 8.3. The image of the connecting homomorphism 0o for B,z s
obtained as follows.

(1) Ifn >0, then Im(d) = {(1,1,1), (=1, 1, —1)}.

(2) Ifn <0, then Tm(d) = {(1,1,1), (=1, —1,1)}.

Proposition 8.4. Let p be an odd prime which divides n and is greater than 3.
For the curve Ey, =,

Im(6,) = {(1,1,1), (n,n, 1), (=3n,3,—n), (—3,3n, —n)}.

Proposition 8.5. The image of the connecting homomorphism 83 for E, = is
obtained as follows.

(1) If n =1 (mod3), then
Im(&3) = {(1,1,1),(~1,-1,1),(3,-3,-1),(=3,3,-1)}
(2) If n =2 (mod3), then
Im(d3) = {(1,1,1),(=1,-1,1),(3,3,1), (-3, -3,1)}
(3) If 3|n, then
Im(&3) = {(1,1,1), (n,n, 1), (=3n,3, —n), (=3, 3n, —n)}

Proposition 8.6. The image of the connecting homomorphism Im(dy) for Ey z is
obtained as follows.

(1) If n =1 (mod8), then

. (1,1,1), (1,5,5), (—1,2
Tm(02) = { (—5,-10,2), (—5,-2,1

(2) If n=—1,45 (mod8), then

-\ _ | (1,1,1), (1,5,5), (n,5n,5), (n,n,1),
Im(dz) = { (5n, —1,—bn), (5n, =5, —n), (5, —bn,—n), (5,—n, —5n) }

(3) If n =2 (mod8), then

=\ | (1,1,1), (1,-1,-1), (
Tm(d2) = { (5n,5,n), (5n, =5, —n

(4) If n=—2 (mod8), then

-\ | 1,1,1), (1,-5,-5), (n,—5n,-5), (n,n, 1),
Tm(02) = { (5n, —5,—n), (5n,1,5n), (5,n,5n), (5, —5n, —n) }

,—2), (-1,10,-10),
O)a (5a*5371)7 (5771a 5) }

n,n,1), (n,—n,—1), }
), (5,5m,n), (5,—5n,—n) [

Remark. We can also see that the 2-Selmer rank of the elliptic curve E, = depends
on only the type of the factorization of the integer n similarly to the case of Selmer
rank. For details, see the tables in Section 9.
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9. TABLES

In the table below, we let p denote a prime, and s;(D) the Selmer rank of the
curve y? = 23 + Dx.
TABLE 1.

(The Selmer rank of the curve y* = x* + Dz, where D has one odd prime factor)

type of D s1(D) s1(=D) s1(2D) si1(—2D)

(p=1 (mod 16))

D=p 2 2 2 3

D =p’ 2 2 T T

D=p 2 2 2 3
(p = 3 (mod 16))

D=p 1 0 0 1

D =p? 1 0 1

D=p® 0 0 0 1
(p =5 (mod 16))

D=p 1 1 0 1

D = p? 0 1 0 1

D=9p* 1 0 0 1
(p =7 (mod 16))

D=p 0 1 2 1

D = p? 1 1 1

D=p? 0 1 2 1
(p=9 (mod 16))

D=p 2 1 2 3

D =p’ 2 T T

D=9p? 2 1 2 3
(p =11 (mod 16))

D=p 0 0 0 1

D =p? 1 0 1

D =9p? 1 0 0 1
(p = 13 (mod 16))

D=p 1 0 1

D =yp? 1 0 1

D =9p? 1 0 1
(p = 15 (mod 16))

D=p 1 1 2 1

D =p? 1 1 1

D =9p® 1 1 2 1

T the Selmer rank is 2 or 0 according as 2 is a quartic residue modulo p or not.

1 the Selmer rank is 3 or 1 according as 2 is a quartic residue modulo p or not.

In the table below, we let s2(n) be the 2-Selmer rank of the curve E,, defined by
(1.1). The meanings of the other columns are as follows:
e type : the type of the factorization of n (for example, 2 X 1 means that
n = 2p with p =1 (mod 8)).
e Legendre : the value of the Legendre symbol of the two odd prime factors.
e ex. : the smallest example.



TABLE 2.

