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These notes are reports on a series of lectures given by John H. Coates and
Yoshitaka Hachimori in UK-Japan Winter School 2007 held in Cambridge from
January 7 to 10, 2007. This Winter School was organized by 21st Century COE
Program of Keio University in cooperation with Centre for Mathematical Sciences, University of Cambridge.
In the lectures (I) and (III), John Coates discussed the arithmetic of Selmer
groups of elliptic curves. In (II) and (IV), Hachimori reviewed some ring-theorertic
properties of Iwasawa algebras and a formulation of the main conjecture.
(On August 4, 2014)
I revised the note on the lecture (II). I changed the definition of filtration on
the ring A correctly, so that the filtration becomes a Zariskian filtration.
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Introduction to non-commutative Iwasawa theory (I)
A lecture given by John H. Coates (Cambridge)
In this talk, what Iwasawa theory concerns about was briefly explained at the
beginning and a bunch of interesting numerical examples were given. Then, a conjecture on complex L-functions coming out of non-commutative Iwasawa theory
was mentioned. At the last part, some facts on Selmer groups were reviewed.
The following is based on a (handwritten) note prepared for this talk by John
Coates himself.
By a p-adic Lie extension F∞ of Q, we mean a Galois extension of Q, whose
Galois group G is a p-adic Lie group. Roughly speaking, non-commutative Iwasawa theory can be defined as the study of the arithmetic behavior of motives
over all extensions of Q contained in F∞ . It has three key ingredients. We recall
that the Iwasawa algebra Λ(G) is defined by
Λ(G) = lim Zp [G/U ],
←−
U

where U runs over all open normal subgroups of G. The three ingredients are:
(i) Purely algebraic questions about modules over Λ(G).
(ii) Algebraic study of the specific Λ(G)-modules (dual of Selmer groups) which
control the arithmetic.
(iii) Precise relationship of these arithmetic modules to special values of complex
L-functions (Main conjecture, ...).
Classical Iwasawa theory is concerned with the case F∞ = Q(µp∞ ) (µp∞ = the
group of all p-power roots of unity) when G = Z×
p is abelian. Our four lectures
will give a very brief introduction to the non-commutative theory. For simplicity,
we shall take our motive always to be an elliptic curve E over Q. We shall mainly
consider the false Tate curve case where
√
∞
F∞ = Q(µp∞ , p m)
where m is an integer > 1, which is p-power free (if p > 2). Here G = Zp ⋊ Z×
p is
a semi-direct product.
We quickly recall the definition of the Selmer group S(E/L) for any field L ⊂ Q.
Ep∞ denotes the Gal(Q/Q)-module of all p-power division points on E.
Definition.
S(E/L) = ker(H 1 (L, Ep∞ ) →

∏

H 1 (Lw , E(Lw ))(p)),

w

X(E/L) = Hom(S, Qp /Zp ).
Here, ∗(p) means the p-part of ∗.
Remarks. (i) We always have the exact sequence
0 → E(L) ⊗ Qp /Zp → S(E/L) → III(E/L) → 0.
(ii) If L is Galois over Q, Gal(L/Q) has a natural action on S(E/L) and X(E/L)
(fundamental for Iwasawa theory).
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Basic Fact. If [L : Q] < ∞, X(E/L) is always a finitely generated Zp -module.
This follows from well known arguments in Galois cohomology.
Definition. tE/L = Zp -rank of X(E/L) and gE/L = Z-rank of E(L).
So gE/L ≤ tE/L and the equality holds if and only if III(E/L)(p) is finite.
Notation. p > 2 and K∞ = Q(µp∞ ).
Numerical examples are important in all parts of number theory, and especially
Iwasawa theory!
Numerical Example.
E = X1 (11) is the first elliptic curve in nature.
E : y 2 + y = x3 − x2 , NE = 11.
E has good reduction at all p ̸= 11, split multiplicative at 11. p = 19 is the first
supersunguler odd prime for E. What do we know about the global arithmetic
of E?
Theorem. S(E/Q) = 0 for all odd prime p.
Theorem (Kato). Assume p is not supersingular for E. Then Y (E/K∞ ) :=
X(E/K∞ )/X(E/K∞ )(p) is a finitely generated Zp -module.
Conjecture. Assume p is not supersingular for E. Then X(E/K∞ )(p) is finite.
It is equivalent to X(E/K∞ )(p) = 0 by a theorem of Matsuno.
Here is some numerical evidence in support of this conjecture:–
(i) p = 3, X(E/K∞ ) = 0.
(ii) p = 5, X(E/K∞ ) = 0.
(iii) p = 7, X(E/K∞ ) ∼
= Z7 . E(Q(µ7 )) has the point of infinite order (1 + z, −z),
2
4
7
z = ζ + ζ + ζ , ζ = 1, ζ ̸= 1.
(iv) p = 11, X(E/K∞ ) has Zp -rank ≥ 1.
What happens when we pass to non-abelian p-adic Lie extensions? In general,
we can have “many more points”. Here are two examples. (Still E = X1 (11).)
√
√
n
n
Case 1. p = 7, Ln = Q( 7 m), Fn = Q(µ7n , 7 m).
(i) (V. Dokchitser and T. Dokchitser). For all 7-power free m, we have tE/Ln ≥ n
and tE/Fn ≥ 7n (n = 1, 2, · · · ).
(ii) (CFKS). If m is divisible only by 2, 3, 7, we have tE/Ln = n and tE/Fn = 7n
(n = 1, 2, · · · ).
No point of infinite order has been found in L1 for a single m!
Case 2. p = 11, Fn = Q(E11n ).
(Delaunnay and Wuthrich). gE/Fn ≥ 3 · 11n + 3 · 11n−1 − 3 (n = 1, 2, · · · ).
We end this introduction by discussing a curious consequence for complex Lfunctions which emerges from p-adic Iwasawa theory. We return to a general
elliptic curve E over Q. Let L(E, s) be the complex L-function of E/Q. For
ρ : G → GL(Vρ ), an Artin representation of G, let L(E, ρ, s) be the complex
√ L∞
function attached to Hl1 (E)C ⊗C Vρ . When G = Gal(F∞ /Q), F∞ = Q(µp∞ , p m),
2

G has infinitely many irreducible self-dual Artin representations ρ. We are interested in ords=1 (L(E, ρ, s)) as ρ runs over the set T of irreducible self-dual Artin
representations of G.
Let H = Gal(F∞ /K∞ ) (⊂ G). By the action of H, Λ(H) acts continuously on
X(E/F∞ ). We assume the following.
Assumption: E has good ordinary reduction at p.
Conjecture. Y (E/F∞ ) := X(E/F∞ )/X(E/F∞ )(p) is finitely generated over
Λ(H).
This is known to be true in many cases. Also H ∼
= Zp , and so Λ(H) ∼
= Zp [[T ]].
Definition. ν(E/F∞ ) = Λ(H)-rank of Y (E/F∞ ).
We can usually compute ν(E/F∞ ) with a simple explicit formula (see the lecture (III)).
Conjecture. Assume E has good ordinary reduction at p, and that Y (E/F∞ ) is
a finitely generated Λ(H)-module. Then
p
ords=1 (L(E, ρ, s)) ≤ ν(E/F∞ )
p−1
for all ρ in T .
BSD would be false if this conjecture failed! From the complex viewpoint this
seems an unexpected result because T is infinite.
————— —————
Study of X(E/F∞ ) in the false Tate curve case
We assume always now that p > 2 and that
√ E has good ordinary reduction
p∞
at p. Denote K∞ = Q(µp∞ ), F∞ = Q(µp∞ ,
m), G = Gal(F∞ /Q) and H =
Gal(F∞ /K∞ ). Put
Y (E/F∞ ) = X(E/F∞ )/X(E/F∞ )(p), Y (E/K∞ ) = X(E/K∞ )/X(E/K∞ )(p).
We investigate the structure of X(E/F∞ ) and Y (E/F∞ ) as Λ(H)-modules.
Here are some steps towards underestanding these modules.
Step 1 (done by Kato). Prove that Y (E/K∞ ) is a finitely generated Zp -module.
Step 2. Relate X(E/F∞ )H to X(E/K∞ ) and use Nakayama’s Lemma.
Step 3. Show how to find ν(E/F∞ ) = rankΛ(H) Y (E/F∞ ).
We will concentrate on Steps 2 and 3 (continued to the lecture (III)).
Relationship of Selmer to cohomology groups with restricted ramification.
Before begining to study X(E/F∞ ), we review some properties of Selmer groups
briefly. Ep∞ denotes the group of all p-power division points on E. S is a finite
set of primes containing p and all primes where E has bad reduction.
Lemma (Key Lemma). The extension Q(Ep∞ )/Q is unramified outside S and
the prime at ∞.
3

Two key facts enable us to relate S(E/Q) to Galois cohomology with restricted
ramification:–
Fact 1. If q ̸= p, E(Qq ) ⊗ Qp /Zp = 0.
nr
nr
Fact 2. H 1 (G(Qnr
q /Qq ), E(Qq )) = 0 if E has good reduction at q, where Qq is
the maximal unramified extension of Qq .