(The 2-Selmer rank of E,, where n has one or two odd prime factors)

type Legendre ex. s2(n) type Legendre ex. s2(n)
1 17 2 5X5H 65 2
3 3 0 5x 7 1 155 2
5 5 1 -1 35 0
7 7 1 7TxT7 161 2
2x1 34 2 2x1x1 1 3026 4
2x3 6 1 -1 1394 2
2X5H 10 0 2x1x3 1 438 3
2x7 14 1 -1 102 1
1x1 1 1513 4 2x1x5H 1 410 2
-1 697 2 -1 170 0
1x3 1 219 2 2x1x7 1 1582 3
-1 51 0 -1 238 1
1x5 1 205 3 2x3x3 66 0
-1 85 1 2Xx3x5H 30 1
1x7 1 791 3 2x3x7 1 138 2
-1 119 1 -1 42 0
3x3 33 0 2X5x5H 130 0
3 x5 15 1 2x5x7 70 1
3xT7 21 1 2xTx7 322 2

Note that Wada [28] showed the rank of Ei53 is 2.
In the following table, 1 x 1 x 3, (+,—, —) means that n = pgr with p = ¢ =1,

r =3 (mod8) and (p/q) =1, (p/r) = (¢/r) = —1.

TABLE 3.

(All types of n = pgr and 2pgr with s2(n) = 0)

type Legendre ex. type Legendre ex.
1x1x3 (4+,—,—) 4539 2x1x1x5 (+,——) 23290
(=, +,—) 3723 (= +,—) 6970
(—,—,—) 2091 (—=,— —) 12410
1x3%x3 (+,—,+) 969 2x1x3x3 (4+,—,+) 1938
(+,—=—) 2937 (+,—,—) 5874
1x5%x7 (+,—,—) 1435 2x1x3x7 (+,——) 3066
(= +,—) 3955 (= +,—) 4746
(-, —+) 2635 (= —+) 2346
(=,——) 595 (=, ——) 714
3x3x3 (+,+,+) 1947 2x1x5x5 (4,—+) 11890
3x5x5 (+,—,—) 195 (+,——) 2210
(= —+) 435 2x3x3x5 (+,++) 2090
(=,—,—) 795 (+,+,-) 570
3x5x7 (+,4+,—) 385 (+,——) 1290
(+,——-) 273 2x3x5%xT (+,4,—) 770
(= +—-) 345 (+,—+) 1554
(_7_a_) 105 (_7+7_) 690
3XTxT7 (+,—,+) 483 (——+) 930
2x5x5x5 (+,+,+) 31610
(+,+,—) 3770
2Xx5XTXT (+—,+) 4186
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The following table is the cases that so(n) = 1. It is conjectured that such n are

congruent.
TABLE 4.
(All types of n = pgr and 2pgr with s2(n) = 1)
type Legendre ex. type Legendre ex.
1x5x5 (+,—,—) 11645 2x1x1x3 (+,—,—) 9078
(—+,—) 3485 (=, +,—) 7446
(—,—,—) 6205 (=, —,—) 4182
1x1x7 (4+,—,—) 10591 2x1x1x7 (+,—,—) 21182
(—,+,—) 13447 (=, +,—) 26894
(—,—,—) 4879 (=,—,—) 9758
1x3x5 (4+,—,+) 1615 2x1x3%x5 (+,—,+) 3230
(+,—,—) 1095 (+,—,—) 2190
(—,+,+) 663 (= +,+) 1326
(—+-) 615 (—+,—) 1230
(= —+) 935 (=,—,+) 1870
(=, ——) 255 (= —,—) 510
1x3x7 (+,—+) 2373 2x1x5x7 (+,—,+) 10166
(+,—,—) 1533 (+,—,—) 2870
(=, —+) 357 (—,+,+) 24518
3x3x5 165 (—,+,—) 7910
3x3x7 231 (=,—,+) 5270
5x5x%x5 (4+,—,—) 3445 (—=,—,—) 1190
(=,—,—) 2405 2x3x3%x3 (+,+,+) 3894
5x5x7 (+,+4,—) 1015 2X3x3x%x7 462
(+,—,—) 2135 2x3x5x5 390
(—+,—) 1295 2X3XTXT (+,—+) 966
(= —,—) 455 (+,——) 1974
5x7x7 (+,—,+) 2093 (= —+) 1302
(+,——) 1085 2x5x5x7 910
(= —+) 805 2XTXTXT (+,—4) 9982
TXTxT (+,—,4+) 4991

Note that some of types in TABLES 3 and 4 are in Serf [21].
From now on, we consider the 7/3-congruent number problem. Let s3(n) be the
2-Selmer rank of the elliptic curve

previous one. For example, 3 X 1 means that n = 3p with p =1 (mod 24).

Enz

s y? =a(z 4+ 3n)(z —n).
In the TABLES 5,6,7,8 and 9, the meanings of the types of n is different from the



TABLE 5.