Definition. QS denotes the maximal extension of Q unramified outside primes
in S and ∞. Let GS (Q) := Gal(QS /Q) and GS (L) := Gal(QS /L) for any subextension L in QS /Q.
We remark that no simple description of QS is known! However, QS ⊃
Q(µp∞ ) = K∞ and QS ⊃ F∞ , provided S contains all prime divisors of m.
We have the following second key lemma. Let W be a discrete GS (Q)-module
such that W = (Qp /Zp )r as an abelian group, e.g., W = Ep∞ .
Lemma (Key Lemma). H 1 (GS (Q), W ) is a cofinitely generated Zp -module.
By definition, S(E/Q) ⊂ H 1 (Q, Ep∞ ) ⊃ H 1 (GS (Q), Ep∞ ). How can we relate
these two subgroups? We have the localization map
λq : H 1 (Gal(Q/Q), Ep∞ ) → H 1 (Gal(Qq /Qq ), E(Qq )).
Lemma. H 1 (GS (Q), Ep∞ ) = ∩q̸∈S Ker(λq ).
Corollary. S(E/Q) = ker(H 1 (GS (Q), Ep∞ ) →

⊕
q∈S

H 1 (Qq , E(Qq ))(p)).

Corollary. S(E/Q) is a cofinitely generated Zp -module.
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Introduction to non-commutative Iwasawa theory (II)
Yoshitaka Hachimori (Keio University)
In this talk, I reviewed some basic (ring-theoretic) properties of Iwasawa algebras first, and then introduced specific multiplicative closed sets of Iwasawa
algebras which is needed for a formulation of the main conjecture.

1. Basic properties of Iwasawa algebras
Our situation is as follows: Let p be an odd prime
number and m an integer
√
√
n
∞
> 1. Put Kn = Q(µpn ), K∞ = Q(µp∞ ), Fn = Kn ( p m), and F∞ = K∞ ( p m).
Denote Gal(F∞ /Q), Gal(F∞ /K1 ) and Gal(F∞ /K∞ ) by G, G0 and H respectively.
For n ≥ 1, denote Gal(Fn /Q) and Gal(Fn /K1 ) by Gn and G0,n . Then G ∼
= Zp ⋊Z×
p
and G0 ∼
= Zp ⋊ (1 + pZp ). G0 is a pro-p open subgroup of G with G/G0 ∼
= (Z/p)× .
G0 is topologically generated by two elements, say, γ1 and γ2 with one relation:
γ2 γ1 = γ1ε γ2 for some ε ∈ 1 + pZp . The Iwasawa algebra Λ(G) of G is limn Zp [Gn ]
←−
and Λ(G0 ) is limn Zp [G0,n ].
←−
These Λ(G) and Λ(G0 ) have the following properties. Both are left and right
Noetherian, have finite global dimensions and satisfy the left and right Auslander
condition. Further, Λ(G0 ) is a scaler local ring and has no non-zero zero-divisor.
Here, the left Auslander condition for a ring A means the following (cf. [Ve1] Definition 3.3): For any left A-module M , any integer i and any right A-submodule
N ⊂ ExtiA (M, A), ExtjA (N, A) vanishes for all j < i. We say that a ring is
Auslander regular if it has a finite global dimension and satisfies the Auslander
condition.
In this section, we will see which method enables us to deduce the above properties. We first focus on Λ(G0 ). To see how this ring looks like, we introduce
a skew power series ring (cf. [Ve2]). Denote the one variable power series ring
Zp [[X]] by R. Let σ be the continuous ring automorphism on R defined by
σ(X) = (1+X)ε −1. Put δ := σ −id. The skew power series ring A := R[[Y ; σ, δ]]
is defined as follows: The underlying set is just the set of all formal power series over R in a variable Y (hence
power series over Zp ). Namely,
∑ two variable
n
r
Y
where
rn are in R. The addition rule
elements in A are of the form ∞
n
n=0
is the usual one, but the multiplication rule is twisted as follows: We define the
right multiplication of Y by r ∈ R by the formula Y r = σ(r)Y + δ(r). Extending
this rule in a natural way, we define the multiplication of two elements in A.
Here, we need the convergence for well-defindness. This follows from the fact
that δ((p, X)n ) ⊂ (p, X)n+1 where (p, X) is the maximal ideal of R.
It is not diﬃcult to show that A is a scaler local ring with the maximal ideal
m = (p, X, Y ). The residue field is Fp . Looking at the relation (1 + Y )(1 + X) =
(1 + X)ε (1 + Y ), we can readily imagine that A is identified with Λ(G0 ). In fact,
we have the isomorphisms
∼