(The 2-Selmer rank of E,, z, where n has one odd prime factor)

type ex. s3(n) s3(—n) type ex. s3(n) s3(—n)
1 73 2 2 3x1 219 2 2
5 5 0 1 3x5 15 0 1
7 7 0 0 3x7 21 1 1
11 11 1 0 3x11 33 0 1
13 13 1 2 3x13 39 2 1
17 17 1 1 3x17 51 0 0
19 19 0 1 3x19 57 0 1
23 23 1 1 3x23 69 1 1
2x1 146 2 2 6x1 438 3 2
2x595 10 1 1 6 x5 30 1 0
2x7 14 0 2 6 x7 42 1 0
2x11 22 1 1 6x11 66 1 2
2x13 26 0 0 6x13 78 1 0
2x17 34 1 1 6 x 17 102 1 0
2x19 38 2 0 6x19 114 1 2
2x23 46 1 1 6 x23 138 1 2
TABLE 6.

(All types of n = pq, 2pq, 3pq and 6pg with s3(n) = 0)

type Legendre ex. type Legendre  ex.
1x5 -1 365 2 x 11 x23 —1 506
1x7 -1 511 2 x 13 x 13 962
1x19 -1 1843 2x13x19 -1 494
5x5 145 2 x 17 x 23 —1 782
5x 11 -1 319 3x1x5 -1 1095

5 x 23 -1 115 3x1x11 -1 2409
TxT 217 3x1x17 -1 3723
7x 11 -1 7 3x1x19 -1 5529
7x 13 -1 91 3x5x5 435
11 x 11 649 3xX5x7 1 465
11 x 17 -1 187 3x5x13 -1 195
13 x 17 -1 533 3x5x17 255
13 x 19 -1 247 3 x5 x23 -1 345
17 x 23 -1 391 3xT7Tx11 -1 231
19 x 19 817 3x7x17 -1 273
19 x 23 -1 437 3 X 7x23 —1 483
2x1x7 —1 1022 3x 11 x 17 1 2937
2x1x13 -1 1898 3x11x19 1 627
2x5x%x5 290 3 x 13 x 17 -1 1599
2x5x11 -1 110 3 x 13 x23 —1 1833
2x5x17 -1 170 3x 17 x 17 2091
2x7x13 182 3x17x 19 1 969
2x7x19 -1 602 3x19x23 1311
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TABLE 7.

(All types of n = pq, 2pq, 3pq and 6pg with s3(—n) = 0)

type Legendre ex. type Legendre  ex.
1x7 -1 511 3x11x19 1 627
1x11 -1 803 3x17x 17 2091
5x7 -1 35 6x1x5 -1 2190
5x 11 1 55 6x1x7 -1 3066
13 x 19 -1 247 6x1x13 -1 5694
13 x 23 -1 611 6x1x17 -1 7446
17 x 19 -1 779 6x5x7 210
17 x 23 -1 391 6 x5x11 1 330
2x1x13 -1 1898 6 x5x13 1 1830
2x1x19 -1 3686 6 x5 x17 1 1230
2x5x5 290 6x7x11 -1 462
2x5x11 110 6x7x13 546
2 x5 x17 -1 170 6 x7x17 714
2 x5 x23 -1 230 6 xX7x19 -1 1806
2x7x13 -1 182 6 X 7x23 -1 966
2xT7x19 1 266 6x11x19 1 1254
2x 11 x 17 -1 374 6x 11 x 23 -1 1518
2x 11 x 23 -1 506 6 x13x 13 2886
2x13x13 -1 962 6x 13 x 17 1 1326
2x13x 19 494 6x13x 19 -1 1482
3x1x17 -1 3723 6 x 17 x 17 4182
3x5x%x5 435 6 x 17 x 23 -1 2346
3x5x13 -1 195 6 x 19 x 23 2622
3xTx23 -1 483
TABLE 8.
(All types of n = pq and 2pq with s3(n) = 1)
type Legendre ex. type Legendre ex.
1x11 -1 803 2x1x5 -1 730
1x13 -1 949 2x1x11 -1 1606
1x17 -1 1241 2x1x17 -1 2482
1x 23 -1 2231 2x1x23 -1 4462
5x7 35 2x5x7 70
5x 13 65 2x5x13 130
5x 17 85 2x5x19 190
5x 19 95 2x7x11 154
7 x 17 119 2X7x17 238
7x19 133 2x7Tx23 -1 322
7 x 23 161 2x11x13 286
11 x 13 -1 143 2x11x 19 418
11 x 19 209 2x 13 x 17 442
11 x 23 253 2 x 13 x 23 598
13 x 23 -1 611 2x 17 x 19 -1 1558
17 x 19 323 2x19 x 23 874
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TABLE 9.
(All types of n = pq and 2pq with s3(—n) = 1)