A → lim A/((1 + X)p
←−
n

n−1

n

∼

− 1, (1 + Y )p − 1) ← lim Zp [G0,n ] (= Λ(G0 )).
←−
n

1

∼

The second map is induced from Zp [G0,n ] → A/((1 + X)p − 1, (1 + Y )p − 1),
defined by sending (the image of) γ1 to X + 1 and γ2 to Y + 1. We need the
Weierstrass preparation theorem ([Ve2] Theorem 3.1) for this isomorphism.
Next, we give an ascending filtration of two sided ideals on A. Put Σn = A
k
k
∑
∑
for n ≥ 0, Σ−2k :=
pi m2(k−i) and Σ−2k−1 :=
pi m2(k−i)+1 for k ≥ 0. We
i=0
i=0
⊕
can endow the graded module gr(A) :=
Σn /Σn−1 with a ring structure in a
n−1

n

n

standard way, since Σn Σm ⊂ Σn+m . The following is the key to see the properties
of A:
Proposition 1.1. gr(A) is isomorphic to Fp [x0 , x1 , x2 ], the commutative polynomial ring with three variables over Fp . Here, x0 , x1 and x2 correspond to the
classes of p ∈ Σ−2 /Σ−3 , X and Y in Σ−1 /Σ−2 .
Note that the commutativity of gr(A) is induced from the fact XY −Y X ∈ Σ−3 .
We have a general theory on filtered rings. This theory tells us the following (cf.
[LO], see also [DdMS] §7.4): (1) If gr(A) is Noetherian, then so is A. (2) If gr(A)
has no zero-divisor, then so is A. (3) If gr(A) is Auslander regular, then so is
A with gd(A) = gd(gr(A)). Here, gd(∗) means the global dimension. (Precisely
speaking, we need the fact that {Σn } satisfies the “closure condition”. It is easy to
verify.) It is quite well known that Fp [x0 , x1 , x2 ] is a Noetherian domain and have
the finite global dimension 3. If a commutative ring is regular, then it satisfies
the Auslander condition automatically. This is a way to see the properties of A
(and hence Λ(G0 )).
As further topics on Λ(G0 ), we should mention about (1) the Weierstrass preparation theorem ([Ve2]) and (2) the notion of pseudo-null modules ([Ve1]) and the
structure theorem of Λ(G0 )-modules ([CSS]), but we omit these.
Λ(G) is a ”crossed product” (cf. [MR] 1.5.8) of Λ(G0 ) and G/G0 , denoted by
Λ(G0 ) ∗ (G/G0 ). This is similar as the group ring Λ(G0 )[G/G0 ], but elements
in Λ(G) and in G/G0 do not commute. More precisely, an injective ring homomorphism Λ(G0 ) → Λ(G) and an injective map G/G0 ,→ Λ(G)× (which is not
necessarily a group homomorphism) are given so that the following properties
hold: Λ(G) is a free left Λ(G0 )-module with basis G/G0
Λ(G) ∼
= ⊕τ ∈G/G0 Λ(G0 )τ ,
where τ denotes the image of τ ∈ G/G0 in Λ(G)× . Further, τ Λ(G0 ) = Λ(G0 )τ
and (Λ(G0 )τ1 )τ2 = Λ(G0 )τ1 τ2 hold for any τ and τi in G/G0 . Then, for such a
ring, the Noetherian property is easy to see. Since the order of G/G0 is prime
to p, we have gd(Λ(G)) = gd(Λ(G0 )) (cf. [MR] 7.5.6). We can also show Λ(G)
satisfies the Auslander condition.
For this section, I refer [AB] as a good survey on the Iwasawa algebras.
2. Ore set and non-commutative localization
Λ(G) is the ring as the previous section. Let
S := {s ∈ Λ(G) | Λ(G)/Λ(G)x is finitely generated as a Λ(H)-module}.
2

Identifying Λ(G0 ) with
A ∗ (G/G0 ). So its element x
∑ A, Λ(G) is a crossed
∑ product
n
is expressed as x = g ag g, where ag = n rg,n Y ∈ A. Then, by the Nakayama’s
lemma, we can see that x is in S if and only if for every g ∈ G/G0 there exists
some n such that rg,n is not contained in the maximal ideal (p, X) of R . Put
S ∗ := ∪n≥0 pn S. We have
Theorem 2.1 ([CFKSV] Theorem 2.4). S ∗ is a multiplicatively closed set, contains no zero-divisor, and satisfies the left and right Ore condition.
Here, the left Ore condition is as follows: For any s ∈ S ∗ and x ∈ Λ(G),
there exist some t ∈ S ∗ and y ∈ Λ(G) satisfying tx = ys. We have a nice (noncommutative) localization of Λ(G) with respect to S ∗ (cf. [GW] Chapter 9, [MR]
2.1). There exists a ring Λ(G)S ∗ and a ring homomorphism φ : Λ(G) → Λ(G)S ∗
with the following universal property: If f : Λ(G) → B is any ring homomorphism
such that f (S ∗ ) ⊂ B × , then f factors uniquely through φ. Λ(G)S ∗ is unique up
to isomorphisms over Λ(G). Such a ring can be constructed in a similar manner
as that to construct the localizations of commutative rings because of the Ore
condition. We define
Λ(G)S ∗ := S ∗ × Λ(G)/ ∼
where ∼ is a relation on S ∗ × Λ(G): (s, x) ∼ (s′ , x′ ) if and only if there exist r
and r′ in Λ(G) such that rs = r′ s′ ∈ S ∗ and rx = r′ x′ . The left Ore condition
assures that this is an equivalence relation. The condition also enables us to
define addition and multiplication rules on the set S ∗ × Λ(G)/ ∼ suitably. The
class of (s, x) is written as s−1 x. Λ(G)S ∗ is flat as a left (and right) Λ(G)-module.
This Λ(G)S ∗ plays an important role in the formulation of the main conjecture.
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Introduction to non-commutative Iwasawa theory (III)
A lecture given by John H. Coates (Cambridge)
In this talk, continued from the lecture (I), a basic fact on the Selmer groups
over Q was reviewed first. Then a fundamental commutative diagram in Iwasawa
theory was introduced. The main topic of this talk was the Λ(H)-rank of the
Pontrjagin dual of the Selmer group X(E/F∞ ).
This report is written by Yoshitaka Hachimori, based on the notes taken by
Kazuo Matsuno and Yasuko Hasegawa. He thanks for their cooperations.
Let E/Q be an elliptic curve. Take a prime number p ̸= 2. Ep∞ is a basic
module of p-power division points of E. Denote by S a finite set of primes
containing p and primes of bad reduction. QS is the maximal extension of Q
unramified outside S and GS (Q) = Gal(QS /Q). For a prime q, let
λq : H 1 (Gal(Q/Q), Ep∞ ) → H 1 (Gal(Qq /Qq ), E(Qq )).
H 1 (Gal(Q/Q), Ep∞ ) contains the Selmer group S(E/Q) and H 1 (GS (Q), Ep∞ ) as
subgroups.
Lemma. H 1 (GS (Q), Ep∞ ) = ∩q̸∈S Ker(λq ).
nr
This is based on the facts E(Qq ) ⊗ Qp /Zp = 0 and H 1 (G(Qnr
q /Qq ), E(Qq )) = 0
for q ̸∈ S.

Corollary. The following is exact:
λS,Q

0 → S(E/Q) → H 1 (GS (Q), Ep∞ ) →

⊕

H 1 (Qq , E(Qq )).

q∈S

√
∞
As in the previous talks, K∞ = Q(µp∞ ) and F∞ = Q(µp∞ , p m) with some
integer m. Assume that every prime factor of m is in S. Now we see the ”Step
2” of the lecture (I) in detail. S cyc denotes the set of all places v of K∞ dividing
some q in S. We have an exact sequence
⊕
λS,K
0 → S(E/K∞ ) → H 1 (GS (K∞ ), Ep∞ ) →∞
H 1 (K∞,v , E)(p).
v∈S cyc

⊕
For a finite extension L/K∞ and for v ∈ S cyc , put Jv (L) = w|v H 1 (Lw , E)(p).
We set Jv (F∞ ) := limL Jv (L) where L runs over all finite subextensions of
−→
F∞ /K∞ . The map λS,F∞ is defined similarly as λS,K∞ by replacing K∞ with
F∞ . Then we have the following fundamental commutative diagram:
⊕
φ
H
0−→S(E/F∞ )H −→H 1 (GS (F∞ ), Ep∞ )H −→
v∈S cyc Jv (F∞ )
x
x
x
γ=⊕γ
β
α
v



λS,K ⊕
0−→ S(E/K∞ ) −→ H 1 (GS (K∞ ), Ep∞ ) −→∞ v∈S cyc H 1 (K∞,v , E)(p).
Here, H := Gal(F∞ /K∞ ) and φ is the map induced from λS,F∞ .
Proposition. ker α and coker α are always cofinitely generated Zp -modules.
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Since H ∼
= Zp , β and γ are surjective. Hence,
0 → ker α → ker β → Im(λS,K∞ ) ∩ ker γ → coker α → 0
is exact. We have ker β ∼
= H 1 (H, Ep∞ (F∞ )). This group is finite because of the
fact that Ep∞ (K∞ ) is always finite and the exact sequence
h−1