type  Legendre ex. type Legendre  ex.
1x5 —1 365 2x1x5 —1 730
1 x17 -1 1241 2x1x11 -1 1606
1x19 -1 1843 2x1x17 -1 2482
1x23 —1 2231 2x1x23 -1 4462
5x 13 -1 65 2x5x7 -1 70
5x19 95 2x5x13 130
5 x 23 115 2x5x19 190
7x 11 7 2x7Tx11 154
7x 13 -1 91 2x7Tx17 -1 238
7x 17 119 2x7Tx23 322
7 x 23 161 2x11x13 286
11 x 13 143 2x11x19 1 418
11 x 17 187 2x13x17 442
11 x 19 209 2x13x23 598
13 x 17 -1 533 2x17x19 646
19 x 23 437 2x19 x 23 874

10. FLOWCHART
In this section, we give the flowchart for the image of the connecting homomor-
phism [, = Im(d;,), J, = Im(0,). Recall that our elliptic curve is
y? = 23 4+ Az? + Bz

with a discriminant A = 16B%(A% — 4B).
For the images I, = Im(d,), J, = Im(J,) with an odd prime p dividing the
discriminant, go to Question Al.
For the images Iy = Im(d5), J2 = Im(d2), go to Question B1.
Question A1l. Does the prime p divide B?
e Yes — Go to Question A3.
e No — Go to Goal A2.
Goal A2. (p /B) Let a = ord, (A% — 4B). Then
e aiseven and (—24/p) = -1 — I, = ZXQ*/Qx2.
e the other case — I, = {1}.
Question A3. Does the prime p divide A7
e Yes — Go to Question Ab5.
e No — Go to Goal A4.
Goal A4. (p [A, p|B) Let b =ord,(B). Then

e biseven and (A/p) = -1 — I, = Z;Qx?/Q)2.
e the other case — I, = Q¢ /Q>.
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Question A5. (p| A, p|B) Let a = ord,(A), b = ord,(B). Which is your case?

b=1— Go to Goal A6.
b=2,a=1— Go to Question AS8.
b=2,a>2— Go to Question Al4.
b>3,a=1— Go to Goal A7.
b=3,a>2— Go to Goal A6.

Goal A6. (b=1or b=3, a>2)In your case, I, = (B).
Goal A7. (b> 3, a=1) In your case, I, = (—A, B).

Question A8. (b= 2, a =1) Which is your case?

e (A2 —4B'/p) =1 — Go to Question All.
e (A2 —4B'/p) = —1 — Go to Goal A10.
e (A2 —4B'/p) =0 — Go to Goal A9.

Goal A9. In your case, J, = (24, A2 — 4B).
Goal A10. In your case, I, = (B).

Question All. Is B a square in Q,7
e Yes — Go to Goal A13.
e No — Go to Goal A12.
Goal A12. In your case, I, = Qy /Q;Q.

Goal A13. Let A = pA’, B = p?B’. Since B is a square in Q,, the congruence
22 = B’ (mod p) has solutions. We denote by v/ B’ one of such solutions. Then the
image is given as follows.

o (A +2VB'/p)=1—J,=(p).
o (A +2VB'[p)=—1— J, = (pu).
Question Al4. (b=2, a > 2)Is —B asquare in Q,7
e Yes — Go to Question A16.
e No — Go to Goal A15.
Goal A15. In your case, I, = (B).

Question A16. Which is the value p mod4?
e p=1 (mod4) — Go to Goal Al8.
e p=3 (mod4) — Go to Goal A17.
Goal A17. In your case, I, = Qy /@;2.

Goal A18. In your case, the image is given as follows.

o (—B)PV/4 =1 (modp) — I, = (p).
° (—B’)(pfl)/4 = —1 (modp) — I, = (pu).



Question B1. Let a = ords(A), b = ordz(B). Which is your case?

a=0,b=0— Go to Goal B2.
a=0,b>1— Go to Goal BS.
a=1,b=0— Go to Question B10.
a>1,b=1— Go to Goal B3.
a=1,b=2— Go to Goal B3.
a=1,b>3— Go to Goal BY.
a>2,b=0— Go to Goal B6.
a=2,b=2— Go to Question Bl4.
a=2,b=3— Go to Goal B4.
a>3,b=2— Go to Goal B7.
a>3,b=3— Go to Goal B5.