0 → Ep∞ (K∞ ) → Ep∞ (F∞ ) → Ep∞ (F∞ ) → H 1 (H, Ep∞ (F∞ )) → 0.
Here h is a topological generator of H. Since S cyc is finite, ker γ is also a finitely
generated as a Zp -module. The proposition follow from these.
For any extension L/Q, denote X(E/L) := Hom(S(E/L), Qp /Zp ). Recall
Λ(H) ∼
= Zp [[T ]]. By looking at α̂ : X(E/F∞ )H → X(E/K∞ ), the dual of α and
the proposition, we have
Corollary. X(E/F∞ ) is finitely generated over Λ(H) if and only if X(E/K∞ )
is a finitely generated Zp -module.
If E has potentially supersingular reduction at p, then X(E/K∞ ) is never
finitely generated Zp -module. Thus, from now on, we make the following assumption.
Assumption: E has good ordinary reduction at p.
Kato showed that Y (E/K∞ ) = X(E/K∞ )/X(E/K∞ )(p) is a finitely generated
Zp -module under this assumption.
We go to the ”Step 3” in the lecture (I). We investigate the Λ(H)-rank of
Y (E/F∞ ) = X(E/F∞ )/X(E/F∞ )(p) (under the assumption E has good ordinary
reduction at p). Y (E/F∞ ) is finitely generated as a Λ(H)-module if and only if
µG0 (X(E/F∞ )) = µΓ (X(E/K∞ )).
Here, G0 = Gal(F∞ /Q(µp )) and Γ = Gal(K∞ /Q(µp )). µG0 (M ) (resp. µΓ (N )) is
the µ-invariant of a Λ(G0 )-module M (resp. Λ(Γ)-module N ).
Proposition. For a finitely generated Λ(H)-module M ,
rankΛ(H) (M ) = rankZp H0 (H, M ) − rankZp H1 (H, M ).
We apply this to M = Y (E/F∞ ). The assumption that X(E/F∞ ) is finitely
generated over Λ(H) is stronger. Here, we do not assume this. We first have
Proposition. H1 (H, X(E/F∞ )) = 0.
To prove this, we need the following:
Proposition. λS,K∞ and λS,F∞ are both surjective. Both H 2 (GS (K∞ ), Ep∞ ) and
H 2 (GS (F∞ ), Ep∞ ) vanish.
It is not in general true that λS,Q is surjective. The proof uses the fact that
X(E/K∞ ) is Λ(Γ)-torsion by Kato. We can deduce that X(E/F∞ ) is Λ(G0 )torsion. By this proposition, φ is surjective because γ is surjective. This enables
us to prove the previous proposition.
2

Lemma (Local Lemma). ker γv is finite except the following cases:
(i) If v|m and E has split multiplicative reduction at v, then corankZp (ker γv ) = 1.
(ii) If v|m, v ̸ |p, E has good reduction at v and Ẽv (κ∞,v )(p) ̸= 0, then we have
corankZp (ker γv ) = 2.
Finally we have the following:
Formula. If Y (E/F∞ ) is finitely generated over Λ(H), then
rankΛ(H) Y (E/F∞ ) = λ + r + 2s
where λ is the Zp -rank of Y (E/K∞ ), r is the number of v of K∞ of type (i) in
the lemma and s is the number of v of K∞ of type (ii).
Examples. Let E = X1 (11), and p = 7. Then X(E/K∞ ) ∼
= Zp and λ = 1.
If m = 7, then rankΛ(H) X(E/F∞ ) = 1. If m is divisible only by 2, 3 and
7, rankΛ(H) X(E/F∞ ) = 1. If m = 5, rankΛ(H) X(E/F∞ ) = 3. If m = 11,
rankΛ(H) X(E/F∞ ) = 4.
At the end of the talk, the following theorem which relates the Λ(H)-rank with
the root numbers was mentioned:
Theorem. The Λ(H)-rank of Y (E/F∞ ) is odd if and only if the root number
w(E, ρ) = −1 for all irreducible self-dual Artin representation ρ of G = G(F∞ /Q)
with dim ρ > 1.
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Introduction to non-commutative Iwasawa theory (IV)
Yoshitaka Hachimori (Keio University)
In this talk, I first gave a formulation of the main conjecture in non-commutative
Iwasawa theory according to [CFKSV]. Then I discussed how the p-adic Lfunction should be characterized. At the end of the talk, I introduced one of
Zábrádi’s remarkable results.
1. Main conjecture
The situation is the same as the one in the previous talks. Let p be an odd prime
√
n
number and m an
integer. Put Kn = Q(µpn ), K∞ = Q(µp∞ ), Fn = Kn ( p m)
√
∞
and F∞ = K∞ ( p m). Denote Gal(F∞ /Q) and Gal(F∞ /K∞ ) by G and H. Let
Λ(G) be the Iwasawa algebra of G. Let Qcyc be the cyclotomic Zp -extension of
Q and Γ := Gal(Qcyc /Q). Put
S = {x ∈ Λ(G) | Λ(G)/Λ(G)x is finitely generated as a Λ(H)-module}.
and S ∗ = ∪n≥0 pn S. S ∗ is an Ore set. Λ(G)S ∗ is the localization of Λ(G) at S ∗ .
A left Λ(G)-module M is S ∗ -torsion if every element of M is killed by some
element in S ∗ . A finitely generated left Λ(G)-module M is S ∗ -torsion if and only
if M/M [p∞ ] is finitely generated over Λ(H) (see [CFKSV]). Let MH (G) be the
category of finitely generated S ∗ -torsion left Λ(G)-modules.
For a ring R, the K1 -group of R is K1 (R) := [lim GLn (R)]ab . K-theory tells us
−→
n
there is an exact sequence
∂

K1 (Λ(G)) → K1 (Λ(G)S ∗ ) → K0 (MH (G)).
Here, ∂ is defined as follows. Let x = [A] ∈ K1 (Λ(G)S ∗ ) where A ∈ GLn (Λ(G)S ∗ ).
Then by the left Ore condition, there exist some s ∈ S ∗ and B ∈ Mn (Λ(G)) such
that A = (sIn )−1 B where In is the identity matrix. Both sIn and B give rise
to linear maps on the left Λ(G)-module Λ(G)n . (We consider Λ(G)n as the set
of row vectors. The linear map corresponding to B is defined by v 7→ vB for
v ∈ Λ(G)n .) Then we define ∂(x) := [cok(B)] − [cok(sIn )] ∈ K0 (MH (G)). ∂ is
surjectve ([CFKSV] Proposition 3.4).
Let E be an elliptic curve defined over Q with good ordinary reduction at p.
Let X(E/F∞ ) = Sel(E/F∞ )∨ be the Pontrjagin dual of the Selmer group of E
over F∞ . We can state the main conjecture now.
Conjecture 1.1 (Main Conjecture, [CFKSV] Conjectures 5.1, 5.7 and 5.8).
(1) X(E/F∞ ) is in MH (G).
(2) There exists a p-adic L-function Lp (E/F∞ ) in K1 (Λ(G)S ∗ ).
(3) ∂(Lp (E/F∞ )) = [X(E/F∞ )] in K0 (MH (G)).
We have to explain what the p-adic L-function Lp (E/F∞ ) means.
2. p-adic L-functions
The p-adic L-function Lp (E/F∞ ) should be characterized by specializations.
We explain the definition of specialization first. Let L be a finite extension of
Qp and O its integer ring. Let ρ : G → GLn (O) be an Artin representation,
1

i.e. a continuous homomorphism with a finite image. We now want to define the
specialization K1 (Λ(G)S ∗ ) → L ∪ {∞} associated to ρ. Naively, this should be
as follows: The map ρ naturally extends to a ring homomorphism ρ : Λ(G) →
ab
Mn (O). On the other hand, we have a map ϕ : [Λ(G)×
→ K1 (Λ(G)S ∗ ) which
S∗ ]
×
−1
is surjective ([CFKSV] Theorem 4.4). For s f ∈ Λ(G)S ∗ , we want to define the
specialization of ϕ(s−1 f ) by det(ρ(f ))/ det(ρ(s)). One of the problems is that
this might become an indeterminate form 0/0. So we proceed as follows: Define
ρ̃ : G → {Mn (O) ⊗Zp Λ(Γ)}× by g 7→ ρ(g) ⊗ g, where g is the image of g under
G ↠ Γ. Then, ρ̃ naturally extends to a ring homomorphism
ρ̃ : Λ(G) → Mn (O) ⊗Z Λ(Γ) ∼
= Mn (ΛO (Γ)) ⊂ Mn (QO (Γ)).
p