Goal B2. (a =0, b=0) In your case, the image is given as follows.

e B=3(mod4) or A= B+2 (mod8) — I, = Z5 Q5% /Q52.
e the other case — Iy = (5).

Goal B3.

Goal B5.

Goal B6.

(
Goal B4. (a =2, b=3) In your case, Iy = (5, B).
(

a >3, b=23) In your case, Iy = (B).

(a > 2, b=0) In your case, the image is given as follows.

e B=3 (mod4) and A+ B=7or 11 (mod16) — I, = Z5Q5?/Q52.
e the other case — I, = (B).

Goal B7. (a >3, b=2) Let B =22B’. Then the image is given as follows.

a=3and B'#5,9 (mod16) — J = (—B’' +4).
a=4and B’ =1,13 (mod 16) — Jo = Z5 Q52 /Q>.
a#4and B’ =5,9 (mod 16) — Jo = ZS Q5% /Q52.
the other case — Jo = (—B').
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a>1,b=1ora=1,b=2)In your case, I = (B, (B+1)(—A+1)).

Goal B8. (a=0,b > 1) In your case, the image is given as the following table.

] Amod 8 \ b \ I \ ] Amod 8 \ b \ I \
1 1 (5, B) 5 1 (5, B)
2,3 Q5 /Q5* 2 Q5 /Q5*
4 Z3Q3?/Q5* >3:o0dd | Q)/Q}°
>5 QJ/Q5? >4 : even | ZFQF%/QF?
3 1 Q5 /Q5* 7 1 Q5 /Q5*
2 (5, B) 2 (5, B)
3 (2,5, B) 3 (=2,5, B)
>4 (—2,5, B) >4 (2,5, B)
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Goal B9. (a=1, b > 3) In your case, the image is given as the following table.

’ A mod 16 ‘ B mod 32 ‘ I ‘ ’ A mod16 | B mod 32 ‘ I ‘
2 0 (1,2, B) 10 0 (—1,10, B)
8 Q3 /Q;” 8 (-1,2)
16 (—1,10, B) 16 (—1,2,B)
24 Q; /Q;” 24 (—1,10)
6 0 (—2, -5, B) 14 0 (2, -5, B)
Q5 /Q;° 8 (2,-5)
16 (2, -5, B) 16 (—2, -5, B)
24 (2, —5) 24 Q3 /Q5*

Question B10. (a =1, b = 0) Which is the value B mod 8?

e B=1 (mod8) — Go to Goal B13.
e B=5 (mod8) — Go to Goal B12.
e B=3or 7 (mod8) — Go to Goal BI1.

Goal B11. In your case, Iy = (B).

Goal B12. In your case, the image is given as follows.
e If (Amod 32, Bmod 32) is one of the following, then I, = Z5Q5?/Q5.
(2,29), (6,5),(6,21),(10,5), (14, 13), (14, 29),
(18,13), (22, 5), (22, 21), (26, 21), (30, 13), (30, 29).
e In the other case, I = (5).

Goal B13. Let A = 24’ and C = A’ — B, then the image is given as the following
table.

| A'mods | orda(C) | Ja | [ A'mods | ords(C) | Jo |
1 3 Q5 /Q;° 5 3 Q5 /Q;°
4 (5,C) 4 (5,C)
5 (—2,5,C) 5 (2,5,C)
>6 (2,5,C) >6 (—-2,5,C)
3 3 (5,C) 7 3 (5,C)
4 Q5 /Q3? 4,5 Q;/Q3?
>5:0dd | QF/Q;* 6 Z5 Q5% /Qy*
>6: even | ZSQX%/QF3 >7 Q3 /Q3?

Question B14. (a =b=2) Let A =4A’, B = 4B’. Which is the value B’ mod 8?
e B'=1 (mod8) — Go to Goal B16.
e B'=3,50r 7 (mod8) — Go to Goal B15.

Goal B15. In your case, Jo = (A”> — B/, (A — B’ +1)(24’ +1)).
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Goal B16. Let C = A’* — B, then the image is given as the following table.

A mod32 | C mod 32 ‘ Jo ‘ ’ A mod32 | C' mod 32 ‘ Jo ‘
4 0 (2,-5,C) 20 0 (-2, -5,C)
8 (2,-5) 8 Q5 /Q5?
16 (—2,-5,C) 16 (2,-5,C)
24 Q5 /Q5* 24 (2,-5)
12 0 (-1,10,0) 28 0 (-1,2,C)
(-1,2) 8 Q5 /Q5°
16 (—-1,2,C) 16 (-1,10,C)
24 (—1,10) 24 Q¥ /Qx?
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