Here, Λ(Γ) is the Iwasawa algebra of Γ, ΛO (Γ) = O ⊗Zp Λ(Γ) and QO (Γ) is the
quotient field of ΛO (Γ). The point is the following:
Proposition 2.1 ([CFKSV] Lemma 3.3). ρ̃(S ∗ ) ⊂ Mn (QO (Γ))× , i.e., the determinant of each elements in ρ̃(S ∗ ) does not vanish.
From this and the universality of the localization, ρ̃ extends uniquely to ρ̃ :
Λ(G)S ∗ → Mn (QO (Γ)). Then, by the functoriality, we have ρ̃ : K1 (Λ(G)S ∗ ) →
K1 (Mn (QO (Γ))). By the Morita equivalence, there is a canonical isomorphism
K1 (Mn (QO (Γ))) ∼
= K1 (QO (Γ)). We also have K1 (QO (Γ)) ∼
= QO (Γ)× canonically.
Using the augmentation map π : ΛO (Γ) → O, we define π : QO (Γ)× → L∪{∞} by
π(a/b) := π(a)/π(b). Here, we can avoid the indeterminate forms since ΛO (Γ) ∼
=
O[[T ]] is a UFD. Compositing all these maps, we can define ρ : K1 (Λ(G)S ∗ ) →
L ∪ {∞}, the specialization associated to ρ.
We can show that this map coincides with the above naive definition if either
det(ρ(f )) or det(ρ(s)) does not vanish. This map also commutes with the natural
map ρ : K1 (Λ(G)) → K1 (Mn (O)) ∼
= K1 (O) ∼
= O× .
An important property of this specialization is the compatibility with the
Euler characteristics. Let On (ρ) be the free O-module of row vectors with
rank n, on which Λ(G) acts from the right via ρ : Λ(G) → Mn (O). Let
M ∈ MH (G) and x ∈ K1 (Λ(G)S ∗ ) with ∂(x) = [M ]. Then ρ(x) is related
∏
i
Λ(G)
with i≥0 ♯Tori (On (ρ), M )(−1) (see [CFKSV] Theorem 3.6).
√
∞
Recall K∞ = Q(µp∞ ) and F∞ = K∞ ( p m). Let P0 denote the set of all
primes l of Q which is prime to p and dividing m. For an elliptic curve E/Q, set
P1 := {l ∈ P0 | E/K∞,v has split multiplicative reduction for any prime v|l},
P2 := {l ∈ P0 | E/K∞,v has good reduction and E(K∞,v )[p] ̸= 0 for any v|l}
and P = P1 ∪ P2 . Now we give a characterization of the p-adic L-function.
Conjecture 2.2 ([CFKSV] Conjecture 5.7). If E has good ordinary reduction at
p, then there exists an element Lp = Lp (E/F∞ ) in K1 (Λ(G)S ∗ ) satisfying
∏
L(E, ρ̂, 1)
Pp (ρ, α−1 )
−1
−fρ
ρ(Lp ) =
·
e
(ρ)
·
·
P
(E,
ρ̂,
p
)
·
α
·
Pl (E, ρ̂, l−1 ).
p
p
+
−
−1
+ d (ρ̂) − d (ρ̂)
Pp (ρ̂, β )
Ω
Ω
l∈P
E

E

for any Artin representation ρ of G. Here, ρ̂ denotes the contragradient of ρ.
L(E, ρ̂, s) is the Hasse-Weil L-function and Pl (E, ρ̂, X) is its l-Euler factor for
the twist of E by ρ̂. For the other notations, look at [CFKSV].
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There are few evidences for the existence of Lp (E/F∞ ). Even the following
thing is not known. There is the case when Selp∞ (E/F∞ ) vanishes (see [HV]
§4.6). In such a case, the main conjecture predicts that ρ(Lp ) is a p-adic unit for
any ρ. Hence so is the RHS of the equation for any ρ in Conjecture 2.2. But we
do not know whether this is the case or not in general.
×
If Lp (E/F∞ ) is contained in Im(Λ(G)∩Λ(G)×
S ∗ ) under the surjection Λ(G)S ∗ ↠
′
K1 (Λ(G)S ∗ ) (we expect this) and if two Artin representations ρ and ρ are congruent modulo p, then we have ρ(Lp ) ≡ ρ′ (Lp ) modulo p. T. Dokchitser and V.
Dokchitser verified numerically the latter congruence ([DD]) for several specific
p, E, F∞ , ρ and ρ′ ’s.
Kato ([Ka]) showed the following: K1 (Λ(G)S ∗ ) ∼
= K1 (Λ(G)S ) ⊕ Zd canonically where d = ♯(G/G0 ) ([Ka] Proposition 8.6). Note that the set S is also an
Ore set. We denote by Λ(G)S the localization at S. Then Kato constructed a
homomorphism
∏
∏
θ=
θn : K1 (Λ(G)S ) →
Q(Γn )×
n≥0

n≥0

where Γn = Gal(K∞ /Kn ) and Q(Γn ) is the quotient field
∏ of Λ(Γn ), and showed
that Im(θ) is contained in a certain subgroup ΦS (G) of n≥0 Q(Γn ), consisting of
all the elements (an )n such that there exist certain type of congruences between
an ’s ([Ka] Proposition 8.9). The congruences are very much complicated, but
stronger than naively expected.
From the construction, θn (Lp (E/F∞ )) = Lp (E/Kn , χn ) × (error term) should
hold. Here, Lp (E/Kn , χn ) ∈ Q(Γn ) is the (conjecturally existing) cyclotomic padic L-function of E over Kn twisted by χn , where χn is a character of Gal(Fn /Kn )
of order pn . We do not know whether θ is injective nor surjective, but still Kato
obtained the following:
Theorem 2.3 (Kato). Assume that Lp (E/Kn , χn ) exists for all n. If the collection (Lp (E/Kn , χn ) × (error term))n≥0 is contained in ΦS (G), then Lp exists.
3. Zábrádi’s result
G. Zábrádi gave an explicit Λ(G)-module structure of the dual of Selmer group
X(E/F∞ ) and its characteristic element in K0 (Λ(G)S ∗ ), when X(E/F∞ ) has rank
one over Λ(H). See [Za].
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